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Abstract

This is lecture notes for Linear Regression Model offered at Columbia University
in 2018 Fall semester. The story of linear regression is well known and I have had the
luxury of going over these concepts in details. It comes to my attention that it is worth
documenting the experience down in this file for future generations.
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1 Statistical Model
Go back to Table of Contents. Please click

1.1 Introduction

A mathematical model is a description of a system using mathematical concepts and
language. Consider bacterial growth, we have model dy/dt = ky, while y = Agel’t.
Alternatively, we can use a regression model, ¥ = [o 4+ f1X1 + ...8,Xn. In this
case we are using a functional relation. A functional relation between two variables
is expressed by a mathematical formula. If z is the independent var. and y is the
dependent variable, then a function relation is of the form

y = f(x).

The relation is deterministic and not random. On the other hand, a statistical relation,
is not a perfect one. In general, the observations for a statistical relation do not fall
directly on the curve of relationship. This is commonly expressed as a functional
relation coupled with a random error e. If = is the independent variable and Y is the
dependent variable, then a statistical relation often takes the form:

Y = f(z) +e

while Y and € are random yet f(x) is not random. A statistical relation is also com-
monly expressed in terms of conditional expectation. That is, for random variables Y
and X,

Y=E[Y|X=z]+e¢

which is a function of X variable, and hence, a form of Y = f(z) +e.
The conditional probability mass function of Y|X = z is defined by
P(X=zY=y)

PHIX =2 = oS

where P(X = z,Y = y) is the joint distribution of X and Y and P(X = z) is the
marginal distribution of X. Note: P(X = z) > 0 for all z.

Definition 1.1.1. The conditional expectation of Y |X = z is defined by

EY|X =2] =) ypy|X = =)

which is a function of X, taking the form f(x). Note that we can also define conditional
variance Var[Y|X = z].

Remark 1.1.2. Page 5 of slides introduced questions. We answer them here.
To estimate E[Y|X = z], we need to choose a method.

Some increasing function, maybe on a linear or quadratic.

Both X and Y are continuous.

Should X and Y be assumed normal? We can’t have negative measurement.

A S

In a clinical trial, X is typically not random, i.e., dosage level of a drug. In this
example,
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Definition 1.1.3. Let X and Y be two continuous random variables. The conditional
probability density function of Y| X = z is defined by

f(z,0)

fx(x)’

where f(xz,y) is he joint density of X and Y and fx(z) is the marginal density of X.
Note: fx(z) > 0 for all z.

Definition 1.1.4. Let X and Y be two continuous random variables and let f(y|X =
x) be the conditional density function of Y|X = z. The conditional expectation of
Y|X = x is defined by

fylX =z) =

EY|X =] = / yf(lX = z)dy.

Proposition 1.1.5. If (X,Y) is a random vector from the bivariate normal distribu-
tion, then the conditional expectation and variance of Y given X = x are

E[Y|X =] = py +p%(w — pix) = fo + fr

and
Var[Y|X = 2] = 05 (1 — p?)

The three-dimensional plot is presented in the following graph.

Figure 1: This is the picture for bivariate normal distribution.

P(zy, x)

0.15
0.1
5-1072

Remark 1.1.6. We assume linearity for our model. Moreover, we assume that variance
of response stays constant.

How do we estimate Sy and 517 We can simply guess.
oy
Bo = py — Bipx, B =p—
gx
o s oo s
BoY — BiX, By =r—
SX

The above result is the least squares or MLE estimators for So and f;.
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2 Linear Regression Model

Go back to Table of Contents. Please click

2.1 Simple Linear Regression

Let us introduce notation first. Let Y be dependent variable, or response variable. Let
x be independent variable, covariate, or predictor. There are n paired observations

(21,Y1), ..., Tn, Yn). The linear regression model states that with parameters Bo, (1

2

and o“, we have model

Yi=Bo+biz1+ei=1,2,..,n

while ¢; ~ N(0,0?) i.i.d.. In this case, we consider ¥; to be random and z; to be fixed.
We consider €; to be random error term while Sy and $; are not random. One can
think of By + Sz as E[Y|X = z].
To prove the form of expectation and variance of Y, consider the following
ElY;] = E[Bo + Bizi + €]
= E[fo + Bizi] + Elei)
= Po+ Pixi +0
= Po + Bixs
var[Y;] = var[Bo + Bix: + €

2
=0

Figure 2: This is the plot for linear regression model. Each z; there is an estimated response
by using By + B;z; + €;. Note that the normal distribution along the curve should be the

samme.
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2.2 Random Independent Variable

To investigate the question “why isn’t the independent variable random?” Consider
the following. Set up by assuming independent variable is a random variable, i.e.
X ~ fx(x). Assume normal distribution for error terms. Define response as random
variable Y = 8y + 51X + €, which is a simple linear regression with X random.
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We define Z = X = gi(z,¢), Y = Bo + Sz + € = go(x,¢€), while X = Z and
e=Y — (Bo+ B1Z). Then we need to find the Jacobi

oz oz

32 oo 1 0
J=12% % :{ }:1
| | |:gz gy:| 751 1

fz,y(z,y) = fﬂc,e(zv y— (Bo+ 612))
=fx(@)fely = (Bo+brz)) - 1

from Jacobi

1 1
= fz(z)\/ﬁ eXP{—ﬁ(y — (Bo + B12))}

Frrzes () = fzy(z,y)

while we have

fz(2)

and then we get E[Y|Z = z] = Bo + 1z or E[Y|X = z] = fo + Biz. This bivariate
transformation problem will illustrate that the transformation will result in simple
linear regression.

2.3 Least Squares Method

Deviations are explained in the following way. y; — ¥ is the deviation of each case y;
from sample mean of response . x; — 7 is the deviation of each case x; from the sample
mean of the predictor variable Z. We also have (z; — Z)(y; — ¥) to be the product of
the deviations.

For sum of squares, we have

n

S =3 lai -7 =3t - L ()

i=1 i=1

n n n 2
Sy =SST=> (i —9)>=> vi — %(Zyi)
=1 =1

i=1
Say
while cév(z,y) = z:—’;
Denote some line by § = by + b1z and let the line at a point (x;,y;) be denoted §;
which can be expressed by parameters and x;.

Proposition 2.3.1. Let

n

Q(bo, br) = ZG? = (yi = (bo + brzi))?

=1

Then @ is minimized when

and . .
ﬂ():b():gfﬂlf.
The proof is trivial. One can simply take partial derivative of Q) with respect to bg
and b to get the estimate.
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Proposition 2.3.2. The line of best fit crosses the point (Z,7).

Proof. Consider

The interpretation of the slope 1 (or Bl) is for each unit increase of x, the average of
the response variable increases (or decreases) by (1 units. O

Definition 2.3.3. The mean square error denoted by MSE is defined by

SSE 1 - .
MSE = 20 = LSy — g

n—2 n—2 4
i=1

Example 2.3.4. For one data point, you can draw any line and there is no unit of
dispersion. Unit of dispersion starts when you have at least two data points.

Definition 2.3.5. The coefficient of determination denoted r2 is the proportion of
variation in the response variable y explained by the model (or explained by covariate
z). The computational formula is given

2 SSE SSES,, SST — SSE

S - SST

and note that the r? is sample correlation square.

Proposition 2.3.6. The following properties are of the slope and variance estimators
1. By is an unbiased estimator of B, E[Bﬂ =05
2. Bo 18 an unbiased estimator of Bo, E[Bo} = fBo
8. MSE is an unbiased estimator of o°, E[MSE] = o*

Let us note that 51 = izz is random.

1. Consider the following

Say =) (@i = X)(¥; = V)
=Y (@ -X)Yi = (ai - X)V
=D (@ - XY=V (2 —
=> (2 — X)Yi, note Y (z;—X) =0

2. For the second, consider

Z(wi—f()Zin—nf(ZZmi—Zwi:O
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3. For the third, we have

Spw = Z(ml — 1"3)2
= (2 —2)(z: —2)

= expand it

= Z(ml —I)x

Proof. Let us prove the proposition.

1. We want to show E[3:1] = 1. Consider

Elp) = B[S = E[Z( DY

Tz Szxx

linear comb. of Y;

- Zm - )ElY]
= g Z ) (Bo + 1Xi)

from E[Y;]

Bo B _
. Z(ml — ) +Q z:(av1 — )z
-1

=5

2. Rest of the proof is in text [IJ.

3. Note §; = Bo+ Przs = § — 1% + Prai = § + ﬁl(azz — Z), which is a common way

to express least square line of fit. Then we have
Yo=Y -0
= (Wi — @+ pi(ai — X))
=D vi—ng—Fiy (e - X)
=D vi= D> yi— o

=0

4. Z €e; = 0
5. Page 19, proof of (iii). Under linear model, we have
n — 2)MSE
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and note that

(n—2)MSE _ 3 (; — Vi)

2 2

g g

gk ;]fm — Vil

We want to show E[MSE] = o2. We have

o (-2
(n—2) o?
n — 2)MSE

o2

E[MSE] = E[MSE]

= T |

O

Definition 2.3.7. The residual denoted e; is the difference between the observed value
y; and its corresponding fitted value §;,

ei:yi—gi

The distinction between e; and ¢; is the following. Residuals are from data: e; =
y; — ¥; which is not random. Random variable e; = Y; — Y; which is random.

2.4 Probability Distributions of Estimators and Residuals

Theorem 2.4.1. Let Y1,Ya,...,Y, be an indexed set of independent normal random
variables. Then for real numbers a1, az, ..., an, the random variable W = a1Y1 +a2Y2 +
-oo 4 an Yy is normally distributed with mean

E[W]

and
Var{W]

We want to express least squares estimators as linear combination of response values
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Y;. Then we have

= i — X)Y;
B waZ(m )
"z —X
=2 (5w
=1
= Kz'Ysz‘E(xi_X)
i=1 rz
Bo=7-pX
ELSE N & gy A%
n

Theorem 2.4.2. Theorem 2.2 from notes. under the conditions of regression model,
least squares estimator B1 is normally distributed with mean B1 and variance UQ/SM.

Proof. We have
E[pi] = p
var[f1] = var(y | K.Yi]
= Z K}var(Y;)
=> Kio®
note: > K7 = (P X)

Sz
1 2
= — (l’z — X)

2 § :

SfL‘CL’
1

S(E(L'

since (31 is a linear combination of normal random variables. O

Theorem 2.4.3. (Gauss-Markov ?’heorem) Under the conditions of regression model
(2.1), the least squares estimators Bo and 1 are unbiased and have minimum variance
among all other unbiased linear estimators.

Proof. We will only prove this for B1. To show $1 has minimum variance among all
other unbiased linear estimators, consider a new estimator 87, where 57 = >."_ | a;Y;
and E[3{] = B1. Then

E[BT] = Bo Zai + 61 Zﬂfiai =
i=1 i=1
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which implies > a; =0 and > x;a; = 1. The variance of Bf is

n
var[B]] = o Z a;
i=1

Let us define a; = K; + d;, where K; = zi=X  Then

Szx

Var(ﬂ1) = o> Z(Kl + d1)2
i=1

(> K+ id? - 2im~di)
=1 =1 =1

note: ZR:Kidi = ZKi(ai - Kj)
i=1

i=1

I
3
—
&
|
e
Z
I
=

S
’L:l T T
Saixi— Ty a; 1
Sz Sz

note: Y a;z;=1 and X 3 a;=0
var(37) = o* Z K? + o2 Zd?
= var(B1) + o* Z dz

The smallest value of d; is zero and var(B;) is at a minimum when 3" d? = 0, which
can only happen if d; = 0 for all i. Hence, a; = K; which proves the desired result. [

We want to express fitted values Y; as a linear combination of the response values

Y;. Recall that ¢; = L — 2K; while K; = % —mx‘ This case we have

Y; :BO +lei

= Z ¢ Y + Z K;Y;
j=1 =1

(o) (52
n Szx Sz

j=1

:E": (1+ (55 m(m—f))yj
- n Sz
J=1

= hiY;
j=1

Note that hs; is the “hat matrix” which means the (4, j)** element of the hat matrix
H.
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Theorem 2.4.4. Let us state some properties of the hat matriz H.
1. hij = hj; symmetric matriz, transpose is itself

>j=1 hij =1 Consider 17 =10,..,1]

>y hijmy =

> h?; = hii Indempotent matriz

Su e

?_1 his = 2 number of B; parameters

Figure 3: This is the projection graph from Theorem 2.4 in class note.
x

A

source

Theorem 2.4.5. (Theorem 2.5 from lecture)
E[Yz] = fo + /1.Xi
and

varl¥i] = o (% + M)

Sz
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Proof. Consider

E[Y)] = E[i hi;Y;]

:ﬂozhzj +,31Zhijacj +0
j=1 =1

=fo-1+ frxs

and we can also consider variance

var[Vi] = var[z hi;Y;]

j=1

= hijvar[y]
j=1

n
22 : 2
j=1

= O'Qh“', from indempotent matrix property

_ =)\2
= 0'2 (l + (xz 1‘) )
n Sxx

and Y; is a linear combination of normal random variables. We have distribution

Y ~ N(Bo + Bz, 02hn‘)

Theorem 2.4.6. This is Theorem 2.6 from lecture. We have

C_ =)\2
E[ez} =0, Uar[ei] = 0'2(1 — hii), hii = % + 7(.%1 .Z‘)

Szx
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Proof. We prove the following

e =Y —Y;

n

=Yi—) hyY;
j=1

Bled = B =3 hi]

= BO + 61-'177; - (60 + ,312177,)
=0

var[e;] = var[Y; — Z hi; Y5 ]
Jj=1
——

consists ofY;

=var[Vi — huYi = »_ hyyY]]

i#j
= var[(1 — ha)Yi — Y hi;Yj]
i
= (1—hi)’0® + > hio?
i#j
=(1-2h; + hii)202 + Z h?jO’Q
i

2 2 2
j=1

Then we have e;’s is a linear combination and we have normal distribution e; =
N(0,6%(1 — hy)). O

Let us introduce relationship between the slope and intercept (from Fall 2017
midterm).

Theorem 2.4.7. This is Theorem 2.8 from lecture. Let Bl and BO be the least squares
estimators of 1 and Bo. Then

cov(ﬁﬁ , Bo) = *ffvm"[/él]

_ o?

This is the covariance structure between (o and ;. Note that var(5:)

Szx

2.5 Maximum Likelihood Estimation

Consider a random sample X1, Xo,..., X,, each having common probability density
function (or probability mass function) f(xz;|0) where 6 is a generic parameter of that
distribution. 6 could also be a vector of parameters. The joing density function (or
joint probability mass function) is

f(@1,22,...,2n]0) = f(21]0) X f(22|0) X -+ x f(2n]0)
Define the likelihood function as

L(O;x1,T2,....;xn) = f(z1,T2, ..., T1|0)
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which is often convenient working with the log-likelihood function

log(L(0: x1,...,zn)) = log(f(z1, ..., zn|0))

Example 2.5.1. Let X1, ..., X, be a random sample fro man exponential distribution
each having common probability density function f(z;|u) = iexp(—ixi), for z; > 0.
Find the MLE estimator of pu.

The solution is

L(p) = H(%exp(—ﬂm))
L " ex 1 z
= (M) p( p i)

dl
d,ui_i 72%

=0, set to

1
b

and thus we have i
OMLE = — Z x;

Moreover, we can parametrize f(z|\) = /\e_“ which gives us A = L

Let us discuss maximum likelihood estimators for parameters in linear regression.
Consider random variable Y7, ..., Y, satisfying simple linear regression
iid

Y. =Bo+ Bizi+ei, fori=1,...,n, and e; ~~ N(0,0'2)

Recall the probability density function

f(yi|ﬁo751702) = \/%QXP{ - ﬁ(yz - (ﬁo +ﬁl$i))2}

Consequently, we compute

»C(BOaﬂlao—Q;yi):f( |/807/317 ) Xf(yn‘/@OHBhU)
exp ( - Tiz(yi - (Bo +ﬁ1$i))2>

n

11:[1 V2mo?

<\/217> exp ( - % iz:(yi — (Bo + ﬂll’i))2)

The log-likelihood function is

log(L(Bo, 1, 0% y)) = — 3 log(20”) Z — (Bo + Br:))?
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Taking partial derivative of the equation above with respect to 1, 8o, and o2, we can

obtain
Szy

BiMLE = f1 =
Sz
BoMmLE = Po =7 — PiT
n

N 1 2 n-—2
= S — )2 = MSE
OMLE nE (i —9) S

n
i=1

which gives us the maximum likelihood of parameters in the simple linear regression.
Remark 2.5.2. Note the following:

1. The least squares estimates are the same as the maximum likelihood estimates
for parameters Gy and (.

2. The maximum likelihhod estimates for o2 is biased. This bias becomes negligible
for large n. We have E[MSE] = ¢® which is unbiased. Then we have E[63sp] =

E[2=2MSE] = 2=25”, which is consistent since lim 2=2 = 1.
n— oo

2.6 Inferences About Slope Parameter

To assess statistical relationship between response variable Y and covariate x, we want
to test the slope parameter. Consider null

Hy: 1= (b1)o
The most common hypothesized value is zero
Ho : ﬁl = O

To construct a reasonable test statistic for Hp, we will follow the usual procedure. We
want to standardize the slope estimator 1, i.e.,

3, — E
stat = 761 [61}
95,
Recall the following. E[Bl] = 31 unbiased. The variance of estimator Bl is Var(Bl) =
sz . The standard error of estimator Bl is \/% If we standardize ,31, we get
B — B
o2

Szx

which is the test statistics for testing Ho. In practice, we would use estimate (studen-
tize) so we would have
r_bi-p

MSE

Sxx

which is what we would use for test statistics as going through simple linear regression.
In regression output from a program, we have “estimate” to be (3;, “standard error” to
be MSE

Sza

t-value to be estimate divided by standard error, and “Pr(> |¢])” would be
two-tail p-value. If we are doing one-tail test, we would want to divde this value by 2.
Remark 2.6.1. A statistically significant slope does not always imply a strong corre-
lation. Recall that power is the probability reject null when null is false. Generally,
the power of a testing procedure increases as n (sample size) increases. When testing

Hy : 51 = 0, we will eventually show significance with large enough n. We can look at
R? as well.
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2.7 Analysis of Variance Approach to Regression Analysis
Consider the following graph

Figure 4: Caption
4 x

and the line is B+ B1z. At a point z, we have red line to be 3 and we have estimate
at x a response . This gives us

Yi—Y =Yi-Y +Yi+Yi

Left hand side is the total deviation of response. The first term of the right hand side
is deviation around the fitted regression value around the mean. The second term of
the right hand side is deviation around the fitted line.

n—1=14+n-2

Left hand side is total degree of freedom.

Definition 2.7.1. Define the sums of squares regression to be

SSR= (V; - V)4
=1
Proof. Consider
SSR=> (9 —9)?
=> G- Az +pz —p)°
= Bf (-Tz - i‘)Q
= B2szz

O

Proposition 2.7.2. Total variation SST can be partitioned into two sources of variable
SSR and SSE. This can be represented with the additive identity

SST = SSR+ SSE
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Proof. Note that Y (z;—Z)e; =Y giei— 7 > e; = 0 and we can compute the following

SST = (yi —9)°
=> Wi —g+vi—9:)°
=@ — 0+ 20 —9) (v — 7:) +(vi — §:)°
—_——

=SSR + 0+ SSE
= SSR + SSE

O
Proposition 2.7.3. The expected value of SSR is
E[SSR] = 0'2 + ﬁfszz
Proof. For any random variable w, F[w?] = var(w) + (Ew)?. Then
E[6%] = var(p1) + (ES?)
2
g
= _—+8
Sz
& smE[Bf] =0+ 540
& E[SSR] = 0° + B1 52
O

The motivation of F-statistics: on average

B S22

o2

N E[SSR] 02 + 2540

F~onsg = o2 1T

If Hy : 1 = 0is true, then F' ~ 1 on average. If Ho : 31 = 0 is false, then F' > 1 (much
larger) on average.

Remark 2.7.4. This is a special case of “Cochran’s Theorem”. If 51 = 0 is true, then
all Y; have the same mean p = Sy and the same variance 2. Then SUS—QE and SGS2R are

independent x? random variables.

Proposition 2.7.5. Let T be distributed student’s t-distribution with degrees of freedom
v. Then the random variable T? has an F-distribution with degrees of freedom 1 and
v. Namely,

T? ~ F(1,)
Definition 2.7.6. Consider a realized data set yi,...,y,. The likelihood ratio test
statistics for testing Ho : § € Og versus Ha : 6 € ©F is

maxL(0; Y1, .., Yn)
9o

)\(y1, ey yn) = mgxc(07 YLy Y2y vnnes yn)

Remark 2.7.7. You can derive the general linear test through likelihood ratio test.
Remark 2.7.8. Let us note the following.

1. Define the rejection region if A < ¢, where 0 <c¢ <1
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2. O is the full parameter space
3. O is the null space, and ©g is the alternative space

4. © = ©g U BgG. They are complement of each other within ©.

Proof. Full Model. Y = Sy + $1.X + ¢, with € ~ N(0,0%). Then

n

L(Bo, Br,0%) = (ﬁ)%xp {5 Do (i = (Bo + f12)?)

i=1
@#maxﬁ#@lzsﬁ,
(S] Sza
Bo=7— P
PR A L4
6" = o (yi — (Bo + Prws))?
=1

£(Bo.r.6%) = 2m > (i = 9)°] % exp{~3)

Now let us discuss reduced model. Y = By + ¢, with € ~ N(0,0?).
O Hop: 1 =0:

L(Bo,0,0”) = (

1
V2mo?

exp{ 505 D5 — 60)*))’

Il
|

max/l = BO
S]]

1 n
5" = - > wi—9)°
i=1

Then we have

A1, yn) = AMy) = {%] :

The general linear test gives F-statistics

_ (SSE, — SSEr, SSE; _,,
Jeme = | df, — dfp J/ dfp

Another way

1= (15557 Jn-2)

Remark 2.7.9. Note: dfr is the residuals DF from ANOVA table. SSEF is the residuals
sum of square from ANOVA table.

Remark 2.7.10. Consider homework question: ¥ = 8X +¢. We have Hy : 8 = 3 and
reduced model to be Y = 'X + e. Take max £ we would have 6% = 2 3" (y; — B'z;)>.

Then for full model, we have max £ which will give us 3 = % with 6% = L 3 (y; —

Bzi)Q. Then we need to fill in A, which is the test statistic of the likelihood-ratio.
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Example 2.7.11. Consider testing whether the intercept [y statistically differs from
zero. Test Ho : Bo = 0 versus Ha : fo # 0. We have full model: Y = o + iz + €
while reduced model is Y = 12 + €. Then we have

SSEr = 21026
_ A N2 a A 2Tl
SSEgr = Z(yl B1z:)” while 51 = S22
= 101678

Note: Im(y ~x — 1)
101678 — 21026  , 21026
fee = [ — =2/ [ —2)!
=19.18

2.8 Binary Predictor
Consider splitting the response values yi, ..., Y, into two groups with respective sample
sizes n1 and ng. Define the dummy variable
1 if group one
Ty = .
0 if group two

What will the estimated linear regression model be?

Theorem 2.8.1. Consider simple linear regression model using independent variable
defined as above. Then the least squares estimators are

Br =191 — 2 and fo = Po
where g1 and g2 are the respective sample means of each group.

What will the test statistic look like when testing (517 Recall sample T-test. When
testing the null hypothesis Ho : u1 — p2 = Ao, the test statistic is

g1 — 72— Do
teale = S
S1 S

where 7, s and n; are respective sample averages, sample variance and sample size for
group one and §2, s3 and ny are the respective sample average, sample variance and
sample size for group two. To compute p-values, we use the students T-distribution
with degrees of freedom 2 ,

(i +2)

(s3/m)2 | (s2/no)2

ny—1 ng—1

df =

When the population variances are assumed to be equal for the two groups (07 = 03 =
o?), then the pooled test statistic is

71— Y2 — Do
teale = > >
s s
r + p
ni n—2

where sample pooled variance is

&2 (n1 —1)s3 + (n2 — 1)s3

P ny +mng —2
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To compute p-values, we use the students T-distribution with degrees of freedom
df =n1 +ne —2

This leads us to the following theorem.

Theorem 2.8.2. We have test statistics

1 — 42 — Do _ B1 — Bro
s2 s2 MSE

—p _p
n1+n2

teale =

Sxax

2.9 Prediction

In simple linear regression, there are two fundamental goals:

1. Test if there is a relationship between the response variable Y and covariate x.
The first goal is accomplished by testing hypothesis Ho : 81 = fo

2. Predict the response Y given a fixed value of z. This section describes predictions
and confidence intervals on predictions.

Definition 2.9.1. Inferences concerning E[Y3] = py. The parameter of interest is
9 = E[Yh] = WUy.

Proposition 2.9.2. Let X A
Yn = Bo + frzn
where xp, is some fived value of x. Then

E[Y3] = Bo + Bixn, + unbiased

and

varlh] = o [% + %} ~ SE(6)?

From the above proposition, the standardized score of Y, is

_ Bo + Bizn — (Bo + Brzn)
02(1 + (a:h,—a‘c>2)

Szx

Z

~ N(0,1)

and since Y3, is a linear combination or response variable Y;, the random variable Z
has a standard normal distribution. The studentized of Y}, is

T — Bo + Brxn — (Bo + Prxn) ~t(

— df =n—2
MSE(L 4 (=)

Remark 2.9.3. Derivation of confidence interval for EY}:

_ Bo + Bizn — (Bo + Bizn) _ Bo + przn — EYy,

T e
\/MSE(; L @22 SE(Yx)

and then notice
P(_toc/2,n72 <T< ta/g,nfg) =1—«a

rearranage the above inequality and isolate the parameter, we get the confidence in-
terval A R
Bo + Braxn £ta2,n—2SE(Yr)
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Proposition 2.9.4. The expected value and variance of the prediction error are re-
spectively given by

E[Yh(new) - (BO + Blmh)] =0

and .
Var[Yh(nmu) - (BO + leh)] - 0-2[1 + % + (mhs;x)]
Proof.
E[Yy — (Bo + Brxr)] = EYi — E[Bo + Brzn]
= Bo + Brzn — (Bo + Przh)
=0
Var[Yh — (Bo + leh)] = Var(Yh) + Val“(Bo + leh)
— 0—2 + 02(1 + L‘f)?)
n Sz
\2
=o(1+ l + M)
n Szx
which give us result. O

In a similar way the confidence interval for E[Y3], the studentized score of prediction
error is given by

 Yagmew) — (Bo + Brazr — 0
VMSE(1 + 1 4 22

The 100(1 — )% prediction interval for a single future value of Yy (new) when « = x7,

T

is

1 (xn—37)2

(BO+leh)ita/2,n2\/MSE(1+ o ) ~t(df=n-—2)

Sz
The appropriate proposition implies T has a student’s t-distribution with n — 2 degrees
of freedom. Consequently, the confidence interval of interest follows.

Let us derive C.I. of for EYj:

EY,
~ ~ ’_/; ~ ~
T— Bo+ Brzn — (Bo+ Brxn) _ Po+ Przn — EYi
\/MSE(l + (zn=2)?) SE(Yz)

and then we have
P(ftoc/2,n72 S T S ta/2,n72) =1-«a

Rearrange the above inequality, isolate parameter, we have
P(BO + By, — ta/Q,n72SAE(i/h) < EY < fo+ Przn + ta/2,n72SA}3(yh)

and hence we solve for A R o
Bo + Brxn £ta2,n—2SE(Yr)
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2.10 Linear Correlation

Let us introduce a few definition.
Definition 2.10.1. The covariance of random variables X and Y is define by
Cov(X,Y) = E[(X — ux)(Y — iy )]
where pux and py are the respective expected values of X and Y.
Note that Cov(X, X) = Var(X).
Definition 2.10.2. The correlation of random variables X and Y is defined by
p=Corr(X,Y) = %
where ox and oy are the respective standard deviations of X and Y. Note:
T — gy —
p =Bl P8 B = BlZ.2))
Proposition 2.10.3. This proposition states the following.
1. For a,c>0 ora,c <0, Corr(aX +b,cY +d) = Corr(X,Y)
2. —1<corr(X,Y) <1
3. If X and Y are independent, then p = 0.
4. p=1orp=—1ifandonlyif Y = aX +b for some real numbers a,b with a # 0.

Suppose for (Xi1,Y1),...,(Xn,Yn) are random ordered pairs each coming from a
bivariate normal distribution. Consequently, the conditional expectation and variance
of Y given X = z are

E[Y|X = 1] = pio + p2>(z — 1) = piy + po( — i)
o1 gx

and
(1-p%)

<o

VarlY|X =z] =03(1—p°) =0

and note
Var[Y|X = z] = 05(1 — p°) = 0%

and one can derive the following
o o
EY|X =a]=py — p—pio + p—=
ox ox

Notice for the simple linear regression model,

Sac S:c A _ S =
SIZ = rS—z and Bo = ¢ — 1T

where s, and s, are the sample standard deviations and r is the sample correlation
between variables z and y.

pr =

Proof. Note
Syy
Sy S@y n—1
"8, T /5nS
T Sxx
— Say
SI(L‘
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Assume the pairs (X1,Y1), ..., (Xn,Ysn) are random, the correlation coefficient as
an estimator is given by

S x-S (Snov)
VS X2 - LEX))(D Y2 - L2 Yi)?)

Note that if Hop = 0 is true, we have

Rvn —2

R=

T=—0- -—~(df=n-2
T2 ( )
Consider testing hypothesis
H() Lp= 0

under the null, the test statistic is

Note that 51 = pg—z

2.11 Simultaneous Inferences

Let us motivate this subsection with the following.

1. Consider making inference with confidence level 95% of both true slope and the
true intercept.

2. The difficulty is that these would not provide 95% confidence that the conclusions
of both £ and o and the true intercept (.

3. If the inferences were independent, the probability of both being correct would
be (0.95)? = 0.9025.

4. The inferences are not independent.

Recall, in any hypothesis testing procedure,
P(Type I error) = o
The family-wise error rate is defined as
P(At least one type I error)

To compute family-wise error rate, consider running a pairwise procedure on /1 and
Bo. Then we have

P(At least one type I error in 2 trials) = 1 — P(no type I error in 2 trials)
=1-(1-a)®

and can be generated to 1 — (1—a)¥. if there are K trials. Showing false significance in
a testing procedure is a bad thing. Ideally, researchers want to control for making too
many Type I errors. There have been many different procedures developed to control
for the family-wise error rate.
Then
P(A1 U As) = P(A1) + P(A2) — P(A1 N A»)
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By De Morgan’s law
P(AT N A3) = P((A1 U Ag))
and the probability that both intervals are correct is
P(AiﬂAg) = ].—P(A1UA2)
=1-(P(A1) + P(A2) — P(A1 N Ap))

Using the fact that P(A1 N A2) > 0, we obtain the Bonferroni inequality:
P(ATNA3) >1— P(A1) — P(As)

for which we have setting
PATNAS)>1—(a+a)=1-2a

We can easily use Bonferroni inequality to obtain a family confidence coefficient of at
least 1 — « for estimating Sp and 1. We do this by estimating 8o and 1 separately
with confidence levels of 1 — «/2. namely,

l—-a/2—a/2=1-a

To find the critical value in two-tailed tests (or centered confidence intervals, we divide
the significance by 2.
The 1 — o family intervals for estimating 5y and (1 are
EESTY
Example 2.11.1. Compute

ta 2= to.os/as = qt(1 — 0.0125,5) = 3.16
Bo : = 607 + 3.16(138.76)
= (168.74, 1046.67)
By =23.01 + 3.16(2.19)

= (18.09,31.94)

which we can use “confint(lm(y x), level = 1-0.05/2)” to construct Bonferroni confi-
dence interval as well.

Extensions of the Bonferroni procedure
1. The Bonferroni procedure can also be applied for prediction

2. The critical value can be generalized

ta/2K,df

where K is the number of predictions (or intervals) and df is the degrees of
freedom of the linear model. Use R command “predict(method, newdata=x.data,
interval=“confidence”, level = 1 - 0.05/2)”

The critical value is larger than for a regular confidence interval for §. Note the line
is a t-value. The working-hotelling 100(1 — a)% confidence band for the simple linear
regression model has the following boundary values at any level x:

(Bo + Brzn) £ W\/MSE<71L n M)

Sz

Note that t2 = f1,,.
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Remark 2.11.2. Scheife method. For predicting k new observations, Y, £ W - SE where

W = k- Fi—arn—s and SE = \/MSE(L + 22=27)
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3 Multiple Regression I

Go back to Table of Contents. Please click
Consider

1 control group ii.d

Y =80+ piz+ex= { 0 drug group

What other variables should we include in the model?

1. Athletes tend to have a lower resting heart rate. Maybe we should include X5 to
be initial resting heart rate.

2. Age also influences resting heart rate. Introduce X3 to be age.
3. Other variables... etc.

We can also extend model, meaning adding more z;’s variables.

3.1 DMatrix Algebra
Note Y y; = 1Tg and §j = 11Ty

n

Definition 3.1.1. For a square matrix A, the inverse denoted A™', is a matrix that
satisfies
_la b -1 1 d -—b
A= L d} and A = wd—be {—c a}

Please refer to linear algebra course for the rest of matrix algebra.

3.2 Random Vector and Matrix

Let Y = (Y1, ..., Yn)T be a random vector. Then we have expected value and covariance
matrix of Y, respectively, E(Y") and Var(Y). The covariance matrix is also defined by

Var(Y) = E[[Y — E(Y)][Y — E(Y)]"]

Answer. If Y1, ...,Y, iid with variance o2, then we have

Y1
Y
Var(Y) = Var | .
Yo
=02

3.3 Matrix Form of Multiple Linear Regression Model

Definition 3.3.1. Consider a data consisting of p — 1 covariates X1, ..., Xp—1. Then
the design matrix is defined by

1 Tr11 T1,p—1

1 12 T2,p—1
X = (1n, X1, 0, Xp_1) =

1

1 Tnl Tn,p—1
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Answer. Regression Model. (Scaler Form)

Y = Bo + Bizin + Bawiz + - + Bp—1Tip—1 + €1 =1,2,...,n,€ ~ia N(O, 02)
=Y1 =00+ fixi1+ Bexiz+ -+ Bp—1T1p—1 + €1

Yn = ﬁ() + Blmnl + ﬁQ"L'nQ +---+ /Bpflmn,pfl + €n

1 =z . T1p—
Y, 11 1,p—1 By €
: =11 : 4+ | -
Y, : €
n 1 Tnl . Tn,p—1 ﬁn m

which can be simplified as
Y = XB+e% = Var(e) = 0L, e ~ MN(0, 0”1

O

3.4 Estimation of the Multiple Linear Regression Model

Recall simple linear regression, the least squares estimators are derived by minimizing

n

Q(bo,b1) =Y (yi — (bo + brz:))”

i=1

with respect to bp and b;. We need an analogous criterion using matrix for the multiple
regression model. First, define

Q(bo, b1, ooy bp1) = D (1 — (bo + brwa + -+ + bpo1ip-1))?

i=1

and b = (bo,b1,...,bp—1)T. Then @Q can be expressed

Q(bo, ..., bp_1) = Q(b) = (Y — Xb)T (Y — Xb)

Proposition 3.4.1. Let A be defined above then A is minimized when
b=(X"X)"'x"y

Denote the minimum B Hence,
B=(X"X)"'XxTy

Further, the minimum value of Q is

B=(X"X)"'XxTy

Page 30



2018 Fall Linear Regression Models [By Yigiao Yin] 83

Answer. We have
Q) = (Y — Xb)" (Y — Xb)

=YTY —y¥*p— (Xb)'Y + (Xb)" (X)), ignore underline

oY Xb

g =X
W =bT(XTX) + b7 (XTX)T = 27 (X7 X)
% —0—2vTX + 227 (XTX) %0

V(XTx)T=v"Xx
(XTxX)b=Xx"y
b=X"X)"'x"y

Remark 3.4.2. Recall £YXb=YX
Remark 3.4.3. Note

2
gew) gb(b) = % [—2v"X + 20" (X7 X)]
=0+ Q%bT(XTX)
=2(xTx)"
=2(X"X)

Remark 3.4.4. Note that (X7 X) is positive definite (all eigen-values are greater than
zero). Hence, Q(b) achieves the minimum at 8 = (XTX)7*XTY
Remark 3.4.5. Let a € RP™! then d = zap—1. Then d*d = (Xa)T(Xa)

Example 3.4.6. THe State of Vermont is divided into 10 districts — they correspond
roughly to counties. The following data represent the percentage of live births of babies
weighing under 2500 grams (y), the fertility rate for females younger than 19 or older
than 34 years of age (1), total high-risk fertility rate for females younger than 17
or older than 35 years of age (x2), percentage of mothers with fewer than 12 years
of education (x3), percentage of births to unmarried mothers (z4), and percentage of
mothers not seeking medical care until the third trimester (xs).

Answer.

PA _ 011 oyrixty

a T T
:0+28—b[b (X" X)]

—2x"x)T

The matrix is positive definite. Hence, Q(b) achieves its minimum of the point at
B=(XTX)TXTY O
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Remark 3.4.7. Why is (X7 X)T positive definite?
Answer. Let a € RP™! for a # 0 and set d = Xa. Then d”d = (Xa)" (Xa) > 0 O
Definition 3.4.8. A set of vectors {v;}, each in R", is linearly independent if

civr + -+ cpvp =0

has only the trivial solution, i.e. ¢c; =---=¢, =0.

Example 3.4.9. Consider

3 8
v = —2 , V2 = —16
7 3

and we have only one solution for civi 4+ c2v2 = 0 which is ¢1 =c2 =0

Definition 3.4.10. A set of vectors {v;}, each in R", is linearly independent if there
exists scalars ¢;, not all zero, such that

civ1+...cpup =0

Example 3.4.11. Consider

3 —6
v = —2 , V2 = 4
7 —14

Definition 3.4.12. The span of a set of vectors {v;}, each in R", is the collection of
all vectors that can be written in the form

C1V1 + ... CpUp

Note
1. span{vi,...,vp} is the set of all linear combinations of v1, ..., vp
2. say span of a subspace

Example 3.4.13. Consider

3 —2 8
v = [—2 , V2 = 12 ,b: —16
7 9 5

and we have 2v; —v2 = b

Definition 3.4.14. The column space of a matrix A is the set C(A) of all linear
combinations of the columns of A. If A = [vy,...,v,], then C(A) = span{vi,...,vn}.
Then col(A) = C(A).

Example 3.4.15. Consider

3 -2 8
A= |-12 12|,b=|-16
79 3

and you can compute b € C(A) or b € col(A).

Definition 3.4.16. The rank of a matrix A, denoted rank(A), is the number of linearly
independent columns of A.
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Example 3.4.17. A 3 by 3 matrix A can have rank of 2, because v; and vz are linearly
independent, but 2v; — v — v = 0.

Theorem 3.4.18. The following statements are equivalent if A is a p by p matriz
1. A is invertible
2. C(A) =RP
3. rank(A) =p
Theorem 3.4.19. If X is a n by p matriz with rank of p, we cannot proceed.
Example 3.4.20. Consider a design matrix X given by

3.1
4.2
7.3
10.1
11.6

1
1
= 1
X= 1
1
1 138

1
1
1
1
1
1

== -0 OO

which means rank(X) = 3 since col; = cols +cols. We can also check rank(X” X) = 3.

Remark 3.4.21. There are ways around this. Generalized inverse A', then we have
AATA = A.

Example 3.4.22. Single factor ANOVA, we have Yi; =+ a; + €;; with j =1,2,3.

3.5 Fitted Values and Residuals
Let vector of fitted values Yl be denoted by Y,

Y =1,..., V)"
and in matrix form
Y =X8=X((X"X)"'X"TY) = (X(X"X)"'XT)Y = HY

and we simply have Y = XB in matrix form.

Definition 3.5.1. The hat matrix denoted by H is defined by
H=X(X"x)"'x"

Note p is often used.
The hat matrix H shows that the fitted values f’; are a linear combination of the
response values Y;.
Y=HY =Y, =) hyY;
i=1
The hat matrix H plays an important role in regression diagnostics. Recall the
studentized residuals

€ .
ti = ———, where h;; = inverse

VMSE(1 — hi;)
Note that the hat matrix H is symmetric
HT = [X(XTX)' X7 = (XD (X" x) ) xT = x(xTX)"'xT = H

remember to show (A™1)7T = (A7)~ (AB)T = BTA”.
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The hat matrix H is indempotent
H®>=HH
= (X(XTX) X)X (X X) T XT)
=H

Recall the hat values for simple linear regression
H=X(X"X)"'x" x =

and now we have ~ B
By = L4 @iz D@ =7
n Szx

Now we discuss residuals vector using hat matrix.
T
e=(e1,...,en)

and then R
e=Y-Y=Y—HY = (I, - HY
Definition 3.5.2. The mean square error denoted MSE is defined by

o n)2
n—p n—p

Theorem 3.5.3. Let Y be random variable vector with mean E[Y] = u and covariance
V oor[Y] =X and let A be a matriz of scalars. Then the random vector W = AY has
mean vector and covariance matrix

E[W] = E|AY] = AE[Y] = Au

Theorem 3.5.4. Let A be symmetric, then quadratic from ATY A has expectation and
variance

E[YTAY] = 2t(AS) + u Ap

and
varlYT AY] = 2tr(ASAY) + 4p” AS Ap

where tr(B) is the trace of the matrix B.

Theorem 3.5.5. The least squares estimator ofB is an unbiased estimator of param-
eter vector (3.

Answer. First note that F[Y] = E[X8 + €] = X8. Then we derive
E[f] = E|(X"X)"'X"Y]
= (X"X)"'X"EY]
=(xX"x)"'x"xp
—18=5
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Theorem 3.5.6. The covariance matrix of least squares estimator B 18
Var|f] = (X" X))}
Answer. First note Var[Y] = ¥ = ¢*I. Thus,
Var[f] = Var[(XT X) ' XTY]
= (XT"X) ' X Var[y])(xT X)) x )T
=(XTx)"'xTo?1X

O

Theorem 3.5.7. The mean square error MSE is an unbiased estimator of parameter

0_2

Answer.
E[SSE| = E[Y"(I — H)Y]
= trace((I — Ho’I) + (XB8)" (I — H)(XB)

=0

= o’trace(I — H) 4 0

=o’(n—p)
and note that )
Bl SSE = 1 E[SSE] = c“(n—p) o2
n—p  n-—p (n—p)
O
We conclude the following table:

Estimate Standard Error
Simple Linear Regression | 1 = Suy/ Sz = Var(f1 = 0%(Sex) "

(Saa) ™" Sy
Regression through Ori- | f = Y auy/> 27 = var(f) =o?(> a?)™?
gin (S S w
Multiple Regression =(XT"X)"'XTy var(B) = o?(XTX)™!

3.6 Non-linear Response Surfaces
Consider multiple linear regression model
Yi = Bo+ Brizin + Baxiz + - + Bp—1%ip-1 + €

that is linear in the parameters.
Definition 3.6.1. The mean square error denoted MSE is defined by
SSE oy — 9:)?

MSE = =
n—p n—p

Note that

Page 35



2018 Fall Linear Regression Models [By Yigiao Yin]

§3

3.7 Analysis of Variance for Multiple Linear Regression

Suppose we are interested in overall relationship between response variable and all
covariates x1,...,zp—1. To assess the overall relationship, we test the null alternative
pair:

Hy:B1=--=fp-1=0,Ha : at least one 8o # 0
The F-stat as a random variable is F = MSR/MSE. Under null, the appropriate
proposition implies F has a F-distribution with respective degrees of freedom df; = p—1
and dfs = n — p. The corresponding test statistic is

MSR

fcalc = m

F is a random variable and fcaic is a single realization of F based on the data set.
The analysis of variance table for linear regression, ANOVA, is

| Df  Sum Sq Mean Sq F-value Pr(> F)

Regression | p—1 SSR MSR =SSR/(p—1)  feae = MSR/MSE  P-value

Residuals | n—p SSE MSE = SSE/(n — p)

where
SSR = Z i —9)°,SSE = Z ?,8ST = Z

with important 1dent1tles
1. p—-1)+(n—p)=n-1
2. SSR + SSE = SST

Let us develop overall F-test. Consider full model
Y =Bo+ Bizin + -+ Bp—1Tip—1 + €

with degrees of freedom n — p and reduced model to be, under null, e.g. Ho : 51 =
Bo=---=Pp-1 =0, to be
Yi=po+e

with degrees of freedom n — 1. Then we can compute F-statistic
SSE(E) — SSE(F) ,SSE(F)
n—1—(mn-p) " n-p

(Y —9)* = 3(Yi - ?Jz')z/Z(Yi - 4:)’

Fcalc =

p—1 n—p
_ SST —SSE , SSE
- p—1 /n—p
~ MSR
~ MSE

3.8 Coefficient of Multiple Determination
Let us introduce the definition.

Definition 3.8.1. The coefficient of multiple determination, denoted R? is defined by

SSR SSE

2 _ oo oob
R T SST ! SST

and the interpretation is that we say there is R? percent of the variation in the response
Y explained by the covariates x1, ..., Tp—1.
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Note R? is always between 0 and 1.
For simple linear regression, r2 = R2.

There is not a correlation coefficient r for multiple linear regression.

L

Every time a new variable is added to the model, the coefficient of multiple
determination R? increases. It never decreases.

5. Every time a new variable is added to the model, SSE decreases. It never in-
creases.

6. To adjust for R? always increasing, we can divide the sums of squares SSE and
SST by their respective degrees of freedom. This leads to the adjusted coefficient
of multiple determination.

Definition 3.8.2. The adjusted coefficient of multiple determination, denoted R2 is

defined
2 _ . SSE/(n—p) . (n—1SSE\ _ (n-1 2
Ro=1 SST/(n—l)i1 n—pSST =1 n—p (1= F)

Note that we have lim R2 =1 — (1 — R?) = R®. If n is large relative to p, then we

n— oo
have R? ~ R2.

3.9 Inference on the Slope Parameters

Ceteris parabius is a latin phrase meaning “with other things being equal or held
constant”. The above notion is key when interpreting and testing slope parameters in
a multiple linear regression model. To further understand this, recall

ElY:] = Bo + Bizi1 + Baxiz + -+ + Bp—1Tip—1
then we have %{?] = (1 and %‘fl = ;. For simple linear regression, we can compute
t-test ~
B1—0
/MSE
Srx
Wew ant to compute analogous results for multiple linear regression. Before continuing,
consider some more results from probabiity theory,

o3 Cov(Bo, f1) .. Cov(fo,Bp-1)
. Cov(f1, Bo) o3 oo Cov(Br, Bp-1)
Y5 = Var[p] = . : _ .
Cov(Bp-1,50) Cov(Bp-1,B1) ... Ufgp_l

We can estimate covariance matrix
8 = MSE

Let us discuss linear transformation of 8. Discuss motivation upfront. Consider
full model Y = o + Bix1 + 222 + €. Suppose we want to test (1) Ho : 1 = 0, (2)
Hy: 1 =02, (3) Ho: 1 =p2=0.

We can use, respectively for each case, (1) f-test or t-test, (2) f-test or t-test, and
(3) f-test. Let us write all of them out in matrices.

Matrix form:

o Hy:cTB-0 using 8 = [Bo, ..., Bp—1]" where ¢T =1[0,1,0]7.
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e Hy:c'B =0 where ¢” =[0,1,—1]" while the result is scalar; and 3 ¢; = 0, e.g.
a contrast.

e Hy: c"B = 0 where ¢7 = (8 8 (1)) and in this case we are dealing with a

vector.

Let us only look at cases 1 and 2. Define ¥ = ¢T3 the parameter and U = CTB
the estimator. Then we have ¢ to be a vector of known constants. Now we want to
find expectation and variance so that we can find standard statistics and studentized

statistics.
E[¥] = E[c" 5] = ¢" E[f]
= CT
=
and
Var[¥] = Var[¢” 3] = ¢ Var(8)[¢"]"
= ¢"Var(B)c"
=" (XTX) e
and thus

U — 0,
teale = —
vV cT'VarPsi

this will give us a T' ~ t(df = n — p).
For case 1, recall Hy : 81 = 0 with ¢© = [0, 1,0]. Then we have (i)

A fo
E[\I’] = [Oa 170} 61 = 51
B2

var(Bo)  Cov(Bo, 1) Cov(Bo, 1)\ [0
=[0,1,0]

cov(, o) VarA(Blz COV(ﬂHA, Ba) | |1
Cov(B2,Bo) Cov(Ba, B1)  Var(Bs) 0

COV(BOA» B1) .
=100,1,0] | Var(p) | =var(p1)
COV(/B27 /81)
and we have tcac = 51(3 when testing Ho : 1 = 0 (or any §; = 0), we extract the
var(B1
corresponding event of *(X T X)™! (switch & for MSE). Note this is T ~ t(df = n — p)

so df isn — 3.
For case 2, we have Hy : 81 = 2 or we write 81 — 82 = 0 while ¢” = [0,1, —1]. We
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have E[¥] = ¢ [Bo, B1, B2])T = B1 — B for expectation and for variance, we have

Var(¥) = ¢" Var(3)c

0
=1[0,1,-1] [dd] | 1

~1

COV(BOJ B1) — COVA(BOZ B2)
= [0.1,-1] | Var(3y) — Cov(3:, )
Cov (2, f1) — Var(f2)
=0 + I(Var(,él) - COV(Bh 52))
— 1(Cov(Bz, B1) — Var(fB2))
= Var(Bl) + Var(ﬂAz) - QCOV(ﬁAlv B2)
— BBy Gith T~ t(df=n—p=n—3)

and tcale = =l
V/ Var(B81—B2)

For case 1, we have full model (write everything out) and with df = n-3. we have
reduced model Y = By + B2X2 + € with df = n-2. Then

SSEr — SSEr ,SSEp

Jente = (n—2)—(n—3)/n—3
_ SSEr *SSEF/SSEF
N 1 n—3

For case 2, we have null (..). Write full model (everything out..). Write reduced
model with design matrix

[Bo X1 Xo]
1 1 0
1 1 0

1
1 0 1
1 0 1
1 0 1

reduced model is Y = By + f1(X1 + X2) + €. We have f-test

SSER — SSEF /SSEF
n—2)—(n—-3)"n—-3

f calc —

In R, we do m.full < —Ilm(Y ~ X1 + X2) and m.reduced < —Im(Y ~ I(X1 + X2))
with anova()
Recall connection with simple linear regression estimators

R z2 .z
¥; =MSE(X"X)™! {n_ see 1,]

and moreover we have
cov(Bo, 1) = —Zvar(b1)
Suppose we are interested in the marginal relationship between response variable
Y and the jth covariate z;. The slope parameter of interest is 8;. To see if x; is
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marginally significant, we test the null hypothesis Ho : 8; = Bjo. Note the most
common hypothesized value is zero. Also, the studentized score is

T B; — Bio
oy

where &Bj is the estimated standard error of Bj. The appropriate proposition implies
T has a student’s t-distribution with n — p degrees of freedom.
The interpretation if §; test statistically significant: the covariate x; is statistically
related to the response variable Y when holding all other covariates constant.
Hypothesis: Ho : B2 = 0 which is equivalent as H, : ) = ¢'8 = 0 and we have
¢’ =10,0,1,0,0,0]. We compute

I

teale = — 2w
< g
V 052

which would be the t-statistic result in R output.
For marginal F-test for §;, we have full model

Y=0%+pizx1+ -+ Bjx;+- -+ P-1zp—1+e€

and we have Ho : 8; = 0 with degrees of freedom for (full) model to be n — p. Then
we have reduced model

Y=0%o+pb1x1+--+0+- -+ Bp_1Tp_1+¢€
with degrees of freedom for (reduced) model to be n — (p — 1). Then we have f-test

SSEr — SSEr /SSEF
n—(p-1)—-Mm-p n-p
In this case, we have f ~ F(dfi = 1,df> =n —p).

2
= tcalc

fcalc =
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4 Diagnostics and Remedial Measures

Go back to Table of Contents. Please click
Consider
Yi=00+fizii + -+ Bp—1Tip—1 + &
for i = 1,2,...,n with ¢ i N(0,0?). What major assumptions are we having? The
response function E[Y] is linear. The errors € are normally distributed. The errors

have constant variance (homoscedasticity). The error € are independent and identically
distributed.

Definition 4.0.1. The ith residual is defined by
=Y, —Y,i=1,2,...n

Note the summation of residuals not necessarily go to zero, e.g. > e # 0. Any
analyzing the residuals provides insight on whether or not the regression assumptions
are satisfied.

The sample mean and sample variance of the residuals are

1 — 5 1 = 5
== ;=0,s2 = ?2 = MSE
e n;e s n_p;e

Although the errors ¢; are independent random variables, the residuals are not
independent random variables. This can be seen by the following two properties:

Zeizoand inkeizo,kzl,Z,...,p—l
i=1 i=1
Note that we have HX = X, and (I — H)X =X — X =0.

4.1 Residual Diagnostics

We want to standardize the residuals. With that said, let us introduce the following

definition.

Definition 4.1.1. Let e; be the residual defined above and let MSE be the mean square

error defined in 3.15 from notes. Then the ith semistudentized residual is defined by
« e, —€ €;

* — = fori=1,2,...
e; SE . MSE’ or % )2, ..M

Recall that the residual vector can be expressed as
e=(I,—H)Y
Proposition 4.1.2. The mean and variance of the residual vector e are respectively,
Ele] =0
Varle] = o*(I,, — H)
Proof. Note that

Ele] = E[(I - h)Y] = (I — H)E[Y]
=(-H)XB=XB—-HXB
=XB—-X§j
=0
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§4

Next, we solve

Var[(I — H)Y] = (I — H) Var[Y](I — H)"

N——
o2

=o*(I — H)?

=o*(I — H)

Consequently, the Ith studentized residual is

€4
T
VMSE(1 — hss)

where h;; is the ¢th diagonal element of the hat matrix H.
Remark 4.1.3. Note that when h;; = 1, then ¢; is large (because bottom of the fraction
is getting smaller).

A useful refinement to make residuals more effective for detecting outlying Y ob-
servations is to measure the ith residual e; when the fitted regression is based on all
of the cases except the ith one. Denote Y{;) the fitted regression equation based on
all cases except the 7th one. Denote YW) the fitted response value based on predicted
model }A’i(i).

Consequently, the deleted residual denoted d; is defined by

di = Y; — Yic

and note
n

n

PRESS = (Vi - Yi»)* =) _d;

i=1 i=1

We want to studentize the residuals, i.e. we want to find an expression for
d;

ti = -
Udi

An algebraically equivalent expression for d;, that does not require a recomputation of
the fitted regression function omitting the ith case is
€

1—hg
Note that to compute the deleted residuals d;, for each case, we do not need to fit a
regression.

Define MSE as the mean square error based on all cases except the ith one. The
following equation analogous to above relates MSE with the regular MSE.

d; =

€;
1= h

Using the above relation, the studentized deleted residuals can be expressed

=%, n-p-1
Z_a'di_ ‘ SSE*(l*hii)fe?

Using the deleted studentized residuals in diagnostic plots is a common technique of
validating the regression assumptions. The deleted studentized residuals are particu-
larly useful in identifying outlying Y values.

Use the studentized or deleted studentized residuals to construct residual plots.
Some recommendations follow:

(n —p)MSE = (n —p — 1)MSE +
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1. Scatter plot matrix of all variables. Linearity, Constant Variance, General ex-
ploratory analysis

2. Plot of the studentized residuals against all (or some) of the predictor variables.
Linearity, Constant Variance, Normality, Independence

3. Plot of the studentized residuals against fitted values. Same as the previous plot

4. Plot of the studentized residuals against time or other sequence. Independence,
Normality

5. Plots of the studentized residuals against omitted predictor variables. Model
validation.

6. Box plot (or histogram) of the studentized residuals. Normality
7. Normal probability plot (QQ Plot) of studentized residuals. Normality, Linearity

Example 4.1.4. Heavy tail: H; Short tail: S; Left skewed: convex; Right skewed:
concave.

4.2 F Test for Lack of Fit

Although visually inspecting the residual plots gives insight on whether the regression
assumptions have been satisfied, there are also formal testing procedures to check
these claims. This section introduces an important testing procedure for determining
whether a specific type of regression function adequately fits the data. For simple linear
regression, the lack-of-fit hypothesis test procedure tests the question

Is this linear function E[Y] = B¢ + 1 appropriate for this data
Equivalently we want to test hypothesis
Ho: E[Y]= o+ Biz or Ha: E[Y] # o + fiz

To construct a reasonable test statistic, we will use the general linear F-statistic. note
the lack-of-fit test requires repeat observations of one or more = levels. Let n; be the
number of experiment units of the jth group.

c
E ng=mn
j=1

In order to construct the test statistics, we need to consider the following full and
reduced models. We have full model

Yij = pj + €

with -
€ij 1,.1\4:} N(O, 0'2)

Note: above, we are including more parameters than the simple linear regression model.
L, g =1,2,...0e
Next, we have reduced model
Yij = Bo + Bix; + €5

with €;; KN (0,0?). The least squares estimators of the full and reduced models are
respectively. We realize that full model has fi; = §; and reduced model has Sy, 51 same
as bar. The residuals of the full and reduced models are respectively

€ij = Yij — Yj
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and . .
eij = yij — (Bo — Prixij)

The sum of squared residuals and degrees of freedom for the full model are respectively
SSEr = ZZ(Z}LJ — :I?j)Q = SSPE
P

and dfrp = > 5_,(n; —1) = n—c. The sum of squared residuals and degrees of freedom
for the reduced model are respectively

SSEr =D > (s —9;)° =SSE
J i

and dfg =n — 2.
Applying the general lienar F-statistic, we get

e = SSEgr — SSEF/SSEF
@l ™ T dfg — dfr | dfr
_ SSE — SSPE /SSPE

(c—2) n—c
F~Fdh=c—2df=n—c¢)

Under null hypothesis, Ho : E[Y] = 8o + fix, the F lack-of-fit test statistic is

SSE — SSPE)/(c —2) _ MSLF

= _
SSPE/(n — 2) MSPE

4.3 Remedial Measures

Fixing heteroscedasticity: transforming the response variable Y may remedy het-
eroscedasticity. If the error variance is not constant but changes in a systematic fashion,
“weighted least squares” is an appropriate technique for modeling the data set.

Remark 4.3.1. Non-constant variance and non-normality often go hand and hand.

Fixing outliers: When outlying observations are present, use of the least squares
estimators for the simple linear regression model may lead to serious distortions in
the estimated regression function. When the outlying observations do not represent
recording errors and should not be discarded, it may be desirable to use a procedure
that places less emphasis on such outlying observations.

Estimate parameters using a robust loss function, e.e. minimize Q(b) = > |y; — ¥s|.
The loss function can be f(z) = |z|.

4.4 Robustness of the T-test

Definition 4.4.1. An inference procedure is robust if probability calculations (p-
values or confidence intervals, e.g. standard errors) remain fairly accurate even when
a condition is violated.

e The t-procedure is sensitive to outliers. Hence the t-procedure is not robust in
the presence of outliers.

e The t-procedure is robust under violations of normality when there are no outliers.
e The t-procedure is not robust when the sample size is small.

e The t-procedure is robust when the sample size is large and there are no outliers.
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Box-Cox transformation: it is often difficult to determine from residual diagnostic
which transformation of Y is most appropriate for correcting violations of the regression
model. The Box-Cox procedure automatically identifies a transformation from the
family of power transformations on Y. Consider

) iid
1/72>\ = BO + /leil + -+ Bp—lxi,p—l + €i, 1 = 17 27 sy Ty €5 N(07 02)
Example 4.4.2. Consider
Y =00+ pFix+e
and we have EY = By + [S1z. We solve

log(EY) = By + fr
EY = %A

For every single unit increase in z, EY is multiplied by e” T, e.g.

eBoH8I (z+1) _ Bi+BT= 8] _ BiRy

4.5 General Least Squares (Weighted Least Squares)

Often transforming the response variable Y will help in reducing or eliminating unequal
variances of the error terms. Transforming Y may create an inappropriate regression
relationship. Weighted least squares is a technique for modeling a data set when the
error variance is not constant but changes in a systematic fashion. This maintains the
original shape of the response function.

The generalized linear regression model is

Yi=pPo+ bixi1i+ -+ Bp—1Tip-1 + €

with -
€ S N(O7ai2),i =1,..,n.
Consider using method of maximum likelihood estimation. The likelihood function
follows

n

£08) = T oy o0 = gyl = fo = Brza oo = fyrzipen)?

i=1 i

Defining the reciprocal of the variance o2 as the weight w;, w; = 5—12 Notice that

n

) 1/2 n
e =11 ((2;";?)) exp{ - %;wi(yi — fo— frwn — o — ﬂp_lxi,p_lf}

1=1

Thus we can estimate the weighted least squares model by maximizing £(3) or
equivalently by minimize the objective function

Qu(f) = Zwi(yi — Bo = Przir — = Bpo1Tip-1)’
i=1
Let
w1 0... 0
W = 0 w2
: : -0
0 ...0 wn,
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Minimizing W, with respect to b yields normal equations and least squares estimator
(XTWX)Bw = X"WY

and .
Buw=X"WX)'X"WY

The variance-covariance matrix of (3, is

Var(B,) =» (XTWX)™

Bw

In practice, the magnitudes of o7 often vary in a regular fashion with one or several
predictor variables Xj;. Examples include the megaphone shape when inspecting the
residual plots. Notice that e? is an estimator of o7 when using unweighted least squares
and |e;| is an estimator of |\/a?|.

For iterative least squares, we fit the regression model using unweighted least
squares. Regress the squared residuals e? against appropriate predictors. Or regress
the absolute residuals |e;| against appropriate predictors. Use the estimated model
computed from e? ~ Xj as the variance function ¥;. Or use the estimated model
computed from |e;| ~ X as the standard deviation function §;. The weights are then
computed using

w; = — Or w; =

(%

Rl =
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5 Multiple Regression II
Go back to Table of Contents. Please click

5.1 Extra Sums of Squares

An extra sum of squares measures the marginal reduction in the error sum of squares
when one of several predictor variables are added to the regression model, given that
other predictor variables are already in the model. Extra sum of squares measures
the marginal increase in the regression sum of squares when one or several predictor
variables are added to the regression model.
Consider the regression model Y = B+ S1x1 + B2x2 + Bsxs + €. Let x1 be the extra

variable when z2 is already in the model

SSR($1‘$2) = SSE(JJQ) — SSE(ZIH, 1’2)

SSR(wﬂwg) = SSR(.Tl,.Tz) — SSR([IJQ)

Note that let x2 be the extra variable when z; is already in the model, we have

SSR(xz‘wl) = SSE(xl) — SSE(CEl, l’z)
SSR(Iz‘ml) = SSR(Il,xz) — SSR(IEl)

Let z3 be the extra variable when x1, z2 are already in the model

SSR($3|1‘1, Ig) = SSE(JSl, mg) — SSE(xh T2, 1‘3)
SSR(J}3|1‘1, 332) = SSR(ml, T2, 1,‘3) — SSR(ml, 1'2)

A variety of decompositions exist.

SSR(JH, x2, 1'3) = SSR(JJ1) + SSR($2|$1) =4 SSR,(:L‘glJ,j7 1‘2)
SSR(z1, 2, x3) = SSR(x2) + SSR(z3|z2) + SSR(z1|z2, x3)
SSR($1, X2, £E3) = SSR((E1) + SSR(mz, .Z'3|£IZ1)
There are three types of sums of squares: Type I, Type II, and Type III. Let us
introduce the following definition.

Definition 5.1.1. Type I sums of squares decomposes SSR by
SSR(HH, X2, ..y l'pfl) = SSR(a:l)—I—SSR(a:g|x1)+SSR(:r3\m1, $2)+~ . ~+SSR(ZBP71|£I}1, ey :Epfg)

Note that Type I sums of squares is also called sequential sums of squares. The
function anova() uses type I sums of squares. The type I sums of squares ANOVA table
collapses to the standard table.

Definition 5.1.2. Type II sum of squares is relevant for factorial designs.

Definition 5.1.3. Type III sums of squares are used to test a single covariate after
controlling for all other covariates.
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5.2 Uses of Extra Sums of Squares in Tests for Regression

Coefficients
Test whether a single 8; = 0. We assume hypothesis Ho : 8 = 0 versus Ha : Br # 0.
We use R
teale = :Bfk
95,

for t> = f. In this case we have

; (SSER - SSEF) _ SSEr
calc = -~

de — dfF dfF
(SSR(Xk‘Xl, e Xk717 XK+1, . 7Xp,1)/1
(SSE(X1, -, Xp1)/(n — p)
Let us start by discussing the following scenarios of hypothesis testing.
Test whether some Bx = 0, we assume hypothesis,
HO Z,Bq :,Bq+1 = ---Bp—l =0
H 4 :At least one 3; # 0

and we can compute
SSR(Xg, Xg-1,.. -, Xp1[Xs, ... Xg1)/(P— 1)

Jeare = SSE(X1, ..., Xp—1)/(n —p)
Test whether all 8, = 0, we write hypothesis
Hy:pr=pa==Pp-1=0

H,4 :At least one 3; # 0

f o= SSR()(l7 e ,prl)/(p — 1)
T SSE(X1, ey Xp-1)/(n — D)
Consider two predictors x1,x2. We have the following definition
Definition 5.2.1. The relative marginal reduction in the variation in Y associated
with 1 when 2 is already in the model is
2 SSE(:L‘Q) — SSE(J}l,IQ) SSR(JJ‘JSQ)
R} = -
12 SSE(QZQ) SSE(QZ‘Q)
The quantity is known as the coefficient of partial determination. The definition
can be extended to more general cases.
R2 _ SSR($1|1’2, 1’3)
Y1123 7 GSE(zg, x3)
R2 _ SSR(JS2|JJ1, 1‘3)
Y2|1’3 SSE(JJ17 333)
R _ SSR(w4|®1,®2, x3)
Ya2s T U SSE(z1, 22, 23)

Whether testing whether some §;, = 0, the general F statistic can be stated equiv-
alently in terms of the coefficients of multiple determination for the full and reduced

models. The formula follows
R%’\l...p—l - R%’\lmq—l . 1- Rg’\l.“p—l
p—q ' n—p

F=
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§5

where R%’\l...pfl denotes the coefficient of multiple determination when Y is regressed
on all  variables, and R‘Qyu...q—1 denotes the coefficient when Y is regressed on x1, ..., 41
only.

Definition 5.2.2. The square root of a coefficient of partial determination is called a
coefficient of partial correlation.

The coefficient of partial correlation is given the same sign as that of the corre-
sponding regression coefficient in the fitted regression function.

5.3 Multicollinearity

Let us begin with a definition.

Definition 5.3.1. In statistics, multicollinearity (or collinearity) is a phenomenon
in which two or more predictor variables in a multiple regression model are highly
correlated.

Multicollinearity can cause two problems: (1) instability in the slope estimators,
e.g. BO,Bl,...,Bp_l, (2) instability in the standard errors (inflate SE significantly)
Tjgr 108, -

Implications of perfectly correlated predictors. The perfect linear correlation be-
tween z1 and x2 did not inhibit our ability to obtain a good fit to the data. Since many
different response functions Y provide the same good fit, we cannot interpret any one
set of regression coefficients as reflecting the effects of the different predictor variables.

Proposition 5.3.2. Another way of stating this problem is that there exist infinite
number of models provide a perfected fit.

Further inspection on uncorrelated predictors. Consider the following model, Y; =
Bo+ P1xi1+ Bexitze+ €, € id N(0, 02). Denote Y sample mean of the response variable
Y. Denote sy the sample standard deviation of the response variable Y. Denote X j
sample mean of the covariate X, for j = 1,2. Denote s; sample standard deviation
of the covariate Xj, for j = 1,2. Denote 7y; sample correlation coefficient between Y’
and X; and r12 = r21 sample correlation coefficient between X; and Xo.

Consider the estimated model

Y = Bo + 31171 + Bzxz
with )
Bo
B=|/|=x"X)"Xx"
Bo

Equivalently, we can write

a8y \ [T T2y,

= () ()
5 [ sy — 12Ty,

ne(3) ()
Bo=Y — p1&1 — Paa

5.4 Higher Order Regression Models

Under the following circumstances shall we consider the use of polynomial models:

e When the true curvilinear response function is indeed a polynomial function
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e When the true curvilinear response function is unknown but a polynomial function
is an approximation to the true function

Consider one predictor-second order
Yi = Bo + Bt + Bat? + €, € i N(070'2),ti =X, - X

Note that the variables x and z® are often highly correlated. This induces multi-
collinearity which can cause computational difficulties when computing (X Tx )71 and
instability in the parameter and standard error estimates. Centering a predictors can
significantly reduce multicollinearity.

For one predictor-third order, one can consider

Yi = Bo + Buti + Bat? + Bst? + €i, e S N(0,0°),t: = X; — X

For one predictor-higher orders

p—1
Y; = Z BitE + €6 N(0,0%)
K=0

Example 5.4.1. How to approach the procedure of fitting such model? One can
consider Y; = fBo + Buiti + Bat? + Bst? + €;. The Type I sum of squares, the procedure
is to fit EY = Bo + B and compute SSR(¢) and do F-test. Then for higher order we
simply fit EY = By + fit + B2t® and compute SSR(t?|t) and do F-test.

5.5 Qualitative Predictors

Let us introduce the following definition.

Definition 5.5.1. A regression model with p — 1 predictor variables contains additive
effects if the response function can be written in the form

E[Y]= fi(x1) + fa(w2) + - + fo—1(zp-1)

where f1,..., fp—1 can be any functions.

Additive example:

E[Y] = fo+ f1X1 + B2 X7 + B3 X3
——
f1(X1) f2(X2)
Non-additive example:
E[Y] = Bo+ L1 X1+ B2X2 + B3 X1 Xo
Definition 5.5.2. If a regression model is not additive, it is said to contain an inter-
action effect.

Consider the regression model: Y; = Bo+ f1xi1 + B2xiz+ B3wi1xi2+€;. The response
surface is: E[Y] = Bo+ f1z1 + B2z + Bsz1z2. The change in E[Y] with a unit increase
in 21 when x5 is held constant is

OEFY

X = (1 + B3 X2 = function of X

and the change in E[Y] with a unit increase in x> when 1 is held constant is

EY
?972 = B2 + B3 X1 = function of X,
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To model interactions between qualitative and quantitative predictors, consider the
following model
Y: = Bo + Brzin + Pagiz + Baziixiz + €

In this case, we have X; to be a binary variable. For X1 = 1, we have EY = (8o +
/81) + (ﬂQ + ﬁ;g)Xg. For X; =0, we have FY = ,3() =+ ﬁQXQ.

Page 51



2018 Fall Linear Regression Models [By Yigiao Yin] 86

6 Multiple Regression II1
Go back to Table of Contents. Please click

6.1 Overview of the model building process

In this section, we present an overview of the model-building and model-validation pro-
cess. A detailed description of variable selection for observational studies is presented
in next subsection.

For data collection and types of studies, we consider the following. Data collection
requirements for building a regression model vary with the nature of the study. This
topic deserves more attention but is not a focus of this class. Consider four different
types of studies.

e Controlled experiments: In a controlled experiment, the experimenter controls
the levels of the explanatory variables and assigns treatment, consisting of a
combination of levels of the explanatory variable to each experimental unit and
observes the response.

e Controlled experiments with covariates: Statistical design of experiments
uses supplemental information, such as characteristics of the experimental units,
in designing the experiment so as to reduce the variance of the experimental error
terms in the regression model. Sometimes, however, it is not possible to incor-
porate this supplemental information into the design of the experiment. Instead,
it may be possible for the experimenter to incorporate this information into the
regression model and thereby reduce the error variance by including uncontrolled
variables or covariates in the model.

e Confirmatory observational studies: These studies, based on observational,
not experimental, data, are intended to test (i.e. to confirm or not to confirm)
hypotheses derived from previous studies or from hunches. For these studies, data
are collected for explanatory variables that previous studies have shown to affect
the response variable, as well as for the new variable or variables involved in the
hypothesis.

e Exploratory observational studies: In the social, behavioral, and health sci-
ences, management, and other fields, it is often not possible to conduct controlled
experiments.

For an observational study, the key to establishing causation is to rule out the
possibility of any confounding (or lurking) variables. We must establish that individuals
differ only with respect to the explanatory variables. This is often very difficult and
most times impossible for observational studies.

Controlled experiments. For single factor ANOVA, Y;; = p+ a; + €;; with j =
1,..., K. Consider Y; = 8o + f1xi1 + P2xi2 + €. For two-way ANOVA, we have Y, =
w+aj+ B + (af)jr + €k with j =1, ..., J and k =1, ..., K. For example, assuming
J=2and K = 2, we have Y; = ﬁo + BIXil + /BQXZ'Q + BQXilXiQ + €.

For controlled experiments with covariates, consider single factor ANOVA. Suppose
we have Yi; = p+ a; +vc+ €, for j = 1,..., K. Suppose K = 3. Then we havea
Y, = Bo + B1Xi1 + B2Xi2 + B3Xis + €; as control. We can add interactions with the
covariate or two-way ANCOVA.

Model building starts with some preliminary model investigation. First, we identify
the functional forms in which the explanatory variables should be entered in the model.
Next, identify important interactions that should be included in the model. Note that
when incorporating interactions, we typically include both the interaction and the main
effects.
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In terms of reduction of explanatory variables, it is generally not important for
controlled experiments. In studies of controlled experiments with covariates, some
reduction of the covariates may take place because investigators often cannot be sure
in advance that the selected covariates will be helpful in reducing the error variance.
Generally, no reduction of explanatory variables should take place in confirmatory
observational studies. The control variables were chosen on the basis of prior knowledge
and should be retained for comparison with earlier studies. In exploratory observational
studies, the number of explanatory variables that remain after the initial screening
typically is still large. Explanatory variable reduction is extremely relevant for this
type of study. For exploratory observational studies, we may have many co-linear
variables which can cause instability in the slope and standard error estimates. For
exploratory observational studies, we may have several good candidate models.

Model refinement and selection: At this stage in the model-building process, the
tentative regression model, or the several good regression models in the case of ex-
ploratory observational studies, need to checked in detail for curvature and interaction
effects. Residual plots are helpful in deciding whether one model is to be preferred over
another.

Model validation: Model validity refers to the stability and reasonableness of the
regression coefficients, the plausibility and usability of the regression function, and the
ability to generalize inferences drawn from the regression analysis.

6.2 Variable Selection

All too often, investigators will screen a set of explanatory variables by fitting the
regression model containing the entire set of potential X variables and then simply
dropping those for which the t-statistic

Bj

tcalc = =

98;

is insignificant. This procedure can lead to the dropping of important inter-correlated
explanatory variables. A good search procedure should be able to handle important
inter-correlated explanatory variables in such a way that not all of them will be dropped

How many model candidates exist? From any set of p— 1 predictors, 22~ potential
models can be constructed. Note that p — 1 predictors implies p beta parameters. For
the following criteria, assume n > p. Then we have

n

SSE, = > (v — )

i=1

which is not a good measure. The sum of squares error using p beta parameters (or
p — 1 predictors) is denoted SSE,. We desire a low SSE,,.
Next, we have R-sqare SSE
2 P
f=1-gor
The coefficient of multiple determination using p beta parameters (or p — 1 predictors)
is denoted Ri. We desire a high Rf,. Note that SSE, is equivalent to Ri.
Then we have adjusted R-square

n—1

2
=1—
Ray (n—p n—p’ SST

The adjusted coefficient of multiple determination using p beta parameters (or p — 1
predictors) is denoted ngp. We desire a high Riyp.
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We also have C}, which is defined

3 SSE,
~ MSE(X1, X2, ..., Xp_1)

Cp —(n —2p)

The Mallows’ C, criterion using p beta parameters (or p — 1 predictors) is denoted Cjp.
We have p — 1 potential predictors in the model. We desire a low Cj.
Moreover, we have AIC which is defined

AIC, = nlog(SSE,) — (nlog(n) — 2p)

Akaike’s information criterion using p beta parameters (or p — 1 predictors) is denoted
AIC,. We desire a low AIC,.
Similar as AIC, we have BIC, which is defined

BIC, = nlog(SSE,) — (nlog(n) — log(n)p)

The Bayesian information criterion using p beta parameters (or p — 1 predictors) is
denoted BIC,. We desire a low BIC,,.
Last but not least, we want to recall PRESS,,, which is defined

n

Z(yl - yi)27

i=1

while §;(;) is deleted prediction. The prediction sum of squares criterion using p beta
parameters (or p — 1 predictors) is denoted PRESS,. We desire a low PRESS,. This
is good for model validation.

Let us discuss true mean square error.

Definition 6.2.1. The mean square error of estimator 0 is

MSE() = E[(6 — 0)*] = E[(§ — E(9) + E(§) — 6)°]
where 6 is the parameter of interest. The mean square error can also be expressed as
MSE(f) = Var(6) + (E[f] — 6)*

Not to be confused with MSE = %ﬂ) S2(Yi — ¥;)2. Mean square error uses squared

loss, i.e. E[f(0 —0)] and f(u) = u?.

What is the relationship between mean square error and Mallows’ Qp criterion. Let
Wi be the true average of Y;. Then we have E[Y;] — p; is the bias of Y; against the u;
only for case i. The mean square error of our model at the ith case.

E((Yi — wi)’] = var(Y:) + (B[Yi] — p)?

The total mean square error of our regression
S var(¥i) + S (BIV] - pi)?
i=1 i=1

Define the true Mallows’ criterion by
n

r, = %(Zvar(f/}) + Z(E[Yz] - /“)2)

i=1

In this case, I'p is a standardized total mean square error. We need to estimate I'p, i.e.
I'y, = Cp. Note the following
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1. Note that >0, var(f/i) =i o*hii = o® i i = o°p
2. E[MSE(X1,..., Xp-1)] = 0

3. E[SSE,] = (n — p)o? + SJ(E(Y;) — ui)?. Here notice that SSE, is the quadratic

form. Then we have SSE, — (n — p)MSE is an estimator of S)(EY; — u;)? and

MSE(z1, ..., zp—1) is an estimator of o2.

Definition 6.2.2. Let us introduce Mallow’s C:

1
= m[SSEp — (n — p)MSE + MSEp] (1)
SSE
") 2)

Suppose that Y is generated from the true model
Y = XB+ee~ N(0,0°0)
Consider a candidate model using p parameters
Y = X168 +¢,e ~ N(0,6°1)
The estimated candidate model is
Y*=HY =X, (X{ X)) ' X{Y

Note that H; is the projection matrix using only p parameters. The sum of squared
error of the candidate model is

SSEP = SSEP(J,'1,:L'2, ...,ZEpfl) = YT(I — Hl)y
Under the candidate model, the expected SSE, is

E[SSE,] = trace{(I — H\)o I} + (XB)" (I — H\)Xp
=o’(n—p)+ (XB)" (I - H))XB

Notice that under the true model, the second term will vanish, i.e.
(XB)"(I ~ H)X5 =0

Thus the second term of E[SSE,] represents the bias of the candidate model against
the true model. Consequently, we can define Mallow’s C), criterion by

SSE,

= —(n—2
Cp MSE(&Zl,IIJz,...,w}D,1 (TL p)
If our estimated candidate model is unbiased, then
E[SSE,]
E = —(n—2
[Cp] E[MSE[$17CL‘2,...,$P71” (TL p)
o%(n —
— M —(n—2p)

o
=p

Let us introduce AIC.
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Suppose that f(Y) is the true density of Y generated by
Y = XB+¢€e~N(0,0°1)
Suppose that g(Y") is the density of the candidate model generated by
Y = X186 + €€ ~ N(0,6°1)

Note that = (81 B2 ... Bp—1 0°)". Define the Kullback-Leibler (KL) diver-
gence, by

KL(f,g) = / log{%}ﬂy)dy: / log{ (1)} f(v)dy / log{g(1)} f (v)dy

Note that the KL divergence is analogous to a distance but is not a true distance
because KL(f, g) # KL(g, f)-

The AIC criterion is based on estimating the Kullback-Leibler divergence. Note
that

e The first term [log{f(y)}f(y)dy is unknown but is also constant.

e The second term [log{g(y)}f(y)dy is the expected negative log-likelihood of the
data generated from f under g, i.e.,

Er[-1(0]y)]
where
10ly) = — " log(21) — Zlog(0?) — —— (Y — X18)7(Y — X1;
(|y)——§ og( W)—§ Og(U)—ﬁ( - Xap1)" (Y — X161)

e A natural estimator of the second term second term [ log{g(y)}f(y)dy comes
from evaluating the negative log-likelihood at the maximum likelihood estimator,
ie.

—l(éMLE|y) = (% 1og(27r)—|—g> —‘,—% log(SSEp)—% log(n) = constant—i—% log(SSEp)—% log(n)
Thus define the AIC criterion as
AIC, = 2p — (nlog(SSE,) — nlog(n)) = nlog(SSE,) — (nlog(n) — 2p)
e A smaller AIC value implies the KL divergence between f and g is also small,

indicating that g is close to the truth. Typically we choose candidate models with
a small AIC,.
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7 Multiple Regression IV

Go back to Table of Contents. Please click

7.1 Further Diagnostics

Identifying outlying Y observations and deleted residuals: The deleted residual denoted
d; is defined by .
di =Y, - Yy

The studentized deleted residuals can be expressed as

t'—ﬁ_e' n—p-1 )
' 5’di - SSE(:l—hii—e,b2

Using the deleted studentized residuals in diagnostic plots is a common technique of
validating the regression assumptions. The deleted studentized residuals are particu-
larly useful in identifying outlying Y values.

Identifying outlying X observations: The hat matrix, as we saw, plays an important
role in determining the magnitude of a studentized deleted residual and therefore in
identifying outlying Y observations. The hat matrix is also helpful in directly identi-
fying outlying X observations. In particular, the diagonal elements of the hat matrix
are a useful indicator in a multivariate setting of whether or not a case is outlying with
respect to its X values.

The diagonal element h;; of the hat matrix have some useful properties. Namely,

=1
where p is the number of beta parameters.

Definition 7.1.1. The diagonal element h;; of the hat matrix H is called the leverage
of the ith case

For simple linear regression, let us derive the following. Consider Y; = Bo+ S1xi+¢€;.
Then we have

17

Szx

Y; = Zhiiij while hi; = % + (@i = X)(z; — X)

j=1
Y = HY
; ~ 1 z—X)%
in which case we have leverage hi; = ~+ ST X))
Remark 7.1.2. e The fitted value YZ is a linear combination of the observed Y values

and h;; is the weight of observation Y — ¢ in determining tbis fitted value. Thus,
the larger h;; is, the more important Y; is in determining Y;.

e h;; is a function only of the X values, so hi; measures the rolerf the X values in
determining how important Y; is in affecting the fitted value Y;.

e The larger h;;, the smaller is the variance of the residual e;.
Remark 7.1.3. Leverage use:
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e A leverage value h;; is usually considered to be large if it is more than twice as
large as the mean leverage value, denoted h.

e Equivalently, leverage values greater than 2p/n are considered to be outlying with
regards to their X value.

e Another guideline suggests that when h;; exceeds 0.5, the leverage is very high,
whereas those between 0.2 and 0.5 indicates moderate leverage.

Using the hat matrix to identify hidden extrapolation: To spot hidden extrapo-
lations, we can utilize the direct leverage calculation for the new set of X values for
which inferences are to be made:

hnew, new — Xg;w(XTX)lenew

where Xyew is the vector containing the X values for which an inference about a mean
response or a new observation is to be made, and X is the design matrix. If hnew,new 18
well within the range of leverage values h;; for the cases in the data set, no extrapolation
is involved.

7.2 Identifying Influential Cases

After identifying cases that are outlying with respect to their Y values and or their X
values, the next step is to determine whether or not these outlying cases a re influential.
Influence on single fitted value Y;: A useful measure of the influence that case ¢ has
on the fitted value Y; is given by
i - Vi
DFFITS; = ———W_ =1 .n

V/MSE ;) ki’

Inference on all fitted values Y;: In contrast to the DFFITS, which considers the
influence of the ¢th case on the fitted value Y;, Cook’s distance considers the influence
of the ith case on all n fitted values.

E;L:1(Yj - Yj(i))2

D; = =1,
PMSE ’ "

Influence on the regression coefficients Br: A useful measure of the influence that
case 1 has on [y is given by

Bk - Bk(i)
A /MSE(i)Ckk ’

How ith case infer slope Sx? We note that var(3 = o?(XT X! and var(Y) = 0?H =
AX(XTX)'xh

DFBETAS, ;) = k=0,1,...,p—1

7.3 Remedial Measures

Below are some remedial measures for specific violations of the multiple regression
model.
Remedy for non-constant variance:

e Try to transform the response variable Y, e.g. log(Y);
e weighted least squares.

Remedy for multicolinearity:
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Center collinear covariates, tix = Tk — T;

e Principle Component Analysis (PCA). Note that you may lose interpretability of
the regression coefficients;

e Ridge Regression;

e Other.

Remedy for influential observations:

e Try to transform the response variable Y;
e Fit a smooth function;

e Robust regression: (1) iteratively reweighted least squares (IRLS) robust regres-
sion; (2) In general, robust regression requires minimizing the objective function
Q(pB) with respect to 8 using some robust loss function v, i.e. minimize

QB) = ¥(yi— (Bo+ frwa + - + Bp-1Tip1))
=1

e Least Absolute Deviations (LAD). Here ¢(u) = |ul.
Remedy for non-normality of the errors:
e Try to transform the response variable Y;

e Nonparametric techniques: (1) Bootstrap the estimated coefficients Br; (2) Other;

7.4 Ridge Regression

The main idea is to modify the method of least squares to allow biased estimators of
the regression coefficients, which which induces a reduction in the standard errors.

Bias Variance Tradeoff: Recall from inference topics, the mean square error of an
estimator 6 is defined as

MSE(6) = E[(0 — 6)?]

In multiple regression setting, consider least squares estimator Bk Then we Bk is
an unbiased estimator of ;. Then

MSE(Bk) = var(Bk) + (E(Bx) — Bk)’
= var(Bx) + (Br — Br)’
= var ()

Key ideas:

o the least squares estimators i, k = 1,2, ...,p — 1 are the Best Linear Unbiased
Estimators (BLUE). This result comes from the Gauss-Markov theorem.

e When predictors are highly correlated, the variance of Br becomes inflated. The
estimators are still unbiased but they may have a large variance.
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e Let B,}f be some estimator of coefficient 8. Then

MSE(B{) = var(B5) + (E(Bi') — Br)”
= (EI(B)"] = (BB?) + (B(BY) — Br)’?

Thus, we can control the variance by constrain the term E[(ﬁff]

e When an estimator has only a small bias and is substantially more precise than an
unbiased estimator, it may well be preferred since it will have a larger probability
of being close to the true parameter value.

e Modify the method of least squares to allow biased estimators of the regression
coefficients, which induces a reduction in the standard errors.

Penalized least squares: The idea is to implement a penalty (or constraint) on the
least squares objective function. This method is motivated by the Lagrange Multiplier
optimization technique. In our case we want to minimize

n p—1

Q) = (Y-XB)"(Y=XB) = > (yi—(Bo+Brzin++Bp-1ip1)° subject to > < ¢
i=1 j=1
with respect to 8 = (50 e ﬂp_l)Q. The above optimization problem is equivalent to

minimizing
n p—1
Q(B) = (wi — (Bo+ Praar + -+ Byprzip1)’ > B
j=1

=1

with respect to 5 = (Bo Bi... Bpfl)T.
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8 Logistic Regression

Go back to Table of Contents. Please click
Recall the simple linear regression model:

Y:ﬂ0+,611‘+6:]E[Y]+6

with .

e N (0,0%)
and note that in this model the response variable Y is assumed to be a quantitative
continuous variable. The covariate x can be quantitative continuous variable. The
covariate x can be quantitative or categorical (dummy variable).

The distributional assumptions placed on the errors (€) from the basis of all in-
ferential procedures related to the simple linear regression model. More specifically,
normality of the errors allows us to construct confidence intervals for E[Y;] and run
testing procedures on the slope parameter (.

An equivalent form of above model is given by

Y % N(Bo + Bz, 0%)
From model statements above, notice that the mean of the response variable is equal
to a deterministic function. That is,

E[Y] = Bo+ frz

A statistical model can be specified by the response variable’s mean and some distri-
butional assumption.

Motivation of the logistic regression model: How do we define a simple (one co-
variate) regression model that allows for a categorical (binary) response variable? To
answer this question, first recall the Bernoulli random variable:

Definition 8.0.1. Any random variable whose possible values are 0 and 1 is called a
Bernoulli random variable. That is, Y ~ Bern(p) or the following form

PY =y)=p’(1—p)' ¥, fory=0,1

Also recall that the expected value (or true mean) of a Bernoulli random variable is its
success probability. That is, if Y ~ Bern(p), then E[Y] = p.

The answer to the above question: Regress a sigmoidal function p = f(z) on
covariate x. Note: A sigmoidal function has an s shape and is bounded between 0 and
1 (0 < f(x) < 1). The success probability of a Bernoulli random variable is bounded
between 0 and 1 (0 < p < 1).

8.1 The Probit Mean Response Function

Consider a health researcher studying the effect of a mother’s use of alcohol (X is
an index of degree of alcohol use during pregnancy) on the duration of her pregnancy
(Y°). Here we use the superscript ¢ to emphasize that the response variable, pregnancy
duration, is a continuous response. This can be represented by a simple linear regression
model: -
Y = 86 + Bixi + €5, for € B N(0,0%)

and we will assume that € is normally distributed with mean zero and variance 2. If
the continuous response variable, pregnancy duration, were available, we might proceed

Page 61



2018 Fall Linear Regression Models [By Yigiao Yin] 68

with the usual simple linear regression analysis. However, in this instance, researchers
coded each pregnancy duration as preterm or full term using the following rule:

v — 1 if V¢ < 38 weeks
710 if Y;° > 38 weeks

It follows that

Biz: + € < 38)
38 — pg — piwi)

RS
o0 =
IN +

= Pz = % < o+ fum)
= @(By + Brz:)
The nonlinear regression function known as the probit mean response function is
ElY] = pi = ®(8 + Bizi),

where ®(z) is the cdf of the standard normal distribution. The inverse function (1)
of the standard normal cumulative distribution is sometimes called the probit trans-
formation. Hence, the probit response is

& (pi) = B5 + Brai

8.2 The Logistic Mean Response Function
The logistic mean response function is defined by

e(Bot+B1) 1

EY; = p; = Fr(Bo + prxi) = 1+e(Bo + pr1z) T 14 e (ot

The density of a logistic random variable €y, is

_ exp(er) .
frler) = 7(1 Fexp(er))?’ reER

Note that the above density has sd 7/sqrt3. Consider the linear model Y;® = 35 +
Biw; + €, where € ~ logistic(mean = 0,sd = o.). Then we have

€ . "
PY;=1)=p; :P(; < Bo + Brxi)
T € T T
—P(S < T T pra,
(\/g Oe \/5/60 \/gﬁ )
= P(er < fo + frzi)
= Fr,(Bo + f1zi)
The logistic statistical model: Let Y1Ya, ..., Y, be independently distributed Bernoulli

random variables with respective success probabilities p1, p2,...,pn. Then the logistic
regression model is

e(Bo+B1zs)

E[Y;] =Dpi= FL(/BO+/81331') = W’i = 1,2,...,7’L

Page 62



2018 Fall Linear Regression Models [By Yigiao Yin] 68

The estimated logistic model: we have

6(30-0-3111,)

Di =1,2,...,n

- 1 + e(Bo+B1zs) !

Note that the quantities Bg and Bl are the estimated intercept and slope. Maximum
likelihood estimation is a common technique for estimating the logistic model param-
eters 51 and B2, which requires numerical methods. Since the response variable Y is
Bernoulli, the Y;'s consist of zeros and ones.

Example 8.2.1. Set up the likelihood function:

. 1

L(Bo, Bily) = L(p1, -, paly) = [ [ 2V (1 = pi)' ¥
i=1

1(Bo, Bily) = Up1, -, pa)ly) = Y _wilogpi + > (1 — ) log(1 — pi)
i=1 i=1

=2 _vilog (
1=1

= Zyi(ﬁo + Bizi) + Zlog(l + exp(Bo + f1xi))
i—1 i—1

Pi - )
=) +;10g(1 —pi)

Odds and Log-Odds: Rearranging equation E[Y;] gives us

Pi :660+B1xi’i: 1,2,....n
1-— Di
The equation above relates the odds of event {Y = 1} occurring to a deterministic
exponential function. Taking the natural log of both sides gives

Di
1_pi

Fr ' (pi) = log ( ) =80+ Pz, i=1,2,...,n
The equation above relates the log-odds of event {Y = 1} occuring to a deterministic
linear function. The inverse function (F; ') of the logistic cumulative distribution is
called the logit transformation.

Interpretation of the slope parameter 3;: Consider a unit increase in the covariate.
The odds of event {Y = 1} occurring when the covariate is fixed at x is:

odds; = Pr_ _ Botbi(=)
1 — P11

The odds of event {Y = 1} occurring when the covariate is fixed at « + 1 is:

oddss = _pb2 _ eBot+B1(z+1)
1—p2
Thus,
. oddsy  ePothi(z+1) )
odds ratio = oddss> T eBotbiz =e

Equivalently, we have
oddsy = 1 (oddsn)

Two equivalent interpretations of Blz
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e The odds ratio of event {Y = 1} occurring for covariate fixed at = 4+ 1 verses

covariate fixed at z is equal to e”".

e The odds of event {Y = 1} occurring are multiplied by P for every one unit
increase in z.

Inference on the regression parameter (§i: Consider testing the null hypothesis:
Hy : 1 = 0. The statistic used for this hypothesis test is

The rejection rules and p-value computations are the same as any z-test. Note that if
Hy : 51 is true, then © = P =¢e% =1.

Let Y1, ..., Y, be independently distributed Bernoulli random variables with respec-
tive success probabilities p1, ..., pn. Also suppose that z1, ..., z, is a sequence of 0’s and
1’s (the covariate is a binary variable). For this situation, the simple logistic regression

model is
e(BotB1z:)
EYil=pi=————,i=1,2,...,n
yil=» 1+ e(Bo + frz:)
where
v — 1 if the i'" case is in the exposed group
R ) if the i'" case is in the unexposed group

Note in this model, both x and y values consist of 0’s and 1’s. A data set of this nature
can be organized with a two-by-two table.

8.3 Multiple Logistic Regression

Let Y1, ..., Y, be independently distributed Bernoulli random variables with respective
success probabilities pi, ..., pn. Then the multiple logistic regression model is

EYi] = pr = exp(Bo + Przi1 + -+ + Pp—1Tip—1)
E T 14 exp(Bo + Bizin + -+ Bp—1Tip_1)

The model can be expressed using matrix notation

exp(X] )
ElY, ] =pi = —SPRiP) o
il =p 1+ exp(XTB) ! "

where
ﬂT = (Bo 51...Bp71>,XiT = (1 x“...xi,pfl)
Equation: the multiple logistic regression model is estimated by the method of
maximum likelihood. The log-likelihood function is

B, Y) =D _wilX[ ) = D logll + exp(X 8)]

i=1

Note: Many ideas from regular regression translate to logistic regression.

Inference: We consider the large sample testing procedure. Let G denote the matrix
of second-order partial derivatives of the log-likelihood function, the derivatives being
taken with respect to the parameters f.

prp = [g’LJLZa] = 07 13 P 1
o o
goo = 8537901 - 6608B1
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The matrix G is called the Hessian. Typically it is denoted with H but we reserved
this letter for the projection matrix. When the second-order partial derivatives in
the hessian matrix are evaluated at the maximum likelihood estimates, the estimated
approximate variance-covariance matrix of the estimated regression coefficients is

25 =([-gi)7"

Thus to test the null hypothesis Ho : Bx = Bko, we use z-statistic

B

Zcale = %
Ok

where 6 is the square root of the corresponding diagonal element in the estimated
variance covariance matrix. This is a z-test not a t-test. The asymptotic approach can
also be used for regular linear regression.

Aymptotic approximate distribution of ML estimators: Consider estimating pa-
rameter 6 using the method of maximum likelihood. Under some standard regularity
assumptions, we know the maximum likelihood estimator 0 is approximately distributed
as

6~ N(O,17(0))
where Z(0) is the Fisher information defined by
200) =~ [ o 101 010)|
062 ’

Note:

Notice that ML estimator 6 has approximated variance Ifl(é).

Not logistic: Consider Y; = Bx; + ¢, where ¢; Y N(0,0%). The goal is to find Z(5).
Then we compute

1(559) = log L(54) = 5 log(2m) — S 108(0%) = 53 3" (s — Bus)?

202
88713 =0- % > (yi = Bri)(—m:) = % > v — % > af
2 2 2 2 2
% _ f§2x¢ — [57512] _ U:; T7NB) = ngg
Consider testing the null alternative pair
Ho:By=pqt1="-=pp-1=0,Ha: At least one 5; #0

We want to formulate a testing procedure analogous to the general linear F-approach
for a logistic setting. The likelihood ratio test statistic denoted G? is

G* = —2log [%] = —2[log L(R) — log L(F)],
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where L(R) is the likelihood function under the reduced model and L(F) is the like-
lihood function under the full model. The quantity G* is known as the deviance.
The large sample theory states G2 is distributed approximately chi-squared with p — ¢
degrees of freedom,

G ~xldf =p—q)
8.4 Inference about Mean Parameter

Denote the vector of the levels of the X variable for which p is to be estimated by Xp:
Xh = (1 Thi xh‘pfl)
and the mean response of interest by pp:

on — exp(Xj, §)
1+ exp(X}L'3)

Denote the point estaimtor of p, by pn and compute this quantity by

exp(Xh B)

Dh = -
1+ exp(XTB)

The estimated approximate variance of XEB is
Si =X ;{ 2 8 X h
where 3 3 is defined as the variance-covariance matrix.

The (1—a)100% confidence interval for E[Y] = pp: The formula for the (1—a)100%
confidence interval for E[Y}] = py is (L*,U™), where

. exp(L) s exp(U)
IL* = U* =
1+ exp(L) 1+ exp(U)

and A A
L= X}?ﬁ — Ra/25h, U= X}?ﬁ + Za/2Sh
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deleted residual, 42, 57
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exploratory observational studies, 52

family-wise error rate, 26
Fisher information, 65
functional relation, 5

generalized linear regression model, 45

Hessian, 65
heteroscedasticity, 44
Hotel confidence interval, 27

indempotent, 34
influential, 58
interaction effect, 50

Kullback-Leibler (KL) divergence, 56

Least Absolute Deviations (LAD), 59
least square, LS, 6

least squares estimator, 34

least squares estimators, 30

leverage, 57

likelihood ratio test statistics, 20
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logistic mean response function, 62
logistic regression model, 62

logit transformation, 63

loss function, 44

Mallow’s criteria, 55

marginal relationship, 39

maximum likelihood estimation, 45

maximum likelihood estimators, 17

maximum likelihood estimators, MLE,
6

maximum likelihood of parameters, 18

mean square error, 34, 35, 54

multicollinearity, 49

outliers, 44

positive definite, 31

Principle Component Analysis (PCA),
59

probit mean response function, 62

probit response, 62

probit transformation, 62

quadratic from, 34

residual, 11

residual vector, 41

residual vector, mean and variance, 41
ridge regression, 59

semistudentized residual, 41

single factor ANOVA, 33

statistical relation, 5

studentized deleted residuals, 42, 57
studentized residual, 42

sum of squares, 47

sums of squares, Type I, II, and III, 47

Type I, 47

Type I, Sequential Sums of Squares,
47

Type II, 47

Type III, 47

unit of dispersion, 9
unweighted least squares, 46

variance-covariance matrix, 46

weighted least squares, 44, 45



2018 Fall Linear Regression Models [By Yigiao Yin] 68

References

[1] Kutner, Michael, “Applied Linear Statistical Models”, 4th Edition.

Page 68



	Statistical Model
	Introduction

	Linear Regression Model
	Simple Linear Regression
	Random Independent Variable
	Least Squares Method
	Probability Distributions of Estimators and Residuals
	Maximum Likelihood Estimation
	Inferences About Slope Parameter
	Analysis of Variance Approach to Regression Analysis
	Binary Predictor
	Prediction
	Linear Correlation
	Simultaneous Inferences

	Multiple Regression I
	Matrix Algebra
	Random Vector and Matrix
	Matrix Form of Multiple Linear Regression Model
	Estimation of the Multiple Linear Regression Model
	Fitted Values and Residuals
	Non-linear Response Surfaces
	Analysis of Variance for Multiple Linear Regression
	Coefficient of Multiple Determination
	Inference on the Slope Parameters

	Diagnostics and Remedial Measures
	Residual Diagnostics
	F Test for Lack of Fit
	Remedial Measures
	Robustness of the T-test
	General Least Squares (Weighted Least Squares)

	Multiple Regression II
	Extra Sums of Squares
	Uses of Extra Sums of Squares in Tests for Regression Coefficients
	Multicollinearity
	Higher Order Regression Models
	Qualitative Predictors

	Multiple Regression III
	Overview of the model building process
	Variable Selection

	Multiple Regression IV
	Further Diagnostics
	Identifying Influential Cases
	Remedial Measures
	Ridge Regression

	Logistic Regression
	The Probit Mean Response Function
	The Logistic Mean Response Function
	Multiple Logistic Regression
	Inference about Mean Parameter


