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1 Partial Differential Equation

1.1 Introduction

The key defining property of a partial differential equation (PDE) is that there is
more than one independent variable z,y,.... There is a dependent variable that is
an unknown function of these variables u(z,y,...). We will denote its derivatives by
subscripts, that is, du/0x = u,. A PDE is an identity that relates the independent
variables, the dependent variable u, and the partial derivatives of u. It can be written
as
F(x> Y, u(:@ Y), Ua (2, y)> uy(x, y)) = F(JZ, Y, U, Uz, uy) =0

Some notable examples are the following;:
. Uz + uy = 0 (transport)
Ug + yuy = 0 (transport)
Uz + uuy = 0 (shock wave)
Ugz + uyy = 0 (Laplace’s equation)
Utt — Ugy + 1> =0 (wave with interaction)
. Ut + UUg + Uzez = 0 (dispersive wave)
. Utt + Uggze = 0 (vibrating bar)
. Ut — fUge = 0 (i = v/—1) (quantum mechanics)

I R R

1.2 Solve Variable Coefficient Equation

In 2D case, we have a(z,y)u, + b(x, y)uy, = c(x,y), we have 2’ = a(z,y), ¥y = b(z,y),
and 2z’ = c(z,y) while d/dtu(z(t),y(t)) = c(z,y). Given initial condition z(0) = zo,
y(0) = yo, and 2z(0) = zo. If u(xo, yo) = 20, we can determine u along the trajectory of
the ODE.

Remark 1.2.1. If ¢(z,y) is replaced by z(z,y,u), then ODE is ' = a(x,y), ¥’ = b(z,y),
and 2’ = c(z, vy, 2).

Example 1.2.2. Consider u, + yuy = 0.

Example 1.2.3. Consider u, + 2xy2uy =0.

Let us recall transport equation. Consider u(t, z) = u(t, x1, 22, ..., Tn) while z € R™.
We also know .
wug + Zai(t, T)uz; =0
=1
while initial condition is u(0,x) = g(z) is a given function. We solve the ODE with
' = a(t,z) and 2’ = f(¢,z) while d/dtu(t,z(t)) = f(¢,x) which is the function above.
At t =0, 2(0) = zo and 2(0) = g(xo) would be the initial data.

Example 1.2.4. Consider u(t, z,y) while (z,y) € R? and also know
Ut — YUz + TUy = U

which is the transport equation. Also we know some initial data (0, z,y) = z2 + 2
The goal is to solve u uniquely.

Note characteristic ODE is ' = —y, ¢’ = z, and 2’ = z. Then we have (z(t), y(t)) =
(z0,y0) + n(cost,sint) while n = /X2 4+ Y?2. Then we know x(0) = o, y(0) = yo, and
2(0) = z0. We know how to solve z and z(t) = zoe’. The trajectory is a swirl, like a
tornado, and can be described as

ult,z,y) = (* +y?)e’
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Now let us take a moment to discuss non-linear first order PDE (may not be essence
for this course, but good tools to have). Consider

CL(ZE, Y, u)ufﬂ + b(x7 Y, u)uy = C(.’E, Y, U)
to be our equation. Then we are looking at graph of u,
Gu={z=u(z,y)}

which gives us some sort of surface in a 3D coordinate. Given initial or a precise point,
say u(xo, Yo, z0). We can write

(7/“17 —Uy, 1) ' (a7 ba C) =0

which tells us at point z the vector (a,b,c) has to be tangent to the plane, that is,
perpendicular to the directional vector. Now the characteristic curves are given by the
ODE, & = a(w,y,2), y' = b(z,y,2), and 2’ = c(z, y, 2).

Example 1.2.5. Burger’s Equation. Consider u; + uu, = 0 and u(0,z) = g(z)
given. Next, we have u(t,z + tg(x)) = g(z) and the derivative u,(1 + tg') = ¢’ which
implies u, = %;g,

1.2.1 Burger’s Equation

Burgers’ Equation is a fundamental PDE occurring in various areas of applied mathe-
matics, such as fluid mechanics, nonlinear acoustics, gas dynamics, traffic flow. For a
given field, y(z,t) and diffusion coefficient d, the general form of Burgers’ equation in
one space dimension is the dissipative system:

Added space-time noise n(z,t) forms a stochastic Burgers’ equation

oy oy Oy 0%y | On
ot " Var =9 T2 Ao

This stochastic PDE is equivalent to the Kardar - Parisi - Zhang equation in a field
h(z,t) upon substituting

y(z,t) = =AOh/0x
But whereas Burgers’ equation only applies in one spatial dimension, the Kardar -
Parisi - Zhang equation generalizes to multiple dimensions. When the diffusion term
is absent (i.e. d =0), Burgers’ equation becomes the inviscid Burgers’ equation:

0 0
o 0y _y
ot ox
which is a prototype for conservation equations that can develop discontinuities.

Remark 1.2.6. Kardar-Parisi-Zhang Equation. It is a non-linear stochastic partial
differential equation. It describes change of the height h(?7 t) at place 7 and time ¢.
Formally, it is stated

%fvt) — UVh 4+ g(vm2 +n(T,1),

where n(?7 t) is white Gaussian noise with average < 77(7, t) >= 0 and second moment
<n(Z, (@', t) >= 2D (T — Tt —t)

while v, A, and D are parameters of the model and d is the dimension.
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Remark 1.2.7. Burgers’ Equation. It is a fundamental PDE occurring in various areas
of applied mathematics, such as fluid mechanics, non-linear acoustics, gas dynamics,
traffic flow.

For a given field y(x,t) and diffusion coefficient d, the general form of Burgers’
equation (also known as viscous Burgers’ equation) in one space dimension is the
dissipitive system: ,

@ + yi — d@
ot oz ox?
Added space-time noise n(z,t) forms a stochastic Burgers’ equation
dy oy _ 9

an
o Var " %o o

1.3 Flows, Vibrations, and Diffusions
1.3.1 Transport

Consider a fluid, water, say, flowing at a constant rate c along a horizontal pipe of fixed
cross section in the positive x direction. A substance, say a pollutant, is suspended in
the water. Let u(z,t) be its concentration in grams/centimeter at time ¢. Then

us+cu—x=0

The amount of pollutant in the interval [0,b] at the time ¢ is M = fob u(zx,t)dz, in
grams, say. At the later time ¢ 4 h, the same molecules of pollutant have moved to the
right by ¢ - h centimeters. Hence,

b b+ch
M= / u(z, t)de = / u(z,t + h)dx
0 ch

Differentiating with respect to b, we get
u(b,t) = u(b+ch,t + h)
Differentiating with respect to h and putting h = 0, we get
0 = cuz(b,t) + us(b, t)

which is equation u¢ + cuz = 0 in the beginning of this sub section.

1.3.2 Vibrating String

Consider a flexible, elastic homogeneous string or thread of length [, which undergoes
relatively small transverse vibrations. Newton’s law F' = ma in its longitudinal = and
transverse u components is

x1

T
V1+u2

Tug
V14 uZ
The right sides are the components of the mass times the acceleration integrated over

the piece of string. Since we have assumed that the motion is purely transverse, there
is no longitudinal motion. The second equation from above, differentiated, says that

= 0 (longitudinal)

o

z1 1
= / pusdz (transverse)

xQ zo

(Tuz)z = pust
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§1

That is,

2 T
Ut = C Uze Wherec = 4/ —
p

which is called the wave equation with ¢ the wave speed.
There are many variations of this equation:
(i) If significant air resistance r is present, we have an extra term proportional to
the speed wu., thus:
Ut — cQum + ru; = 0 where r > 0.

(ii) If there is a transverse elastic force, we have an extra term proportional to the
displacement u, as in a coiled spring, thus:

Ut — CZUM + ku = 0 where k£ > 0.
(iii) If there is an externally applied force, it appears as an extra term, thus:
Uty — CQU:):OC = f(CIZ’, t)

which makes the equation inhomogeneous.

1.3.3 Vibrating Drumhead

The two-dimensional version of a string is an elastic, flexible, homogeneous drumhead,
that is, a membrane stretched over a frame. Say the frame lies in the zy plane,
u(z,y,t) is the vertical displacement, and there is no horizontal motion. The horizontal
components of Newton’s law again give constant tension 7T'. Let D be any domain in the
xy plane, say a circle or a rectangle. Let bdy D be its boundary curve. We use reasoning
similar to the one-dimensional case. The vertical component gives (approximately)

F = T@ds = // purdrdy = ma,
bdy D on D

where the left side is the total force acting on the piece D of the membrane, and where
Ou/On = n - Ju is the directional derivative in the outward normal direction, n being
the unit outward normal vector on bdy D. By Green’s theorem, this can be rewritten

as
// Vv - (T v u)dzdy = // pugrdxdy.
D D

Since D is arbitrary, we deduce from the second vanishing theorem that puw = v/ -
(T <7 u). Since T is constant, we get

Uy = ¢ V- (Vu) = CQ(U"” + uyy)

where ¢ = \/T/p as before and 7 - (Vu) = div grad u = uze + uyy is known as the
two-dimensional laplacian.

1.4 Second-Order PDE

Recall the notion of first-order PDE, say u(x,y) that is non-linear. Let
a(z,y, uw)uz + b(z, y, u)uy = c(x,y,u)

we solve it using characteristic ODE. That is, we look at

/7

' =a(z,y,2),y =bz,y,2), and 2’ = c(z,y, 2)
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which are ODEs. Consider initial condition z(0) = zo, y(0) = yo, and 2(0) = zo. If,
given, u(zo,yo) = 20, then u(z(t),y(t)) = 2z(¢) for all &. What if we are given function
of t and z, i.e. u(t,x), that is

us + uty =0

with initial data u(0,z) = ¢o(z). How to solve it? We use s for the variable in ODE
and we want to simplify this to an ODE. Let
dt/ds =1,dz/ds = z, and dz/ds =0

with initial data ¢(0) = 0, (0) = zo, and z(0) = ¢(z0).

To solve this, note that z = ¢(x¢) which is where z starts with from data. Also
known that ¢ = s since the rates of change for them are the same. Moreover, we have
z(s) = zo + s¢(xo). Hence, now we have (¢, zo + ¢(z0)t, p(z0) which looks like a line
with positive slope if plotted on 2D frame (x and t). However, in 3D (z,t,z2), the
characteristic curve is a line goes up. That is, we are looking at

u(tv To + Lp(x),t) = 90(%'0)
To find the u at (¢,z), we need to solve the equation z = xo + t¢(xo) for xo.

Example 1.4.1. Consider 3us + 10ugt + 3ugy = sin(x + t) as our premise, which can
be rewritten as Au = sin(t + x) where operator A is

? 92 92
A=355 +1055: t35.2

while, in this case, the operator can be rearranged and be simplified to

0 0 0 0
A= (g3 ) 35+ )

Now we change the variables so we have two individual partial derivative.

0 0 0 0 o 0
87/ <at+36 ),andaf—(3a+87)

which will lead us to the following change of variables

t=y+3z, andx =3y + 2
and also define w(y, z) = u(t,z). Then we have

8w
oyoz

= Au =sin(z + t) = sin(4y + z)

Integrate twice on both sides we will get the answer,

// RIE // sin(4y + z)

Consider integral over an region:

//ut-t-uusz:/udx—/ud:r
R T B

note that left side is a full derivative uu, = ((1/2)u?),. Thus,

//ut—i—uusz:/udx—/ udm:/ 1u2cl7§—/ 1u2d1§
R T B Rr2 L2

Example 1.4.2. Given
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§3

From §14.1 Speed of Discontinuity in text [I], we discuss Rankine-Hugoniot formula,
which is conditioned by Rankine-Hugoniot conditions.
Example 1.4.3. Consider u; + uu, = 0 for ¢ > 0; and u(0,2) = @o(z). Then we
can solve for u(t,w + to(w)) = p(w). For large value of ¢, the dominated function
x=w+ to(w).

Let us discuss four main examples of second order PDE’s.

2 Laplace Equation

Consider u(z,y) with constant coefficients, a simple form, as the following: wu(zx,y).
Given uzs + uyy = 0 which is called Laplace equation. Also in some other sources
scholars may cite Au as the Laplace of u.

We can also write Uze +u — yy = Ozuz + Oyuy = divVu. Recall Green’s Theorem,
0= ffD divFdzdy = fBD F - vde. Then in this case we have div(Vu) = 0, the flux of
Vu through the boundary of any domain is 0. At the point (z,y), we can discuss the
Hessian of u at the point (z,y): that is a symmetric matrix

D2u T _ Uzx Ugy
(@)= (o

Then u can be expressed as linear part plus extra terms:

u(, y) = u(wo,yo) + V(@o,) - (@) — (w0, y0)) + o (0~ 20)* + 22 (y — 30)?

quadratic part

linear term

+0- (|(z,y) — (0, 50)I)

Moreover, we can discuss the boundary conditions. We notate uze + uyy = Au.
Then we have Au = 0 in domain D; and also u = ¢ given on D. Now we want to find
u. We expect u to be determined uniquely from the given data; and to have continuous
dependence with respect to the data. Such expectation is well posed of the problem
with the boundary condition.

Other boundary conditions can be: Newmann Problem. Given Au = f(z,y) given
in D and u, = 1 given on 9D.

One can also do this in higher dimensions. Given ue,,z; +Uzs,zs +* + Uz ,en =0
which is Au = div(Vu) = Uz, 2y + .- Uz, o0 -

3 Wave Equation
Consider uzz — uyy = 0 which is known as the wave equation. Moreover, we can have

2
Uit = C Ugz

with the right-hand side being the Face. Naturally, we have boundary conditions for
u(z,t) for x € R, t € [0,00]. to be the following

Ugt = CoUpye in R X (0, 00)

with infinite string.
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What if we have something that is bounded? Let us consider the following domain
xz €0,L] and t € [0, 00]. Then given

Urr = gy in (0, L) x (0,00)

u(z,0) = (), ut(z,0) = Y(z),u(0,t) = h(t), u(L,t) = p(t)
Next, we can move on to higher dimensions. Consider us = uzz. Then we can
consider ust = (U z, + Uzywy) With ugs = c2Au. Consider constant coefficient linear
second order equations on two-dimensional u(z1, z2) solves

11Uz 0y + 2012Ug 2y + Q22Uszgzy + Q1UE; + G2Ug, + aou = 0
ain a2
A=
aiz a2

D2u _ Uz xq Uzxqxo
Ugixo Uxyxo

this gives us @ = (a1, a2) and Vu = (ug,, Us, ), which gives

and we have

and

tn(AD2u) +d-Vu+au=0
Recall = (z1,22) and y = (y1, y2) for u(y1,y2) and by chain rule

Ou _ Ou Oy, Ou Oyz
Or1  Oyi 0r1 = Oy Ox1

(‘3y1 ayz
U =t gy ¥ ey,
3y1 8y2
Ury = Uy g~ T Uy, e
and thus
Oy dy

Veu=Vyu( g 32

ct vU | dy2  Ouz

dxq Oxo

while the right-hand side is (uy, , Uy, ) Dey.

Example 3.0.1. Consider yuzs — 2uqzy + Tuyy = 0 and we consider matrix

y —1 o
<_1 y),anddet—y:c 1

hence we are looking at elliptic hyperbolic curve.

10 4
5 1
S 0}
3
-5+t
-2 -1 0 1 2
T
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Let us further this topic to discuss one-dimensional wave equation. Consider usy =
Ugz. We can assume ¢ = 1 by rescaling time. Attempt to write u(z,t) = @(z, ct) while
we define 4 as

u(zx,t) = a(z, ct)
Uy = ﬁz, uzzazz
By Chain rule, u; = cii; and uy = @y which gives us
ﬁtt = ﬂzaz
Then the general formula for
Utt = Uz
and we solve it to get D’Alambert formla. Referring to page 36 of text [I]. To stress
this point, we start with wave equation

2
Utt = C Ugy, fOr —o0 < < 400

This is simplest second-order equation. The reason is that the operator factors nicely:

0 a,,0 0

=~ —Ccx— )5tz )u=0

o~ o) o0+ o)

This means that starting from a function u(z,t), you compute us + cuz, call the result
v, then you compute v; — cvg, and you ought to get the zero function. The general

solution is

U — uge = (

u(z,t) = f(x + ct) + g(z — ct)
where f and g are two arbitrary functions of a single variable. From theorem, we are
given general equation
u(w,t) = f(@+ ct) + g(a — ct)
and we take derivatives to obtain
o' (z,t) = cf' (x + ct) + cg' (z — ct)
Next, we set up the system. For ¢t = 0, we obtain
u(x,0) = f(z) + g(x) = ¢(x)
ue(z,0) = cf'(z) — cg'(z) = ¥ ()

This gives us
2/ (@) = 6(x) + ~0(z) = [(@) = 56/ (2) + 5 -b(@)
and

¥ (@) - 5ob(@)

J(@) =d@) - ) =3

which we can integrate both sides to obtain

[r=g[o+ivsr=gory [ora

Ji=3[¢-tw=a=g0-5 [ven

which serves as expressions of f and g for us to substitute them into u = f + g, thus,

x+ct
(e, t) = (@ +et) + gla =) = glola+et) ol -t + 5. [ wls)ds

r—ct

which is the famous d’Alembert equation.
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Example 3.0.2. The plucked string.
Consider us; = ug, and we have p(z) = 1—|z| while z € [-1, 1] and ¢(z) = 0 while
x ¢ [—1,1]. More, we have u;(z,0) = ¢(x) = 0. This gives us

1
u(z,t) = 5 (p(x +1) +q(z — 1))
Consider 1-D wave equation
Ut = Ugq for z € R, € [0, 00)

with at ¢ = 0 the function has initial condition u = ¢(x) and u; = ¢(x). Then

~r—1

(ot +pa-t)+3 [ v)ds

r—t

u(z,t) =

N —

However, for wave equation with source
Ut = Ugz + f(,1)
and in this case say initial condition is at t = 0 u = ¢ and u; = ¢. Then we have
(0t — 02)(0¢ + Oz)u = Uty — Uz = f(x,1)

Recall last time, we have uy = uqz, and we want

1 1
// (utt — Uga )urdzdt = / EU?W + i,uiyt — Ug Ut VpdS
D oD

this is just like
Up

Left Right

Bottom

Next, we get

1 2 1 2 /1 2 1 2 / 1 2 / 1 2
0= —uj + —uyds — —u; + —uyds + ——(ut — ug)°ds + ——(us +ug) ds
/T2t 2 s20 T 2y T ue) Loy )

Hence, we conclude (1) and (2) respectively,
"1 1 1 1
/B Euf + §u§ > /T §uf + Euids

Ifu=0o0n R and L, then E(B) = E(T)
Assume that initial data ¢ and v vanish outside some large interval. Then E(t) =
%u? + %uidw is constant in ¢.
Now let us discuss 3-D wave equation:

and

Utt = A’U,

while u(z1, z2,3,t) = u(z,t) with z € R3. The Laplace Au = Uz, 0, + Usgzy + Uzgas,
which is the summation of three derivatives. This looks like the graph below
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Consider the graph above, we have the surface inside to be D and we know that
the vector v = (vg, v4) while v, € R? and v, € R. Integrating with Green Theorem,

0 = // (uee — Au)urdadt
? 1 ° 1 2
— /E’D gufyt + ; 5“2% — U ;uzil/zi, 1]

1 1 1 1
,/;Biuer§|Vzu|2da+/T§u?+§|Vzu|2da
/cyt[%u% + é\vuﬁ ~ u(Vu- 25)ldo

note that to do [1], we need 1-D computation and replace v, by v, and sum over i.
Finally, we can finally conclude

1 1 1 1

The work is done in text page 232 [I]. We can also refer to the same place for compu-
tation in 3-D.
Let us consider another example. Given

uye = Au,t > 0,u(z,0) = ¢(x), ut(z,0) = P(z)
For notation, denote the following
Sa(e) ={y €R: |y —a| =n}
which is the sphere of center x and radius r. Moreover, denote the average

1
/ST(Q:) v(y)dSy = m /sr(x) v(y)dSy

which is a sphere with radius r» and centered at x.
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Now the trick is to reduce the 3D wave equation to 1D wave equation.
i) = [ ul.0ds,
S|z (0)

and we assert that @ solves wave equation but it is a radial function. That is, 4(x,t) =
v(|z|,t) = v(r,t), and @(0,t) = u(0,t). Thus, we have

it = A, u(z,0) = ¢(x) = / pdS

5,(0)

_ Sr(0)
(e, 0) = bw) = [ s

Sr(0)
Then
Utt = Vit
_ n—1
AU = vy + Uy

The equation for v is

Vit = Upr + —Ur
n

v(r,0) = / ®
A S’!L(0>

Ut(T,O) :/ST(O)/IZJ

The claim is that v = ver + (2/n)vr = (rv)r = (rv)rr. Then rv = (v + T05)r =
Ur 4+ Uy + TUr. This gives us d’Alembert formula,

t+n
(o)) = 5B+ = bt =) + 5 [ dlas

while 7v = @ and (rv); = ¢. Divide by n and let n — 0 we have

v(0,1) = (@)'(t) + ¥(t)

Hence, we conclude
d
u(0,t) = —(t @dS) +t Pds
dt ™ Js, 0 5:(0)

and now we have ourselves Kinchhoff formula

u(z,t) = i(t/ wds) +t/ Pds
dt ™ Js, () St(a)

or can be expressed as
u(z,t) = / @+ toy + tpdS
Sr(0)

after we compute produce rule.
Continuing from last discussion, we further explore 3D wave equation. Consider

Utt = A’U/
u(z,0) = ¢(z)
ui(z,0) = ()
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while u(z, t) is defined = (1,22, 23) € R® and ¢ € [0,,00). Using kinchhoff’s formula,

i(t / @ds) +t pds
dt* Js,(z) S (@)

@+t + tpdS
St

u(x, t)

s0 ¢, = Vv while v outer normal to the sphere where Si(z) = {y : |z —y| = t}. Need
to assume that ¢ and v are supported in the unit ball, By = {z||z| < 1} (¢ and ¢ are
0 outside B1). Hence,

0, t<lx|—1
w(z,t) =4 ~ |zt 2] —1<t<|z]+1
0, t>|z|+1

note that u(z,t) ~ % since we note that max |¢l, [¢|, V| < 1.
However, if we do change of variables, t — ct, ¢ — ¢ and ¢ — %1/1, we would have

u(zx,t) = i(t/ ©ds) +t/ P»dS
At Jse () Ser(@)

with a similar equation.
Taking a step back, we discuss 2D wave equation

u(x1, 2, 1), ue = Au

with initial condition
u(z1,2,0) = p(z1,72)

ut(z1,x2,0) = (21, 22)

Extend u to a function in R3 to a function in R® constant in the extra variable
v(z1, 22, z3,t) = u(r1, T2, t). By Kinchoff’s formula

d
u(x1, x2,t) = ﬁ(t/ godS) +t PdS
St(z) St(x)

That is, imagine a 3D sphere and over it we have tfs,(o) @(z1,22)dS and we can

write
t

t/ p(r1,12)dS = —— / o(w1,12)dS
J5.(0) 4nt? /s, o)

and we need to figure out an expression for dS using the Jacobian which is a function
of (z1,z2,t). The normal vector v is a component of (v1,v2) from 2D point of view.
That is, we have

1 t
ﬁfst(o) o(z1,72)dS E/@(l’l,wz)iﬁ = dridza

d(1 1
= == ——dyd
dt(% /Btm e(y1,y2) e yz)
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x

To count points on a ball in 3D, we need to integrate data by computing how much

do these points count. We imagine the following surface
v
= |y — zf?

~

4 Heat Equation

4.1 Introduction

We consider uzz —uy = 0, which is usually written u; = us,. This is the heat equation.
It takes the following form [, udx — [, udx = [, uzdt — [, uzdt. Then

/udm—/ udr = /uwdt—/uwdt
T B R L
// urdxdt //(uz)xdwdt
Q Q

which becomes u; = ku,, which is called heat equation or diffusion equation. In this
case, the boundary condition, u(z,t) with z € [0,L],t € [0,00]. Then u¢ = Uz, and
u(0,z) = ¢(z) given. Now say there is u(t,0) = q(t).
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Let us discuss 1D wave equation. Consider the following
u(z,t),z €10, L],t € [0,00)
Ut = Uge in (0, L) X (0,00) with

with boundary condition

u(xv 0) = (p(:L'), U(O,t) = g(t)vu(L7t) = h(t)

4.2 An Example

Consider another form of heat equation:
Ut = Uzz
in (0,L) x (0,00). Note the boundary condition

u(z,0) = p(z),u(t,0) = g(t),u(t, L) = h(t)
The question is: whether we have uniqueness and stability. From here we can discuss
some important properties such as maximum principal.

Proposition 4.2.1. Mazimum Principal. The mazimum (minimum) of u(x,t) in
[0,L] x [0,T] occurs achieved either at t = 0 (bottom) or at © = 0 or x = L (on the
sides).

Proof. Let (zo,to) be a point where the max of u is achieved and assumei ti s not on
the bottom of the on the sides.

Uzz (%o, t0) < 0,ut(wo,t0) >0

almost a contradiction if we know that u; < uz, then we would have a contradiction.
We want to work with v(x,t) = u(z,t) — et for some € > 0 small. That way we have

UVt = Ut — €, Vgg = Uzx

= UVt < VUzz

The first part holds for v

max v < max v
~—~ ~~
[0,t]x[0,L] bottom 2 sides
We let € — 0 and obtain the same inequality for u.

Remark 4.2.2. We only used that u: < ugzy.

4.3 Uniqueness

Consider alternatively say we want to prove uniqueness,

u'(x,0) = o' (z)
u'(0,t) = g'(2)
u'(0,t) = g'(2)
u'(L,t) = h'(z)
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So we consider the difference w = v’ —u? while wy = wyy. Then w(z,0) = ¢ (z)—¢'(z),
w(0,t) = ¢'(t) — t3(t), and W(L,t) = h'(t) — h*(t). For uniqueness and stability we
can reduce to the case of

maxw = 0 and minw =0

=w=0

everywhere. The second proof of uniqueness and stability
Ut = Uz

and we have

o
Il

— Ugz )udx

3 — Ugzudx

_ / 1
o 2
— g( —u dm) /uxuxda: — umu|§;(l;

L L .
2 =

/ —Uzedr = / Uy dr — Uty |ar0
) 0 B

and we can conclude assume u = 0 on the sides (or u; = 0 on the sides

d Loy
—E(t) = —/ uzdr <0
dt o

~

Integrating by parts

when E(t) = OL Lu?(x,t)dx > 0, thus E(t) is decreasing in t. If the initial data ¢ =0
as well then E(O) = 0 and then E(t) = 0 for all ¢ > 0, which means u(z,t) = 0 for all

t > 0. If ¢ is not 0, then we have

1 ([, 1 [t
= u(z,t)dx < = o (z)dz
2Jo 2 Jo

Consider the following example
Ut = Ugaz, u(m, 0) = Lp((L')

with € R and ¢ € [0,00). Say you start with initial data (imagine a bar on an axis).
We want to solve first the heat equation with data ¢ concentrated at a point ¢ = 6(0)
which is a function of integral. Then we have the following observations
(1) Total heat would be [*°_w(z,t)dz is preserved in time
(2) Fact: u(z,t) >0 for all ¢ if ¢ > 0 by maximum principle.

(3) For any A > 0, u(\z, \%t) solves the same equation.Then Au(Az, A\*t) has initial
data A¢(Ax) which has the same intended as ¢(x).

We conclude that for any A, write the following (call it *),

Mu(Az, N°t) = u(z, t)

if the initial data is §(0). Denote by g(z) = u(z,1) the profile of u at time 1. Put
A =1t""?in . Then

u(z,t) =t 2u(wt ™2 1) =t 2 g(at™V?)

Then
u(z,t) =t gzt~ ?)
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where ¢ is a nonnegative function of integral. Find g such that u solves the heat

equation

1, _ _ _ 1
_4 3/29(3715 1/2)+t 1/29/(xt 1/2)(75

5 )xt73/2

Ut =
Upw = t—3/2g//($t—1/2)
Let s = xtil/Q, and
1
w = —5t"*(g(s) + ¢'(5)9)
Upw = t73/2gu(s)

Next we reduce second order to first order

"o_ 1 ’
g’ =—5(s9)
, 1
g = —559 + constant
and in this case the constant is 0 by symmetry (g is even). We are dealing with
1 1
g =—559= (Ing) = —s

1o
Ing = 15 + constant

2
9(s) = coe™ T
and we have ourselves a general solution. We find ¢o from [*_g(s)ds = 1 and we want
to solve

/ e_%SQdSZQﬁ

— o0

and note the trick [f e~ @1423) g1 dao and we get [7 e dx = /7. Then we get

,_.
|
kS

and u(z,t) =t~/ 2g(xt~*/?) gives us the heat kernel

1 z?
P
Vamt

or the fundamental solution of the heat equation.

s(z,t) =

Remark 4.3.1. We want to deduce heat equation, a solution of a PDE. The form of
the situation is stretched by A. Somehow when we do this the solution will be easily
solved (we are killing time while not changing the solution).

4.4 Convolution

Now we discuss some properties of S(zx,t):

(1) ffooo S(z,t)de =1

(2) s(z,t) 20

(3) S(Az, \2t) = S(z, 1)

Convolution between two functions f and g defined on R with f : R — R, and
g: R — R. Now we have

(Fro)@ = [ " fe - o)y
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With this notation the formula % can be written
u(z,t) = (xS, 1))(z)
Consider standard form of heat equation
Ut = Uz, u(,0) = p(z)

for x € R, and t > 0. We have solution

u(e.t) = [ Z ﬁ CH o)y = / Z S — 9, )p(y)dy = S(.8) % o

with the last step called convolution, which is referred to page 49 from text [1J.

27

1.5

0 | ! \ !
-2 -1 0 1 2 3

This is like we plot a family of normal distribution and each with a scaling property.
We either stretch the graph out or press the graph down.

This will solve us 1

Vamrt

and we need to check the integral formula which is stated in the remark below.

S(z,t) = e 4t

Remark 4.4.1. The integral makes sense if

le(y)| < M
for all y. More generally,
lp(y)] < Me!
or we can state
lp(y)] < Me !

say you grow very fast exponentially, which is the case the data grow as fast as the
function decays.

Remark 4.4.2. 1f u(x,t) is infinitely differentiable for ¢ > 0 even if the initial data ¢
is only continuous. One can check d’ALembert’s formula. The jump in the center will
get smoothed out by x.

I
1
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Remark 4.4.3. Infinite speed of propagation. Heat equation has “infinite speed” of
propagation. If ¢ > 0 and ¢ = 0 outside [—1, 1], then u(z,t) > 0 for all x no matter
how small ¢ is.

Remark 4.4.4. There is no uniqueness. Consider
Ut = Uz, u(z,0) =0

would give us u(z,t) = 0 if we are given the sides (edges). Thus, there is no uniqueness
in general.
Alternatively, consider

Ut = Uz, u(z,0) = 0, [u(z, t)] < Me "

4.5 An Application: Random Walk

Random Walk. At step 0, you are at a point (say origin) with probability 1. The
next time, step 1, you jump left or right with probability half. Continuing with such
process, step 2 you jump to left or right with probability half again. At step m, we
have probably at one node to be ﬁ This procedure, in the middle node at step m,
the probability will be (’;:)27’“. We count the population with becomes a binomial
distribution. It would form a histogram that follows a fitted normal distribution with
summation of such area as 1. Then we have

u(z,t+J) = %u(x — h,t) + %u(:c + h,t)

then we can claim that this is a heat equation. Then we do the following

u(z, t+ J) —u(z,t) = %(u(m — h,t) +u(z + h,t) — 2u(ac,t)>

and
Jur = h2uM
5 Schrodinger Equation

For v : R? — C a function of ¢ and x, we have —ius = ugz, which is Schrodinger
equation.

6 Fourier Series

We discuss the procedures how Fourier series solve heat equations and wave equations.
Consider heat equation us = Uz in finite interval x € [0,1] and t € [0, 00). Call this
set up *. Assume boundary conditions

u(z,0) = p(x),u(0,t) =u(l,t) =0

and we have solution

o 1 _(@—yp)?
u(z, t) = / e )y

while the extension of ¢ to the whole real line R. This will be a graph of data reflected
oddly from the interval [0, ].
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Let us find some particular solutions of x of the form
u(z,t) = w(z)h(t)

which is a profile multiplied by h(t), a function of time. The shape will preserved but
intensity will be changed in time ¢. Let boundary condition be w(0) = w(l) = 0. Then

ur = w(z)h (t), uze = w" (z)h(t)
We want w’ h(t) = w(z)h'(t). That is, we have

w'(@) K@) _
w(x) h(t)

which is a constant. We want to solve w”(z) = —Aw. This is a second-order ODE.
Discuss the following.
If A <0, then —A > 0. Then

w(z) = AeV™r 4 BemVTAe

Then A = B = 0. We can check this by looking at the boundary condition and also
notice that A # 0.

If A =0, then w” = 0. Integrating twice we get w(x) = A+ Bz. Then by boundary
condition, w(0) = w(l) = 0, then we have A = B = 0. Thus w = 0.

If A >0, then —\ < 0. Then we have

w(z) = Asin(vVAz) + B cos(VAx)

which by, w(0) = 0, implies B = 0. Note that w(l) = 0, then Asin(v/Al) = 0. If
sin(v/Al) = 0, then w can be nonzero, VAl = nw for n =1,2,3, ....
Thus, we conclude if A = \,, = (%)27 then

w(z) = An sin(n%m)

and then
h'(t)
h(t)
From boundary condition w(0) =

= -\ = h(t) = ce At

w(l) = 0 note that h(0) = 1. Thus

ht) = e ()

and )
A, sin(?x)e_(%) ¢
for n =1,2,3,.... We get, if n = 1, a quadratic curve, namely w; = sin(§x).
-1 1 2 3
—o 1
4
—6 1
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2m
1

2
and moreover we have wa(z) = sin(2Fz) while ha(t) = 67( ) for n = 2.

1

-1 § 1 % 2 3
—1 4+

2
and next wy(x) = sin(%Fx while hn(t) = ef('T) ¢, which will shrinks faster and
have more bumps within the interval [0, [].

[\
o

I
=
-

—1 |

If o = w1 + 3ws — Twy, then the solution is
w(z,t) = wiha(t) + 3ws(t)he(t) + Twg(z)ho(t)
which will be
9

u(z,t) = wie” D 4 3w5(x)ef(5Tﬂ)2t - 7w9(x)ef(T>2t

We ask the following question. Can we write a function ¢(x) with ¢(0) = ¢(I) =0,
a sum of wy,’s. Then do we have the following

p(z) = Anwn
n=1
which looks simple if you think of functions of superposition of n.

6.1 Newmann Boundary
Consider Newmann boundary conditions
Ut = um,u(:m 0) = w(x)vuz(07 t) = uI(la t) =0

and you can check case by case just be the procedures above. We discuss
Case 1, assume A < 0, which gives us nothing, i.e. w = 0.
Case 2, assume X = 0, which gives us w(z) = A+ Bx
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Case 3, assume A > 0, which gives us w(x) = Asin(“Fz) + Bcos(**x). Then
w'(0) = w'(l) = 0 which implies that A\, = ("T")2 forn =1,2,3,.... Next, A =\, =

”T”)Q which implies that wn(z) = cos (“Fz) and then hy(t) = e At

Next question we could ask: if ¢'(0) = ¢'(I) = 0, can we write
p(z) =) Anwn
0

while w,, = cos ("T”x)

Consider u¢ = ugz, with boundary condition u(z,0) = ¢(z). Then we consider the
following.

(1) Dirichlet B.C.: w(0,t) = u(l,t) = 0;

(2) Newmann B.C.: u;(0,t) = us(l,t) = 0.

Special solutions take the following form

u(z,t) = w(z)h(t)
which lead us to consider the second derivative problem,
—w" = \w
which becomes an eigenvalue problem for % while w # 0, w eigen function and A
eigen value. Then we consider
T2 21\ 2 N\ 2 . . mT
A= (7) ;A2 = (T) Sy An = (T) , while w,, = sm((Tx)
Next, we have
)\0 = 0, wo = 1
A = (7)% wa = cos (Fa)

while h, (t) = e™ "t

6.2 Robin Conditions

Thirdly, we discuss Robin conditions and we have
ug(0,t) — aou(0,t) =0

ug (1, t) + aiu(0,t) = 0
while ao, a; are constants. We get different values for A,’s. Refer to Section 4.3 (page
92) of the text [I].
We can also have functions to be periodic.

u(0,t) = u(l,t)

Uz (07 t) = uI(lv t)
then we compute
)\0 = 0,11)0 =1
27

T)Q,wl = sin QTWm,wz = cos (27711:)

A3 =M\ = (22777)2,11)3 = sin (QQTTFx)2,w4 = cos (22771-30)2

M=o = (

and we continue until
A2n—1 = Aap = (712—7r)27 Wap—1 = Sin (nz%x),wgn = cos (nQ—Wx)

l l
Remark 6.2.1. In page 84 text [I], X stands for function w, and T stands for h(t).

Page 24



Notes in Partial Differential Equation [Instructor: Ovidiu Savin] 86

6.3 Fourier in Wave Equation

How about wave equations? Consider wave equation wy = ug, for € [0,1], t €
[0,00). Also given conditions u(z,0) = ¢(z) and u¢(z,0) = ¥ (z) with I, II, III, and IV
boundary conditions. Next,

w(z)h" (t) = w" (z)h(t)

Then we have

w//(x) . h//(t) B
wiz) At
while A is a constant. If A = \,, is an eigenvalue, then
ha(t) = Ancos(vAnt) + By sin(vAnt), An >0
hn(t) = An+ Bat,An =0
ha(t) = AneY™ 4 Bpe VM N, <0

If we can write

p(x) = Z C), sin (\/E:c)
Y(x) = Z D,, sin (\/Em)

and we solve
Z(A" cos(VAnt) + By sin(vV Ant)) sin(v A x)
We find A,, and B, from plugging ¢t = 0. We solve for A,, = C,, and B,, = D,,.
For notation purpose, let us write [ = . Assume f is a periodic function of period
2.

or one can consider the following form

==

Then we can compute eigenvalues of —w’’ = Aw and
0—1

1 — sinz and cosx
2% — sin 2z and cos 2z

and so on. The question is can we write (approximate a trigonometric polynomial)

1 - .
fx) = 5AO + ;(An cosnz + By, sinnz)

Page 25



Notes in Partial Differential Equation [Instructor: Ovidiu Savin] 86

Definition 6.3.1. If f and g are periodic of period 27, we define
def T
£ [ @l
—pi
We have a key property

Proposition 6.3.2. We have wy, - wn =0 if n # m and

wy, € {1, cosz,sinz, cos 2z, sin 2z, ...}

sin nz sin —L—l[cos( +m)z — cos(n + m)]
nrsinme = o = o n+m)z n+m

(eigenfunctions are orthogonal to each other

If x were time, then we integrate

f(:IJ)d.’IZ = lAO = ﬂ'Ao
— - 2
and solve for L )
A= — flx)de=—=f-1
) . T
considering dot product to be the approach of projecting function to a direction. In
this case,
frwn = f-cos(nz)= Ay [cos(nz))?dx
-
An = L1f-cos(nz)

which solves for A,,.

Consider f : R — R periodic of period 27. Also f = AO% + > (Apcosnz +
B, sinnz) for some constants Ao, An, B, for n > 1. Consider %, cosx,sinx, cos2x,
sin 2z, and so on are eigen functions for the ODE. Then

"
—w = Aw

frg= [ @

Any two functions in the sequence above are orthogonal to each other (dot product is
zero). If A is symmetric matrix, then eigen vectors are orthogonal, i.e. AV = AV.
Fourier coefficients

An = % _7; f(z) cos(nz)dx = %f (cosnx)
g1/ : P ,
n= T f(z) sin(nz)dr = ;f- (sinnx)

-

Example 6.3.3. Consider f(z) = z in [—7,) extended periodically. Then we have

A, = %/ cos(nz)dzx =0

1 ("
B, = 7/ sin(nz)dx =0
™) =
and solve ,
B, = %jfﬂx<7_c‘;f”x) dx

™

s
— 1" —Lcosnadr
us —Tr n
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Fourier series of x is
oo

2
“ _1 n+1 .
El n( )" sin(nz)
sin2x  sin3zx
= 2(sinx — — ...
(sinz 5 3 )

Complex notation.

e’ =cosx +18Inx
—ix ..

e = COoST — 1sInT

and f,g: R — C then
b
fr9= [ f@gl)ds
We can use as eigen function
1 iz —itx ei2z 6—1’22
O o ) 7 b bl
1 22

and we have e'"* for n € Z. Then we have Fourier series written in complex

f — Z aneinx

ne”Z
while 1 .
Up = —— z)e” " dg
v f(z)
Denote by

N
Sn(f) = %Ao + Z(A” cosnz + B, sinnz)
n=1

with A, By, the Fourier coefficients of f. We prove convergence theorem which is in
page 126 [1].

Theorem 6.3.4. L? convergence in mean square)

17 =S = [ 1f = Sx()Pds =0 as N = o
1/2
while ||fI| =V f - f= (f:r fzdx) and to approrimate, we do

(—1)"*" sin(nz)

S

N
n=1

Theorem 6.3.5. Uniform convergence: There are two parts:
If f € C1 and periodic, then

[max] |f —Sn(f)] >0 as N = o0

uniform convergence.

Theorem 6.3.6. Point-wise convergence:
If f is piece wise C* (with possible discontinuities) near a point x, then

Sn(f)@) = S[fH) + fa)]

as N — oo where f(z) and f(z™) are the limits of f at = from right and left.
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Proof. Let X be a vector space with inner product and let w1, wa, ..., wy be orthogonal
vectors (nonzero).
w;-w; =0if i #j

Then the minimum of

N
llw =" aiwil]
=1

wew; . wWew,

is realized for the choice a; = - = Tl which is the w;’s Fourier coefficient of w.

Also [Jw][* = |lw — 3= asws]* + 3237, aF|[wil® 0

Proof. Denote ) —i = 1Y a;w; = v with a; as defined above. Then
(w—v)-w;=0fori=1,2,....n

and vw; = a;(wiw;).
Let y = > | biw; we have (W —v) -y = 0 and then

wW—Yy=w-—v+v—y

= w-y) (w-—y)=(w-v) (w=—v)+@W-y) (v-y)+2(w-0v) (v-y)
and we have
llw —yl|* = llw—||* + ||v — yl®

6.4 Riemann-Lebesgue-Fourier

Riemann-Lebesgue-Fourier. Consider X a vector and we have X x X — R while
(f,9) — f-g € R which we want it to be linear associative such that this map is linear
in each component
(1) satisfies
(fitfe)g=fi-g+fg

and more over
(arfit+asfo) - g=a1fi-g+azfa-g
(2) dot product is greater or equal to zero

f-f=0

with equality only if f = 0, then

WAl=vf-f

defines a norm on X.
Proposition 6.4.1. If f-g =0, then

1S +gll* = 11£11* +1lgl?

Proof. Start with

F+gll* = If+all-1lf +gl
= ff+fo+gf+gg
[ £11> + llgl|?, while condition says f-g =0
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Consider X a space of continuous functions on [—7, 7] or [a,b]. Then

b
fog= / f(@)g(x)dz

Theorem 6.4.2. Consider X a vector space with inner product - while w1, ..., wn
orthogonal with each other (dot products are zero) and non-zero vectors

n
llw =" asw]|
i=1
Please refer to the following graph
(0,9, 1)

(1,0,0) < _

‘w;

for a; = ;” Moreover,

n
llw|* = llw =Y aswil >+ af|Jwil|?
i=1

which we can break down to the following formula

w=w—v+a1ws + aw2 + -+ apWn
Recall last time v = > a;w; and z = Y, b;w; for some other constants b;. Then
(w—v) - w;=0
which gives us
(w=2)-(z=v) = 0= |lw—2||* = |[w—v||* + |jv - ||

thus [|w — U||2 > ||w — 11||2 and w = Y a;w;, while ww; = a;(w; - w;).
We solve

N
1112 = 1If = Sw(HII* +7 > (A% + B})

n=1

T T N
FPde = / (f = Sn(f)dz+ 7> (A2 + B2)
- - n=1

and we let N — oo,

/ﬁ —dim [ (f = Sn(h)detn Y] AL+ B2

. N—o0 .

approximate to zero
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so we solve
1 (" 2 o 2
— d. >§ A B
w/,wf = n n B

thus A,, B, — 0 as n — oo.
We can conclude (Riemann-Lebesgue lemma)
™
f(z)sin(nz)dz — 0
-7
as n — co. We write sine as (7%)71 to prove it.
It is worth note that Riemann and Lebesgue work post significance in approxima-
tion, however, it is also noticeable that Fourier series can provide approximations to
any functions as well. A typical graph illustration for Fourier series is below.

—_— Signal
—— b first terms
—— 9 first terms
—— 13 first terms
—— 17 first terms

SFS

vl

[
b
T

NS

which is completeness from text [I]. Now let us prove this concept.
Proof. Let us prove point-wise convergence. If f € C' and periodic, then

Snf(z) = f(z) as N - o0

Consider
N
Sn(f)(z) = 1A + Z(A cosnz + B, sinnz)
N 2 0 P n n
while
cos(ny)dy « cos(nx)

(
sin(ny)dy < sin(nz)

A== [ 1w
Bn=%/:rf(y)
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Plug A,, and B, in the formula:

Sn(f)(z) = 71r /j f(y) (1 + 2 cos(ny) cos(nx) + 2sin(ny) cos(ny)) dx
= [ (14 X 2cos(uty - )

™

Dirichlet: D (y—x)
which becomes a formula with convolution

Sw(P@ = 5= [ F)Dx(y -~ 2)da

f*Dp a convolution

notice that Dy (¢) is the Dirichlet kernel which is

Dn(t) =1+ 2cost + 2cos(2t) + - - - + 2 cos(Nt)
which can be written
sin[(N + 3)t]
sin(%t)

with numerator oscillates faster than denominator which is page 137 from tex [I].

Dn(t) =

€
A A

VAU[\V{‘V]\\\IA\Z\VI&LA\}A Az ¢

|\

—A+

An important property is

% :; DN(t)dt =1
and then L g
Sn(F(@) = flz) = 5 /_ (f(y) = f(@))Dn (y — x)dy

1T sin(N + 1)t

= o | U - 5@ g
for t = y — x. Then we have

= % /ﬁ il +Sfr)1 ;if(x) sin(N + %)tdt
- 2
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by using Riemann-Lebesgue lemma.
Consider f periodic of period 27 while

flz) — %Ao + Z A, cos(nz) + By sin(nz)
n=1

with coefficients

1 ™
Ap =~ f(z) cosnzdz, for n =0,1,2,...
L
1 (™ .
Bn = f/ sinnz, forn=1,2,...
™ —T
while
1 N
Sn(f)(z) = 5140 + ;An cosnx + By, sinnx

Remark 6.4.3. Recall Theorems:
(1) Point-wise Convergence: Note that

Su(n)a) -+ 3 (Fo) + £a-))

if f is piece-wise C* mean z. There can be discontinuity. It is just required that at
each point there is convergence even if it is at the discontinuity.
(2) Uniform Convergence: Note that

m§X|SN(f)($) - fx)| =0

if fis C'. This means that for & one can always choose an interval such that the
function converges to f(x) absolutely.
(3) Mean Square Convergence: Note

/” 1Sx(f) — fdz =0

Proof. Let us prove. Consider
1 ™
Sv(P@) = 5= [ f@—y)Dx )y

sin(N + 3)y
Dn(y) = Tlgf
2

How far is it away from f(z)? Then we consider

= e l/ﬂ (Flo —y) - £(a)) N Ly,

T ) _ . sin %y

and we are interested to find out whether the final result goes to zero for this equation.
First, notice that if f(z) exists then Sy (f)(z) — f(z) — 0;

Then, if f is discontinuous at = but f'(z+), f'(z—) exists, thenSx (f)(z) — 5 (f(z+) +

f(m—)) — 0. Just as Pythagoras theorem,

T T N
s
f2d;p:/ \ffSN(f)|2dx+§A?)+7r¥Ai+BZ

-7 -7
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For € > 0 small, we find f € C' such that
1F=Fl= [ 15 =P <e

= [If = Sv(Hll <e

for large N by the uniform convergence. O

Parseval’s theorem:
oo T 2 - 2 2
Lf o = GG+ Y (4% + B
Also recall last time: f(z) =2 — A, =0, B, = 2(—1)""". How do we use Parseval’s
theorem?
oo 9 )
T 2
d. = —
Fte = 3
_ i 1
a n2 6

1

Last thing about Fourier series: Given jump function

—_— Signal

—— b first terms
—— 9 first terms
—— 13 first terms
—— 17 first terms

T
A, |
AL |
2
_Al |
2
Al |
| |
_T T
2 2
t

Consider u; = uze in [0, 7] X [0,00). Also we have
u(0,t) = cost,u(nm, t) =t, and u(z,0) =sinz
while ¥(z,t) = (1 — £)sint + 2¢ then
u(z,t) = P(wo, t) — Y(x,t)

which gives
4(0,t) =0 = u(m, t), p(z,0) = sinz

Then consider
U = Ut — wt,&zz = Ugz — %z
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Ut — Ugy = _(wt - wzz) = f(xvt)

Z B, (t) sin(nz) Z ) sin(nx)
= Z <B}L(t) —n’B,(t) > sin(nx) Z ) sin(nz)
n=1

We want to solve B,, by ODEs,

while

B, —n’B, = F,
while B, (0) is given by the Fourier coefficients of ¢. Solve by integrating factor
eith(B' —n’B) = Fe ™t

(e—n2tB)/ — e—n2tF

7 Harmonic Functions

7.1 Harmonic Functions: Laplace Equation

Consider uz, = 0 and v” = 0 = v’ = const. Then we observe a one-dimensional
graphical for u(x). Yet the Laplace equation in two-dimensional space would be

AU = Ugy + Uyy =0

The solutions to which are called harmonic functions. Then we have

Au = div(Vu)
(8377 ay) : (uzv uy)

Example 7.1.1. Consider:
(1) u(z,y) = ax + by + ¢, a linear function;
(2) u(z,y) = 2 — %
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3) u(z,y) = zy;

(5) u(z,y) = h(z)g(y) and compute

waa = W @) + b )
0 = nyl (4 + 2%)

hence, we have
h(z)v = sin(Ax) or cos(A\x)

9(y) = exp(Ay) or exp(—Ay)
sin(Az)e™, sin(Az)e Y, cos(Az)e™”, or cos(Azx)e Y
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for A > 0.
(6) This case it is related to complex numbers. Consider f : C — C. That is,

z=z+1iy — f(z) =u+iv

(z,y) = (u,v)
z—=f
Then f'(20) means that f(z) = f(z0) + f'(20)(2 — 20) + 0o(|z — 20|). The Jacobi would

be
_ [ Uz Uy
Df = <fum vy)

while D f needs to be rotational-dilation matrix. That is, we have solution

_ Uz = Uy
Uy = —Uy
which is known as Cauchy-Riemann equation.
Then we from
_ Urx = Uy
Uyy =  —Vzy
which gives us
] uzz tuyy = 0
Vpax +Vyy = 0

If f is holomorphic (f’(2) exists), then u = Ref and v = Im(f) are harmonic functions.
Then f(z) = 2" and Re(z") = r"cos(nf) while (n,0) are polar coordinates while
imaginary part is Im(z™) = r" sin(n#@).
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normal rotation
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radial, color gradient

N

Z

)

A/ﬂﬂ/?

7.2 Solve Dirichlet Problem

Let us recall Dirichlet problem: consider

Au=01in Q
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u = ¢ on Of)
we have a standard Dirichlet problem and we can find solution that satisfies the bound-
ary condition ¢.
Next, we can also go to Neumann problem such that

Au=0in Q,u, =1 on 9N

We can also recall maximum principle. Assume w is continuous up to dw and
Au =0 in Q. Then
maxu = maxu
Q a0
minu = maxu
Q o0
and we can sketch a proof. At an interior maximum point, we have

Uzer < 0,Uyy <0, and Ugey + Uyy <0

but consider special case that uzes = uyy = 0, then we would go to the saddle shape
discussed above.
There is a trick: we work with @(z,y) = u(z,y) + e instead while ¢ > 0 for some
arbitrary small value. Then
Ugr = Uzs + 2€

Uyy = Uyy

and together we sum them up
axx+ayy :Umx+Uyy+2E:26 >0

which is almost a contradiction. We can argue that this cannot have interior maximum.
We can conclude that

maxu = maxu
o9

and by letting € — 0 we have
maxu = maxu
Q a0

. Note that we would change the signs from plus to minus if we are working with the
minimum.
A consequence following is the following:
(1) It
Au=0on Q,u=0 on 99
then v =0 in w.
(2) Uniqueness for the Dirichlet problem:

Au; = fin Q,u; = p on 99

Auz = f in w,uz = ¢ on 0N

Then w1 — us = 0 satisfies u1 = ua.
For uniqueness by “energy” estimate, Au = 0 in €2, we have

0

/ (Au)udA

UzaU + UyyudA
Q
f/ ul + uidA +/ Uz Vg + Uty VydA,
Q o)
where v = (v, 1y) outer normal
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Recall uniqueness of solutions to the Dirichlet problems. That is,
Au= fin Q,u = on 0N

which is equivalent to show u = 0 is the only solution to Laplace u = 0 is the only
solution to
Au=0in Q,u =0 on 02

Compute .
0 = / (Au)udA

= /‘(’U,zz + uyy)udA

= f UzaU + UyyudA
Q

— / (uztz + uyuy)dA +/ Ug UV + UyUlydS
Q Elo)

while v = (v, 1) outer unit normal to 92, the boundary of Q. Then

/(Au)udA: —/ |Vu|2dA+/ uu, dS
Q Q o0

and we can conclude that

/ [VulPdA =0
Q
which leads to |Vu| =0 in Q. This implies that
[Vu| =0 = uy =0 = u is a constant in z,y,

uy = 0 = u a constant

and v = 0 on 952 implies u = 0 in Q.
For Neumann problem,
Au=0,u, =0

Use this argument gives u is a constant function. Integrating by parts gives us, write

it as (1),
/usz = UV, ds
Q o0

/ divFdA = F -vds
Q o0

Alternatively, we have, letting it be (2),

/uzvdA:—/ uvmdA—F/ uvvydA
Q Q 20

In (1) we replace ug by (uv)y = ugv + uvy. Then (2) would be

/divdeA:—/F-VvdA+/ vF - vdS
Jo Q o0

Write ¢ as a Fourier series

p(0) = %Ao + Z (An cos(nb) + By sin(n@))

1 - n n_.
u= 5Ag + 7; (Anr cos(nf) + Byr sm(n9)>
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call this x and find coefficients
1 T
A, = . / @(s) cos(ns)ds

B, = % ) o(s) sin(ns)dS

plug into x and we have

u(n,0) = % /:; o(s)ds + ij: % /:r o(s) {cos(ns) cos(nf) + sin(ns) sin(nb) | ds

- % " o) {1+2<ir"cosn(0—s))}ds

T n=1

and then we have

14237 r" cos(n(d — s))

L4+ w" +a"
L+ +
_ wtw—2|w|?
= 1+ 1— (w+w)+|wl|?
1-|w|?
1—(w+w)+|w|?

then we conclude

1 1—7?
" 211 —2rcos( — s) + 12

% {1 +2 ilo: ™ cos(n(6 — s))}

which is the Poisson kernel, P(r,0 — s). Then for the problem
Au =0 in Bi,u = ¢(#) on 0B

we have .
u(r,0) = [ p(s)P(n,0 — s)ds = px P(r,-)

which is the convolution of two terms. This is

11-—n?
P(r,0 —s)=—
(r 5) 2 d?
Proposition 7.2.1. Properties of Poisson Kernel. Written in polar coordinates, we
have )
1 1—n
Pno)=————
(n,6) 21 1 — 2n.cos @ + n?
11— |zol?
P =——= oB B
(zo,z) o |1:—a:0|2’m€ 1,%0 € D1
Then
u(xo) = P(xo,x)p(z)dz
9B,

Proposition 7.2.2. Properties of the Poisson kernel: (1) P >0
(2) [yp, Pzo,z)dz =1
(8) P(xo,x) — 0 as zo — dB1 and |z — xo| > 4.

Conclusion is that P(zo,x) — &y, as o — yo € 0B1 while here the kernel converges
to Dirac delta.
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7.3 More Dirichlet Problems
Recall we dealt with Dirichlet problem

Au=0, in B ={z = (z1,22) /2] + 25 < 1}
while B is a unit disk. Then we know the solution follow
r" sinnd, r" cosnd
then we write solution for ¢,
1 oo
v(0) = §AO + mzz:l Ay cos(nb) + B, sin(nf)

u(r,0) = %AO + Z " (An cos(nf) + By, sin(n))
n=1

and hence solve for general solution

u(r 9)—/2”i 1—r? (s) do
Y 271'1—27“(:05(0—5)—}—7"2('0

P(r,0—s), Poisson Kernel

using initial condition we have BE AWARE! IN EXAM!

u(xo):/a iﬂw(x)dx

B, 27 | — xol?

which we recommend to use since it works for high dimensions as well. This is like a
simulated Brownian walk in a unit disk. Then we have

u(xo) = E(g@(w(r))\m(t) random walk, J the exit time)

which is a probabilistic statement for the general solution. In the reality, this really
represents P(xzo, z)dz is the probability density on B for the random walk that starts
at xo to exit at x € 9B;.

Now the question is what is the formula for B, instead of B1?

Au =0, in By, u = ¢ on 0B,

then we have @(z/a) = u(z),Z = 2 € B, for x € B,.

) = [ (2. 2ot

instead of integrating over B since we are now at d%. Note that

po oy 11Z[2E 10l
a’a’ 2m|E—Z02 27 |z — mof?

so that

u(xo) :/a L ﬂgp(x)dz

B, 27 |z — ol

and write this as *.
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7.4 Mean Value Property

In the formula x above, we take zo = 0. Then u(0) = [,, 32-¢(x)dz, and so u(0) =
fBBa u(x)dz.
Proposition 7.4.1. The mean value property states:

u(xo) :][ u(x)dx
9Ba(z0)
and Au =0 in Q and By(zo) C Q. Then

u(zo) = ]{SBQ(I> u(x)dz

u as MVP & Au =0

Theorem 7.4.2. Strong Maximum Principle. If Au = 0 in Q and maxu is achieved
at the interior point, then u must be constant.

Thus,

Theorem 7.4.3. Harmonic functions are infinitely differentiable in Q2. Consider u €
C*°(Q), which is a consequence of x. We can differentiate infinitely many times with
respect to xo. Moreover we have u € C* and there are no corners inside €.

See page 169 in text [1].

Now we can move on to discuss exteriors of circles. That is, we are looking at a full
plane and move away a ball r = R? — By = {2} + 23 > 1}. Can we find a harmonic
function outside of the domain that satisfy boundary condition? In other words, we
are trying to solve

Au=0in Q,u=¢ on dB1, and u(z) — 0 as |z| — oco.

The way we deal with infinite domain is delicate since we need to impose some sort
of boundary condition at infinity. Consider r cosf. There is a problem since the value
does not tend to oo as we increase r. This is problematic. Let us consider Fourier
series

o(0) = %Ao + i (An cos(n) + Bn sm(ne))

n=1

QO(? 0) = *A0+ E r (A COS(n0)+B sm(nO)
3 2 ~ n n

However, consider u(x) = g(r), then
" 1 ’
Au=g" + ;g (r)

while this is in two-dimensional and in general form we would have coefficient an
Then we have

1
g’ + ;g' =0, while (rg’) =0

and we get
rg’ +¢ =0=rg’ = A, while A a constant

which means g’ = 2. This implies that

g(r)=Alnr+ B
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Consider Harmonic function Au = 0 in Q@ C R?. Then we have

(1) Maximum principle (says that max and min of u occurs on Q) and more we
have strong max principle;

(2) Uniqueness of the Dirichlet Problem, that is,

Au=0in Q,u = ¢ on O

(3) Mean Value Property.
u(zo) = ][ud:r if By(z0) C Q2

which can be udzx.

1
27T fBBn(;co)
(4) Solving Dirichlet Problem when Q = B,. That is, we want r™ cosnf, r™ sinnf, ....

Then we have

1 - :
= §A0 + Z <An cosnf + By, sin n@)

n=1
u = %Ao + ; (Anr" cosnf + B,r" sin n@)

then consider condition

@ =sinf — cos 20
then we have

u(t) = rsinf — r’ cos 20

Recall the same procedure

n “n .

r"cosnf,r " sinnf
and we have
1 - - “n
U= 5AO + HZ:I <Anr "cosnb + Bpr " smn@)
(5) Annulus. Now consider r = B, — By, which is a ring (larger circle minus smaller

circle). That is,
u =@ on 0By, u =1 on 0By

and then we get

1, logn
g(n)h(9) = { n*'cosh, n*lsinf
nt? n*! sin 20

)

and we say this is harmonic and solve for

_h//
h

= )\,rzg” +7rg —Ag=0

then this gives us

u= Ao+ Bolnr + Z {(Anr" + Bur™ ™) cosnb + (Cnr™ + Dpr™ ™) sinnf

n=1

call this x and we find A,,, By, C),, D,, from the Fourier coefficients of ¢ when r = a
and 1 when r = h.
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Example 7.4.4. Consider a =2, h =1, Q2 = By — B;. Consider ¢ = 3 — 2sinf +
7cos 260, and ¢ = % — 3cos# as the setup.

7”:2:>A0—|—Boln2:3

T':1:>A0+B()1n1:140:%
then you can solve for Ay and By,

5 1
Bog 15

Ao = In2

N | =

Next, we move forward to find
r=2= A2+ B27'=0,C12+ D127 = -2

T:1=>A1+Blz—3701+D1:O
and we solve for A1, B1 and C1, D1.
(6) € is a rectangle with ©Q = [a,b] X [¢, d]. Also consider

Au=01in Q,u = ¢ on 9N

and consider changing of variables g(z)h(y) and we have

If A > 0, then we have
sin \/Xxeiﬁy, cos VzetVM

and consider initial data
z €[0,7] xy €10,1]

u=0whenx =0,z =7
u = ¢ when y =0
u =1 wheny=1

we are essentially looking for solution of
[eo]
u(z,y) = Z (Aneny + Bne_"y> sin(nz)
n=1

We find A,, and B, from the Fourier sine series of ¢ when y = 0 and ¥ when y = 0.
Then we form setup

Y= Z Chpsin(nz), v = Z D, sin(nx)

(7) The Dirichlet Principle.

Theorem 7.4.5. A harmonic function u minimizes the energy
1 2
E(w)== [ |Vw|dz
2 Ja

among all other functions which have the same boundary data on 02 as u.
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Proof. Assume that Au = 0in 2. Consider another function v with the same boundary
data as u. Then

E(v) = %/Q|Vu|2d1: = %/|V(U —u) + Vu|’dz

then we solve

L[5V =w)]? +2V(v —u) - Vu+ |Vul*dx
= E(v—u)+E(u)+ [, V(v—u)Vudr
— [(v —w)div(Vu)dz + [(v — u)(Vu)vds

and the conclusion is if v = v on 02 and Au = 0 then

E(v) = E(v —u) + E(u) > E(u)

7.5 Dirichlet Principle

Consider © in R? or R®. That is, we may define z € w such that © = (X1, Xs) or
x = (x1,22,23). Then we define w in 2 as

E(W) = %/Q|Vw|2d:c

The fact is that if Au = 0 then E(v) > E(u) if v = v on 9. E(u) is the minimum
energy among all functions with the same boundary data s u. From last discussion,

E(v) :E(u)—|—E(1)—u)+/QVu-V(v—u)d1:

1)

Then by Divergence Theorem and integration by parts, we have

/dithdx:—/F~Vhy+ hF -vdS
Q Q o0
so we have

1) =— /Q div(Vu) (v — u)dz + /ar(v — u)uvdS

while on the boundary v — v = 0 and divF = 0, which gives us (1) = 0. Then we
conclude that
E(w)=E(u)+ E(v—u)

to describe the energy and hence we know

E(v)=E(u)+ E(v—1u) > E(u)
Assume E(u) is the min for

E(u) = min{ E(w)|w = v on 90}
and we have

all

. t
E(u + tp) while { o =0 on Or

which gives us

1 1
E(u+tp) = 5/Q |Vu + tV|>dz = 5 /Q |Vul® + 2tVuVe + t*| V| dx
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and this solves for

Blutty) = B(u) = / VuVedr =0
Q

lim
t—0 t

which leads us to conclude
0= / VuVodr = —/ div(Vu)edz +/ pu,dS
Q Q a0

and since ¢ = 0 the conclusion is

0= / (triangleu)pdx
Ja
for all function ¢ such that ¢ = 0 on the boundary 02, that is, the Laplace is zero,
Au=0

which is called Euler-Lagrange Equation for Energy E.
Now an interesting question is: what happens if Good Example!

F(w):/ %|Vw|2+5w2d;c
Q

then

Blutty) - B = / VuVe + 5 - 2up)dr = / (—Au)p + 10updz
Q Q

0 = lim
t—0 t

Euler-Lagrange equation for F' is
—Au+10u=0
A(w) = / V1+ |Vw|3dz :/ G(Vw)dz
Q Q

so we get
0= /QVG(Vu)Vgadx
using integrating by parts we get E-L equation
div(VG(Vu)) =0
which is a non-linear equation and we cannot build solutions out of solutions. Point is

that if we are given some energy equation we can solve that and simplify the form into
something simpler (sometimes using Divergence Theorem and integrating by parts).

8 GREEN’S FUNCTION

We discuss Green’s functions and Laplace equation on general domain. Consider any

function, say
/ Audzr = / u, dS
Q Q

with the left side as the div(Vu), the divergence of u. If Au = 0, then

/ u,dS =0
29
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and then

Audxr = / u,dS =0 = u,dS =0
B, 9B, OBy

d .

]l udS = const in r
2B,

and we can conclude that
which leads to conclusion

and that constant would be u evaluated at 0, i.e. u(0).

Theorem 8.0.1. Mean Value Property. states that
u(zo) = ][ udS
0Br(z0)

Au = 0= u(zo) = ][ udS

which means that

0By (z0)
or else
Au > 0= u(zg) < ][ udS
9Br(z0)
or

AZO:>U($0)Z][ udS

9By (xg)
Which are the radial functions that are harmonic? Then consider

u(e) = J(al) = ), A= 7+ D 2o

and then

(Inf' +(m—-1)Inr) =0
taking integral and we have

Inf'+(n—1)Inr=C
then solve for ' = cr'™™ and we have

f= Ar* "+ B n=3,4,..
B Alnr+ B n=2

while in three-dimension we have
0= Az Mde = / —r7'dS = —4x
B,

Then we get

which comes from the tip of the point. Thus,
d d
0:/ Ax_ldx:/ —(r~1)dS — —(r~1)dS
A= [ Lehas = [ e

while the first term is —47 and the second is the same as the first as well, which is
independent of e.
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8.1 Fundamental Solution
From last time, we conclude fundamental solution

11

and we have
—AT' = 6o

which is the fundamental solution in 3-dimensional Laplace equation. Then we have

r= 11 while r = |z

4mr
Then I'(x) can be
1
~or In |z|
with
—AT = 4o

as the fundamental solution in two-dimensional Laplace equation. Thus, we have

/vAudx:—/Vv~Vu+/vVude
Q Q o

Vuv

which gives us Green’s first identity. Write the same identity by switching u and v and
subtract and we get

vAu — uNvdr = / VU, — uv,dS
Q Q

which gives us Green’s second identity.
In the second identity, assuming Au = 0, we plug v = I'(z — o) = 'y, and
Au = Al'y, = —d4, so that

/ Izy Au —u ALy, dx = / Taguy — (Tag)pudS
Q ~~ N—— ar
=0 —dxg

and thus the general function at x¢ would be

u(zo) = /{m ey — u(Tap)0dS

with representation graph to be a field of Q with a point z¢ in the middle.

8.2 Green’s Function Solving Dirichlet Problem

Consider
Au=01in Q, and u = ¢ on O

In representation formula g, on Or is not known. We work with a modified Green’s
function of I';,, and
G(z,0) =T2q — h

with h such that
Ah=0in Q,h =T, on 00

then we have

—AG(z,x0) = 0z (1)
G(z,xz0) =0 on 99 (2)
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Now we plug G(x,zo) (instead of I'z,) into Green’s second identity. Then we have
u(xo) = / —u(G(z, o)), dS
Flo)
then we have solution to the Dirichlet problem
u(eo) == [ ¢(Gay)uS
o0

Example 8.2.1. Consider Q is a half space and Q = {z € R® with 3 > 0}. Then
1 1

"0 4 |z — o

We have h in set up * to the I'z, where Zo = ((z0)1, (20)2, —(z0)s) then

1 1 1
G(z,w0) = Tpy — 'z (| )

T r—x0| |x— Zo

To solve the general Dirichlet problem, we need to compute —(G(z, o)), on the
boundary 0Q. In the case of half-plane (page 191 in text [I]), this is to compute

_(G(m7 CL‘()))V = €3 - VG(JZ,.’[())

and then L1
T
= ————
V= P Tl
and 1
VFIU _ o — T

Ar |xo — z|3

VG(z,x0)-e3 = VD4 -e3— Vg, -e3
1 (zo—x)-es3 1 (ZTo—x)-e3

A |z —zol> 4w |z —Zof?
1 2z0-e3 —Tg-e3

ar |z —xol?
1 Xo * €3

o | — xo3
which gives us the solution for

u(xo) = /an np(x)%d:ﬁ

2|z — w03

8.3 Half-space in Sphere

For another situation, consider Q = By = {z € R®\ |z| < 1} and we consider
Ah=01in B1,h =T,, on 0B;

then

ok = Zo
© 7 Jaol?

say you take a point |z| = 1 we compute

le — 25> = xx—2zaf+ |zf)’
_ 1— Xr — To

lzol?  [@ol?
3 (|m0\2 — 2xx0 + 1)

|ol
1 2
= et
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and we conclude that 1
|z — 26| = — |z — @0
Zo

then
G(x,20) = Ty — |20|T'sy = 0 on 084

Page 52



Index

binomial distribution, 21
Burgers’ equation, 5

characteristic ODE, 4
completeness, 30
convergence in mean square, 27

d’Alembert equation, 11
Dirichlet Principle, 46
Dirichlet Problem, 45
Dirichlet problem, 39

elastic homogeneous string, 6
Euler-Lagrange Equation for Energy,
48

Green’s first identity, 50
Green’s second identity, 50

harmonic functions, 34

heat equation, 16

holomorphic, 36

independent variables, 4

Kardar - Parisi - Zhang equation, 5
Laplace equation, 9

Maximum principle, 45

Mean Square Convergence, 32
Mean Value Property, 49

53

mean value property, 44

Neumann problem, 40
Newmann Problem, 9

Point-wise Convergence, 32
Point-wise convergence, 27
Poisson Kernel, 42

Random Walk, 21
Rankine-Hugoniot conditions, 9
Riemann-Lebesgue lemma, 30, 32
Riemann-Lebesgue-Fourier, 28
Robin conditions, 24
rotational-dilation matrix, 36

Schrodinger equation, 21
Strong Maximum Principle, 44

transport equation, 4
transverse vibrations, 6

Uniform Convergence, 32

Uniform convergence, 27

Uniqueness of the Dirichlet Problem,
45

vibrating Drumhead, 7

wave equation, 9
wave equations, 25



Notes in Partial Differential Equation [Instructor: Ovidiu Savin] §8

References

[1] Strauss, A. Walter, ”Partial Differential Equation”.

Page 54



	Partial Differential Equation
	Introduction
	Solve Variable Coefficient Equation
	Burger's Equation

	Flows, Vibrations, and Diffusions
	Transport
	Vibrating String
	Vibrating Drumhead

	Second-Order PDE

	Laplace Equation
	Wave Equation
	Heat Equation
	Introduction
	An Example
	Uniqueness
	Convolution
	An Application: Random Walk

	Schrodinger Equation
	Fourier Series
	Newmann Boundary
	Robin Conditions
	Fourier in Wave Equation
	Riemann-Lebesgue-Fourier

	Harmonic Functions
	Harmonic Functions: Laplace Equation
	Solve Dirichlet Problem
	More Dirichlet Problems
	Mean Value Property
	Dirichlet Principle

	GREEN'S FUNCTION
	Fundamental Solution
	Green's Function Solving Dirichlet Problem
	Half-space in Sphere


