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Abstract

This document presents notes from STAT 5223 - Multivariate Statistical Infer-
ence. This course is concerned with statistical analysis of data sets containing multiple
observations on each subject. We begin with a review of basic results from matrix
algebra, and develop some probability theory for random vectors and matrices. The
multi-variate normal, Wishart, and Hotelling’s 72 distributions provide the founda-
tion for inference about mean vectors and covariance matrices. We then move on to
exploratory and inferential multivariate methods including: principal component anal-
ysis, canonical correlation, factor analysis, discrimination and classification, clustering,
and multidimensional scaling. The emphasis throughout will be on the application of
statistical methods to real data.
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§1

1 MATRIX
1.1 Matrix Operation

Data matrix, as follows

11 12 - Tip

21 22 e Z2p
X =

Inl Tn2 ... Tnp

with x;; the value for variable j on subject i. Here we denote rows of X to be units
(subjects) and columns of X to be variables. We can also call this matrix X

X = (fi(l), ceey f(p))
where Z(;) to be n x 1 vector of realized values for variable j while j = 1,...,p. Or

as collection of row vectors:

where Z; is the p x 1 vector of values for unit ¢ and i = 1,2, ..., n.

1.2 Sample Mean Vector, Correlation, and Covariance

Sample mean for variable j is

Z1
n -
_ 1 1 1 2
T :E E l‘ij:(ﬁ, 7;) _7171‘1‘(])
i=1
Tn
Sample mean vector is
T T 1n T1
_ T2 1 | Z21n 1|22
n n| :
"En Cz‘nln jn
Thus, we have
n
_ 1 1 _
X =— r,=-X"1,=X
n < n
i=1
Correlation matrix is
S11 S12 - Sip
S21 S22 e S2p
S = (8jk)pxp =
Sp1 Sp2 - Spp
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_ \2 . . . . . .
where s;; = s] == L >™" (wij — ;) which is sample variance for variable j. This

gives us

1 n
Sjk = D (@ij — 3;) (@i — &)
i=1

n—14

which is the sample covariance between variables j and k. Next, we have

5= Y @ - ) (e —2)" = - i - [Z:cix? —nzz”]

n—14

and this leads us to

which implies

R XTXx — lXTLJZX]
n— n
while 117 is the matrix with one-entry in every cell, and one can simplify S to the
following
[ X7, - 13, iHx
n—1 n

We can also write the following way
s— 1 xThx
n—1

and H =1,, — %inif, Note that H is the n X n centering matrix.
Note that from the center mean,

11 —T1 Ti2— T2 ... ZTip —Tp

T21 — X1 T2z — T2 ... X2p — Tp
HX =

Tnl — T1 Tno — T2 e Tnp — .fp

we can center all data by its column. This gives us

1 o \T 1 T 1 T 14T
_ P — : — = HX HX)= ——
s n—lizzl(x 2)(@i —7) = —(HX) (HX) = — X" H HX

since H is symmetric ad idempotent. Note we have XTHT HX = XTHX is analogous
to o1 (& —2)(& —2)" = 3", #i(@; — z)". Thus, along with definition of H, we
alsowrite

S— -1 xThx
n—1

Proposition 1.2.1. S is positive semi-definite.

Proof. Note a” Sa = % TXTHT HX a can be simplify to a¥ Sa = (HXa) (HXa)
which is the square of length. Thus, we have

aTSa= —||HXa|? >0
n—1
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Correlation matrix is defined as

™1 T2 ... Tip

T'p1 Tp2 e Tpp

. Silk . .
while rj, = 72 and R = (r;x) with rjx = sju ;- which becomes
¢ J

«S]‘Sk
1/81 0
0 1/s2 (811 ) (1/51 )
... Spp o 1/sy
0 1/sp

All the information needed to compute R is in §. R = D™*/28D~"/? where D =
diag(s?, s3, ..., s2) = diag(9).

We have X sized n x p raw data. We also have HX sized n X p centered data
(meaning averaged at 0) while

o leop [(1-1/n
H_I"El"l"_( l—l/n)
Conclude that we have S = - (HX)"HX = L. X"HX while D = diag(S).

HXD1/? gives centered and standardized data matrix. Then its ¢,j entry is (zs; —
Z;)/s;. Hence, we have

S (ii—a_:)(:ri:i—i)T:ﬁ(HX)T(HX)

and 1
R= ﬁ(HXD‘W)T(HXD‘”Q)
The correlation matrix is the cvariance for the (centered and) standardized data!
Suppose y; = a1xi1 + a2Tiz + - + apTip = aT%; while 1 = 1,2,...,n. The sample

mean and variance for the data set{y1,y2, ..., yn} are

1 1 < 1 <«
g:*Zyi:E aT:Ei:aT(EZIazi):aTaz
=

=1 i=1

2= S -9 = @ - T = s ST - ) @ - )]

n—14 ‘
=1 i=1

which gives us

2 T s
s;=a Sa
since (@7#; —a’z)? = (@"% —a’z)(@la—z"a) =aT (& — ) (& — 2)7a.
Let us say we have a data set y;1 = a11%i1 + a12%i2 + -+ + a1pTip = lei"i and

Yiz = A21Ti1 + -+ + A2pTip = a3 #; and so on to Yip- Let us put this in a vector. That
is, let us build an n x ¢ data matrix Y.

~T
Yi1 ay
Yi = = ‘i'z = A‘i'z
~T
Yiq ap
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Az and s, = 25 X0 (5 — ) (s — )T = Azky S0, (@ — )@ — 2)T A
The data matrix Y of n X ¢ is

and § = A% with s, = AS; AT? Let us check. Note that §j = * S U= A%TZ?:l T =

yi (Azy)" i AT

Yn (Azn)" zr AT
If y; = AZ; with ¢ = 1,...,n where A is ¢ X p then
ui
V=|:]|=xA"

1.3 Standardization

If X = (z;;) with n X p is the data matrix, then HX = (z;; — Z;) gives the matrix of
centered data. Note H = [,, — %iniz is called the centering matrix. H is symmetric
and also idempotent. It is n X n matrix and its rank is n — 1. If x is n X p while (p < n)
has rank pthat is no variable redundant, then H X has rank p.

Recall S = (ss;) is sized p X p, the covariance matrix of X and s;i gives the matrix
of centered data. Let D = diag(s11, ..., $pp) = diag(s?, ..., 312,), then HXD~/? = %
is the centered and standardized data set and it’s sized n X p. Also recall covariance
matrix S is found by

1 1

- \s - 1z
— i — ) (F — ) = X1, - =11")x
§= =3 (@ - )@ —7) = —— X" (I, — ~117)
that is, S = ﬁXTHX. Then correlation matrix is
R=(rjn) = —25 __ — p'/2gp~1/2

V/Sij — Skk

Now we can consider the following questions. What are —1<(HX)"H(HX), i.e.
covariance matrix of centered data? Next, what is —1-(HXD "/?)H(HXD '/?),
i.e. covariance matrix for centered and standardized? S is just the original data
matrix. The process of centering and standardizing does nothing to the data matrix.
Notice that HYHH = H. and standardization described above, z — H x D™/2,
That is a univariate standardization. It is univariate because H standardizes each
variable separately. A multivariate standardization is accomplished by so called the
Mahalanobis transformation, related to ideal M-distance.

Let us review this idea. Let X € RT. The norm or length of X is

1]l = /22 + - +a2 = VXTX

which is the length of the vector in a geometrical sense. The Euclidean distance between
two vectors & and 7 is

de(X.¥) =/ p)P + (@ 5)? = /(X - V)T(X - 7)
Thus, ||X|| = de(0,X) and de(#,7) = ||Z — §||. Now imagine & and § are two obser-

vations from a population with mean vector @ and covariance matrix X. A statistical
distance between Z and § should take into account not just the |z; — y;|. but also
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(1) the variance of the p variables, and (2) the correlation. The Mahalanobis distance
between T and § is

dy(2,9) = @—-9) 7S (@-9) = dp(27 2,272 = dp(=7PE-0)s A (g —a)

The practice X is replaced by sample covariance matrix S. The Mahalanobis trans-
form of data matrix X is
Zi = 571/2(:& — i‘)
with ¢ = 1,...,n. The M-transform of X with size n x p is Z; = 571/2(:& — ) with
i =1,...,n gives us
Z=(X-1,8)5""?

Accomplishes 3 things: (1) centers the data, (2) scales the data, and (3) removes
correlation. An animation program would be code here.

Remark 1.3.1. Recall the spectral decomposition of S (symmetric positive definite)
S = TAI'" while X is the diagonal matrix of evolves columns of I' are normalized
vector. Note that A = diag(z1, ..., zp), AY = diag(A“, ..., Ay, then S = rA°TT.

Note the first two things would not even be visible in successive plots. Only labels
on axes would change. Third thing changes elliptical point cloud to a circular one.

1.4 Linear Models in Matrix Form
As an example, consider multiple linear regression

Yi = Bo 4+ Bizi1 4+ -+ BpXip + €
for ¢ = 1,...,n. This can be written as

Y1 11 ... Tip Bo €1

Yn Tpl ... Tnp B, €n

in this case we have § = X B+¢ while X is constants B when E¢ = 0 and cov(¢) = o>1.
Statistical model with p 4+ 2 parameters, which are By, Bi, ..., Bp,a2. Least squares
estimate (also ML if € ~ N,,) Then

B = argmin[(j — XB)"(§ - XB)] = (X" X)"'X"y

An unbiased estimator of o2 is

A2 1 - AT [~ A
o —m(y—XB) (- XB)

If € ~ N, then ("7’;7721)&2, and also o2 is independent of B so

B, ~ B ~ N(0,1)
[cov(B)j41,5+1]/2 7
and R
_BimBi | no1)
[02(B)j+1.541]'/2 7
as well as R
B; — B,
tnfpfl
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2 MULTIVARIATE DISTRIBUTIONS
2.1 Joint Distribution

Given X = (X1, ..., X,)T which is a random vector. The joint distribution function (or
joint cdf) of X is F. If X is a discrete random variable, its probability mass function
is concentrated on a finite or countable set of points {c; : j € J}. Then for any set
D € R. Then Pr(X € D) =3 Pr(X = S). If X is a continuous random variable,
then its cdf F(z) = Pr(z € X).That is,

x) = /_1 f(w)du = Pr(X < z)

Indeed for any D C R have Pr(X € D) fD (z)dz. For a continuous random vector

X = (Xl,...,X )T, the joint density (joint pdf) is f(z) = ﬁF(i’). Moreover,
we have F(z) = [--- [ f(z1,...,2p)dzp . . . dz1, which is the joint/marginal/conditional
pdf and cdfs

Consider f.(z) = [ f(z1,z2)dz2. Then Fy, (z1) = F(z1,4+00). One has fy, /., =

f(z1,22)/ fz, (x1) and this gives us

Fyy yuy (72/71) Z/fm/:cl(wz/xl)duz

Example 2.1.1. Given (X1,X2) ~ f(z1,22) =21 + 22 if 0 < 1,22 < 1 and O else
where. Then fo, (z1) = [ f(z1,22)dzs = [(21 + x2)dae = 21 = 1/2 while 0 < 21 < 1.

Definition 2.1.2. Xl and X2 are independent if, for any sets D; and D2, we have
P'I’(Xl S Dl,XQ S DQ) = PT(X1 S Dl)PT(XQ S Dg)
Proposition 2.1.3. The following statements are equivalent:

(1) X, and Xo are independent

(2) P’/‘(X1 S D1) XQ S D2) = P’I‘(Xl S Dl)PC(XQ S Dg)

(3) f(Xl,Xg) Iz, (x1) fx, (x2) for any X1, Xs.

(4) F(X1, X2) = Fy, (w2]21) = fg, (x2) for all Xo.

2.2 Multivariate Moment

The notion of solving moment is to compute E(z) = [zf(z)dz = p and var(z) =
[(x — p)*f(z)de = E[(x — pu)*] = 0>, The random vector X = (X1,..., X,)” has
expected value E(X) = (EX1,...,EX,)T = (1, ..., up)T = ji. For covariance, we have
var(X) = E[(X — 1)(X — )T] = . Note that ¥ = 0;; as a p X p matrix.

Next, o; = 07 = var(z;). More generally, given random p-vector X = (X1, Xp)T
and random g-vector Y = (Y1, ...,Y,)? with expected values fi and 7, respectively.
Definition 2.2.1. Define cov(X,Y) = E[(X — 1)(Y — #)7] which is a p x p matrix.

Let X = (z1, ..., :vp)T be a p-vector. Let A be a ¢ X p matrix and bbea q X 1 vector.
The expected value and covariance matrix of ¥ = AX + b are EY = AEX + b and
varY = AvarX AT.

Let X = (x1,...,2,)7 and Y = (y1,...,4p)7. Then the random vector (X,Y) has
expected values and variance.
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2.3 Conditional Expectation
Consider the following example.
Example 2.3.1. Consider the discrete random vector X = (X1,X2). We are also
given
a:l/wg 3 6 8
1 .05 .10 .05 .2
2 20 .15 .05 4
3 .05 .10 25 A4
We can compute E(X2) = 3(.3) + 6(.35) + 8(.35) = 5.8, and also var(Xs2) = (3 —
5.8)%.3+(6—5.8)%(.35)+(8—5.8)%(.35) = 4.06. Now suppose we want to find conditional
pmf of X5| X1 =z for z1 = 1,2,3. Now we have
p(l‘1|$1) 3 6 8 E(X2|X1) Va.I‘(X2|X1 = 131) E(X2|X1 = l‘l) V&I‘(XQ|X1 = 1’1) le (l’l)
1 .25 .5 .25 5.75 18.75 5.75 3.18 2
2 .5 375 125 4.75 3.43 4.75 3.44 4
3 A25 .25 625 6.875 2.85 6.8 2.85 4

For any z satisfies px, (z1) > 0 can compute E(X2| X1 = 1) and var(X2| X1 = z1).
X1 is a random variable m(o) and v(o) are functions defined on the range of X;. This
m(X1) and v(X;) are random variables. Note that E(X2|X1) and var(X2|X1) are
random variables. They have expected values and variances also.

Proposition 2.3.2. We have the following
E(X2) = E[E(X2|X1)]

Proof. For any function h(-), we have

E[h(XQ)] / h(zg)f(:vl,mg)dmgdxl
h(z2) f(w2|w1) f(21)dw2d:
/ h(l‘g)f(l’2|131)dlli2d$1

E[h(X2)| X1 = 21]f (@1)dz1
E(Eh(X2)|X1])

and then we have

var(Xz) / (z2 — ug)gf(ajl,mg)dajgdml

(w2 — p2)? f (w2|z1)daa f (x1)das

[x2 — m(z1) + m(x1) — p2]® f(w2|21)das f (21)de,

+ cross-product terms that equal 0
E[var(X2|X1)] + var[E(X2|X1)]

Page
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2.4 Transformation

Suppose we have random variable z and let Y = g(X). The goal is to find the distri-
bution of Y. Then

Pr(X € g '(y)) if g is monotonic increasing
Fy(y) =Pr(Y <y)=Pr(g(X)<y)=<{ Pr(X €g'(y) if g is monotonic decreasing
? else

Assume X is continuous with pdf fx and g is monotone, then it has inverse function

Fy(y) = Fx (g7 (y)) if g is monotone increasing
1—Fx(g ' (y)) if g is monotone decreasing

so fy(y) = fz(gfl(y))|%gfl(y)| and let us call it *.
For a random vector X = (X1, ..., X,)7, it has joint pdf fg(x1,...,2p). Let Y =

g(X) where g : R? — RP? is one-to-one. How to generalize x to p > 17

Let u: R? — RP, and let u(y1, ..., yp)” = (@1 (Y1, s Yp), ooos Up (Y1, ooy yp)) L. p = 1,
Fr(w) = Fx(u(dy)|22]; for p > 1, then fy(y) = fx (u(y))ldet(.))| where ./ denotes
Jacobian matrix. That is,
Oui/Oy1 ... Oui/Oyp
J =
Oup/Oy1 ... Oup/Oyp

which means X = u(Y) = A~*(Y — b) and this gives us J = (Qu;/dy;) = AL
Example 2.4.1. (z1,z2) ~ f(x1,22) = z1 + z2 while 0 < 1,22 < 1 and 0 elsewhere.
Find the joint density of (Y1,Y2) = (X7, X — 1X2). Then solve

y1 =1 and y2 = z1x2 = =1 = /Y1, and T2 = Y2 //Y1

and we have Jacobian

S (89{:1/8y1 8x1/8y2> _ <1/2(y1/2 0 >

81’2/8y1 81’2/8?!2 * y1_1/2

and thus det(J) = 1/(2y1). Range of (X1, X2) is unit square. That is, 0 < z1 < 1 =
0< 1 <1=0<wy <1, and moreover 0 < z2 < 1 =0< y2//71 = 0 < 32 <

VoL < L.
Example 2.4.2. Suppose X has pdf fx(xz). What is the pdf of Y = 3X? Or if
X = (X1, X2, X3)T, what is the pdf of

3X1
Y=|X1-4X,
X3
This is a special case of asking for the pdf of Y when
X =p(Y)

for a one-to-one transformation u : R™ — R?. Define the Jacobian of u is

7= (5) - (%57)
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and let abs(]7|) be the absolute value of the determinant of this Jacobian. The pdf of
Y is given by
fr(y) = abs(|T]) - fx (u(y))-

Using this to answer the the introductory question, namely

1
(1,0 =0, t) = 501500

with

0 1
3
and hence abs(|7]) = (1/3)”. Thus, the pdf of Y is o5 fx ().
The introductory example above is a special case of
Y = AX + b, where A is non singular

The inverse transformation is
X =AY -b)
Therefore, 7 = A™', and hence
Jy(y) = abs(|T ) fx{A™ (y — )}
This theorem forms a strong relationship and let us look at the following example
Example 2.4.3. Consider X = (X1, X») € R? with density fx(z) = (A" y),

(2o 0)

Then
_ _ X1+ X2
o (45
and
_ sy b 1 /-1 -1
A = —2,abs(A7 ) = L 4 —2(_1 1)
Hence,

fry) = abs(lT]) fx(A™y)
1

-y L) ()
= {3 +u2), 5 —u2)}

2.5 Multi-normal Distribution

Let us discuss multi-normal distribution.

Suppose there are two random variables. X»|X; = z1 ~ /\/(a + Bz, 02). Consider
X1 ~ ./\/(m, a%). Find the marginal distribution of X2. Find the joint distribution of
(X1, X2).

Let us do mean and variance first (not necessary, simply practice). We have E(X2) =
E[E(X2|X1)] = E(a + 8X1) and this gives us a + SE(X1) = o + Bu1. Then variance
var(Xz) = E[var(Xz|X1)]+var[E(X2| X1)] = E(c?+var(a+5X1) = o +var(a+8X1) =
o?B%var(X1) = o + B201. In fact, Xo ~ N (a4 Bui,o® + f203).

To prove such result, we use moment generating function. Recall that X ~ N(p, 0?)
if and only if E(e’*2) = E(E(e"*2|X1)]. Then, by using conditional normality, we have
Elexp(t(a+BX1)+1t%0%)] = exp(ta+3t°0°)E[e"*1] = exp(ta+(1/2)t°0?) exp(tBu1+
(1/2)62 F201) = exp(t(a + Bpa) + (1/2)2 (0% + Fo2).
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Proposition 2.5.1. If X2|X| = X1 ~ N(a + X1,02), X1 ~ N(u1,03%), then Xo ~
N(a+Bu1,0? + p%07).

Question: what about joint distribution of (X, X2)T?
Proposition 2.5.2. If (X1,X2)T has expected values and covariance matrix i =
(u1,p2)” and T = (03, 012; 012,03).

(a) the function h(z1) that minimizes the MSE E[[X2 — h(X1)]?], i.e. the best
function of X1 for predicting Xo (best in sense of minimize MSE) is

h(X1) = E(X2| X1 = z1)
(b) the linear function h(X1) = a + bX1 which minimizes
E[(X2 —a — bX1)?]
isb:‘;#%2 and a = p2 — b .

Lemma 2.5.3. For any random variable X, we have expectation E[(X — a)?]. This is
minimized by a = E(X).

Proof. Consider ZE[(X — a)’] = —2E(X — a) 0. Done. O

Proof. This is a proof of (b) (directly above).

Consider E[(X2 — a — bX1)?] = E[[(X2 — bX1) — a]?] is minimized at a = E(X, —
bX1) = pe — bur. Thus E[(Xs — a(b) — bX1)?] = E[(X2 — pe2) — b(X1 — m)]? =
E[(X2 — p2) + b(X1 — p)]%.

Next, we have %() = 72E[(X27,u/2)7b(X1 7#1)}()(1 7}1,)} = *2(E[(X27/L2)(X1 —

p1)] — BE[(X1 — p1)?]) = —2[cov(X1, Xa) — bvar(X1)] "2 0 which gives us

_ COV(X1,X2) _ 012
T ovar(X1) o}

(a) Consider E[[XQ — h(Xl)]Q] = ff[XQ — h(.’El)]Qf(Xl,XQ)dl‘le’l = f]EHXQ —
h(X1)]?|X1 = x1). To minimize E[[X2 — h(X1)]?|X1 = z1] for each z, take h(X;) =
E[X2|X1 = 551].

This is just the lemma approached to the conditional distribution of (X2|X; = x1).
To minimize the integral of non-negative integrand, we minimize the integrand at every
point. Done.

The best linear predictor of X2 by a + bX1 is h(X1) = p2 + ‘%}(Xl — ) is

h(X1) = E[X2| X1 = z1]
O

Proposition 2.5.4. The predictor error Xo — E(X2|X1) is uncorrelated with the pre-
dictor variable X, .

Proof. The proof is in Homework 2. O
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2.6 Normal Distribution

Let us review univariate normal distribution. For a random variable, we say X ~
N(0,0?) to be a normal distribution with

E(e'™) = exp(tp + %tzaz)

If Y = aX +b, then Y ~ N(ap + b, a*0'/?). The density of X ~ N(u,o?),

1 1 2
T) = exp{—- (X —
F@) = e expl= 5 (X = ")
1,,
0.8 1
0.6 1
©
3
0.4 1
0.2+
-2 -1 0 1 2
x

2.7 Bivariate Normal Distribution

Consider the following

5 2
X:(X17X2)T~Bg{(ul)7<al 012)}
12 O12 022

2
~ BVN(Ul,M%UiU;p) ~ N2 |: <M1> ) ( L p0—10—2> :|

2 po102 022

Proposition 2.7.1. It states that X1 ~ N (p1,0%) and Xa ~ N (u2,03) and X2|X; =
x1 ~ N (g, 02) while 02 = o2 (1 — p?).

2.8 Multivariate Normal Distribution

Consider X ~ N, (ji,%) and ji = E(X) = (1, ..., up)” while p; = EX;.

Moreover, ¥ = var(X) = (ojx) and o, = cov(X;,Xs). Then Y = a1 X, + --- +
apXp +b=a"X +bis also normal.

Let us discuss mean and variance. E(GTX +b) = E(Y a; X; +b) = 3 a;E(X;) +b.
var(a? X+b) = var(a? X) = var(Y) a; X;) = cov(> a; X, S ax X)) = 3. Y ajarcovX;, Xi) =
SN ajarojr = @' Xa. Thus,

Y=a"X+b~N(@" X +b,a" a)
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Now consider Y = AX + b while A is ¢ x p and b is ¢ x 1. Given
X~ Np(fi, 2)

if and only if

E(e!" X) = exp{tTfi + %i’f w7}

Let ¢ € R?, then E[efT(AX“’)] = exp{I” (Aji+b) + LT ASAT}. This is an exercise.
This gives us ~ o _
Y = AX + b~ N, (Afi+ b, AL AT)

Recall spectral decomposition of symmetric matrix
¥ =TAr"

where A = diag(\1, ..., \p) and I is orthogonal, meaning I'"T' = I'T” = I. Note that );
are the eigenvalues of X. If ¥ is a covariance matrix, then \; > 0 and X'/? = PAY/27T
is square root matrix. The following conditions are equivalent for covariance matrix.
More specifically, we can have Y = ' X +bn~ N1(&Tﬂ +b,aT%a. Let Abegxp
with rank a. Then
Y = AX + b~ Ny(Afi + b, ALAT)

Proof. This proof uses uniqueness of moment generating function, which is different
than the approach of the text [I]. O

Consider spectral decomposition a covariance matrix (i.e. symmetric, positive semi-

definite). Then we write
S =TAT"

where A = diag(\1, ..., Ap). The \; are the eigenvalues of 3. We have I' = (1, ..., 3p)
while 7, is associated eigenvector. T is an orthogonal matrix. £7/2 = TAY2I'T while
AY? = diag(VAL, .y /Ap)-
Proposition 2.8.1. The following are equivalent for correlation matriz:

(1) X has an inverse;

(2) All eigenvalues \j are positive;

(8) X is positive definite.

In this case, ©~' = TATTT while A = diag(1/A1,...,1/A,) and £Y/? = TA=Y20T =
A" = diag(1/v/ )1, ..., l/m).

Then

zZ= 271/2()2 — [1) ~ Np(0, I)

by Mahalanobis transformation.

Note that z ~ N,(0,1,) < 21, ..., zp ~ iidNV(—, 1). Then that means

P

2 2 =T =~ 2
E 2i M Xp & 2T Z~Xp
i=1

The Mahalanobis transformation also provides the recipe for generating any multivari-
ate normal distribution.
_ Let z1,..., 2, ~ iidN/(0,1). Consider Z = (z1,..., 2p). & = ji + %'/?2. Then we have
X ~Np(f1, X).

Multivariate normal density only exists if ¥ is invertible, in which case,

1) = Gyargys exp{— 5 — 057G - )
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Sampling distribution. Recall if X1, ..., X,, ~ iidN (u, 02) and with T = %Z X; ~
N (p, "72) In this case, we would have

n

> (X —p)? ~a’xi

=1

independent of Z. Call it Wi (0%, n) distribution.
Then we have generalization from x2 to W distribution:

> (XiX)?~ X =Wa(o®,p— 1,

=1

which is also independent of X. If

X

S|

21
ZXi NNP(:“% 52)

3

(X = )T ~ Wy(S,n)

s
Il
=

Lastly, we have
S(X - X — X)T ~ Wy(S,n - 1)

which is Wishart Distribution from text [I].

Partitioning multivariate normal random vectors. Partition the random vector X €
R? into X = (X1, X2)T while X; € RP!, and X5 € RP? while p; + pa = p.

Suppose X ~ Np(ji,¥). Then write

S o \T j%5% Y11 X2
(leXQ) P1+p2 < (NQ) ) <212 222) )

In this case, we note that 311 is p1 X p1, Y22 is p2 X p2, while X102 = EQTI and they are

P1 X p2.

Then X; ~ Ny, (fi1,%11) and Xy ~ Np, (fi2, X22). X1 and X, are independent if
and only if 12 = 0.

Also X2|X1 = %1 ~ N. For proofs, see Section 3.1 of text [I].

Recall X1, X2, ..., Xn ~ ildN (,0%) with X = 1 3 X; while 57, = -5 > (X; — X)?
then we have

(1) X ~ N (n, %) while

X—n Coon@—p)?®
~ 0,1), ie,, ———"— ~
O'/\/H N( ) )3 Le., 0_2 X1

(2) also (n — L)si, ~ o°xn_1, independent of ):( Then for X1, ..., X, ~ iidN,(fi, %)
while X = 337X, Sy = 15 20(Xi —X)(Xin)T. )

(3) moreover, X ~ Ny(fi, 25) implies n(X — i)"S7(X — i) ~ X2, while notice
that /nX ™ 2(X — i) ~ N, (0, I,,) .

(4) (n—1)S, ~ Wp(X,n — 1) independent of X which led to

n(X = @) 8 (X = i) ~ T?(p,n — 1)
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3 THEORY OF MULTIVNORMAL

Before we proceed, let us recall the following. The pdf of X ~ N, (u,X) is

F@) = s P exp{— 2 (o~ )27 (@ - )}

The expectation is EX = p, the covariance can be calculated as varX = E(X — u)(X —
u" =3
Linear transformations turn normal random variables into normal random variables.

If X ~ Np(u,X) and A(p x p), ¢ € RP, then Y = AX + ¢ is a p-variate Normal, i.e.
Y~ Np(Ap + ¢, ASAT)
If X ~ Np(u,X), then the Mahalanobis transformation is
Y = E_I/Q(X — 1) ~Np(0,Z,)

and it holds that

YTV = (X =) =71 (X = p) ~ x5
Often it is interesting to partition X into sub-vectors X; and X5>. The following theorem
tells us how to correct Xs to obtain a vector which is independent of X7.

X1
Xo
from the partitioned covariance matrix

Y11 Y12
Yo1 Yoo

X1~ Ne(p1,211)
Xgl ~ Np74(l£217 z:22,1)

Theorem 3.0.1. Let X = ( ) X1 €R", Xo € RP™". Define Xo1 = Xo—Zo1 X7 X1

Then

are tndependent with
21 = f2 — 221Ef1lu1, Y21 = Yoo — 2222f11212

Theorem 3.0.2. If X ~ N,(p,X), A(gXp), ceR? and ¢ <p, then Y = AX + ¢ is
a q-variate Normal, i.e.

Y~ No(Ap + e, ASAT)
The conditional distribution of Xo given X1 is given the next.

Theorem 3.0.3. The conditional distribution of Xo given X1 = x1 is normal with
mean pz + Y1 X (@1 — 1) and covariance Yao,1, i.e.

(Xa| X1 = 1) ~ Np—r(pi2 + 22577 (21 — 1), Da21)

3.1 Hypothesis Testing

- 2
A 1-a confidence for p is {p : ”(x;“) < Fi—a,1,n—1} which implies that p € [z +
t1-g -1 %] For arbitrary p, we want test null hypothesis Hy : i = fiop. We want to

compute T? = n()? — [LO)TSJI()? — ). For p > 2, cannot draw it, it is an ellipsoid.
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§4

4 MAXIMUM LIKELIHOOD ESTIMATION

Let X1, X2, ..., Xn ~ iidf(f(,é). Consider f is a density on R?, § € © C R*. Given an
observation ed data matrix
x7
X = , forn xp
Xy
the likelihood function

L:©—R", ie L(©,X) =[] f(X:,6)
=1

and

6=6-= argmaxL(6, X) = arg max(0, X)
e e

Example 4.0.1. Consider X1, ., X iid. Nyp(fi, 2) with X is known, then [(©;, X) =
>, log f(&:,©). Then

=1

= —Plog(en) - Jlog(IZ]) - 5 Y (i = DTSN (Ki - )

i

(o]
Il

and hence

i
i

fi=argmin [} (X = @) 27N (X - )]

Now we have

K-S (K- f) = (K- %)+ (X - @S (% — i)+ (X - @)
note that 6=6-= argmax L(0;, X) = argmax[(©, X). If ¥ is unknown, still get
i = X. The first term has no f so we ignore it. Cross product term sums to zero. The
second implies i = argmin{(X — 2)TS"Y(X — 1)}. Hence, 7! is positive definite,
and i = X.

Example 4.0.2. Consider Y ~ N, (X3, 021) as a linear regression model. X is known
with n X p full rank of p. Then

- n 1 1 o~
L(@UQ,%X):H\/%U exp{_ﬁ(yl_xTﬂ)Q}
=1

Then you solve for MLE for parameter é to be
B=X"X)"'X"5=Bors

and
a 1 ~ NT 7~ =\ set
@()I—%‘Fm(y—xﬂ) (T—-XB)=0
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The Fisher information in a sample X1, ..., Xn ~ iidf(X', 9~) is

Fo=—E {%éaéﬁ(e, (ﬂ))]

Tn

The Fisher info matrix for © in a single observation of X ~ f(X,0) is

2
1 E{aé...aéT log f(X’e)]
and we can prove this.
Moreover, we have
Fi=x""!
1 1o = 21
Fn=nX"" = EZ = Fi for X ~ Np(fa, EE)

Remark 4.0.3. HW3 is posted. It is due Tue. Feb. 27. First exam is Tuesday March
8th (through Section 7.1).

For HW3, note

(1) problem 1 will post a handout soon

(2) problem 2-3, end of chapter 6 problems (math)

(3) problem 4-7, try them now, note helpful handout on the way. Problem 6 and 7
are not graded.

Next Tuesday start Ch 7. What’s important in 7.17

Test Problem 1?7 No.

Test Problem 2? Yes but 72 /F-dist version of this test, the asymptotic chi-square
approximation is unnecessary. Confidence region for pu? Yes.

Test Problem 3? No.

Test Problem 4?7 No.

Suppose that x;j—; is an i.i.d. sample from a population with pdf f(x;6). The aim
is to estimate 6 € R* which is a vector of unknown parameters. The likelihood function
is defined as the joint density L(x, 8) of the observations z; considered as a function of
0:

n

L(x;0) = [ [ f(=:;0),

1=1
where x denotes the sample of the data matrix with the observations =¥, ..., zT in each
row. The MLE of 0 is defined as

6= argér)nax L(x;9),
which is equivalent since the logarithm is a monotone one-to-one function. Hence
6 = arg ;nax L(x;0) = arggnax I(x;0).
Example 4.0.4. Consider a sample {x;};—; from N,(u,Z), i.e., from the pdf
fas0) = ()" exp{ = Lo = 0)7 (e — 07}

where 6 = p € R? is the mean vector parameter. The log-likelihood is in this case

n

1x:6) = " log {/(w::6)} = log(2m) "/ = 33 "(w: — )"z — 6).

1= i=1
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The term (z; — 0)7 (x; — 0) equals
(i =) (@i =)+ @ —-0)"(Z—0)+2z—0)"(Z—0).

Summing this term over i = 1,...,n we see that

n n

D @i —0) (wi—0) = (v —2) (w2 — 7) - 5@ - 0" (z — 0).

i=1 i=1

Only the last term depends on 6 for this family of pdfs f(z,9).

Consider X1, Xs,..., X, ~ ildN(p,2). For MVN assumption reasonable, look at
QQ-plot. Pairwise scatter plots for close enough to SLR model. There is no good way
to test for MVN. Instead, we look for reasonable to respect it. Absent those, proceed
with normal methods. Transformation can be useful as well. For

:_1 . _ 1 “__: ,..‘_:T
X_nZXZ,S_—nil (Xi — 2)(& — 7)

while $ = - X" HX while H =1 — 1117, Then we have
b T a—1, 3 ~ 2 _ (”— 1)1’
n(X—pg) ST (X-p)~T(pn—1)="——"Fpnyp
To test

We want to compute

Then compare
with

and we have
n—p 2

(n—1)p
Reject Hy at level of p — val < a. This is to say we reject if 7% > %FFMP,THP
The 1 — « confidence allowed for i is

p—val =P(Fppn_p >

{fto : Ho : fu = fio is accepted.}

4.1 Types of Confidence Intervals

There are three types of confidence intervals.
(1) An individual 1 — « C.I. for a* i with

z 1
X ~ Np(fi, =%
Np(/'“ n )
: 1
a" X ~ M (@ i, EaTza)
Then for 1 —a C.L is "X & 21_a/2y/2a7%a or a7 X & t1_a/2m_11/ 27 Sa.

(2) Introduce simultaneous 1 — o C.Ls for @17 fi, ..., dy” ji. Bonferroni method! If
I have ¢ indivudla 1 — « C.Ls, my simultaneous confidence interval that all g of them
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cover is at least 1 — ga. If one needs 1 — « simultaneous confidence level, one needs to
construct each individual C.I. to have confidence level 1 — %.

Aside, equal allocation of error rate is not required.

More, 96% confidence interval for intervals. We could od 99% for each or even
99.5%. If 1 — a is designed level, need 1 —a=1— 3 «; Using 1 — o/q confidence for
each,

1

~T ~ ~
alXitlf,&:nfl - TSU/I
2q° n

= /1
~T ~ -
aqX:ttl,%;n,l EagSaq

(3) Simultaneous 1 — a C.I. for all possible linear combinations @” fi Then

= — 1 1
"X + \/p(")Fla;p,npaTsa
n—mp n

Discuss. When to use (2) and when to use (3)7 If you want to simultaneous 1 — «
C.Ls for the compound means, use method (2) Bonferrroni the intervals are shorter.
When to use (3)? We are 1—a confident that a” i € dTX:I:\/%_;UFFa;p,,L,p%dTS&
for all @ € RF. If you are studying a linear combination &7 ji that is only of interest
because of the data observed, use method (3). Method (3) gives simultaneous 1 — «
confidence in intervals for all @’ fi, including those suggested by the data, i.e. method
(3) protects against data snooping. What is “protect against” exactly? Protect against
reaching conclusions that event genuinely supported by the data, i.e., type I error.

5 PRINCIPLE COMPONENT ANALYSIS

Principle Component Analysis finds linear combinations of variables that best explain
covariation structure of the variables. The common purposes:

(1) Dimension reduction: explain covariance structure of p variables using g vari-
ables (QCP);

(2) Interpretation: Find features of data that are important for explaining covari-
ance.

Consider population PCA, we have X = (X1, ..., X;,)T has mean vector i covariance
matrix 3, we are not assuming MVN here. Consider linear transformation

X =0uX1+0Xo 4+ Op1 Xp

6 X = 61p X1 + 2pXo + - + pp X
Let Apxp = (01, ...,0p) and let Y = AT(X — i), then
var(Y) = ASAT E(Y) =0
Definition 5.0.1. PCs of X are the uncorrelated standardized linear combinations
(SLCs) 6 (X — p), ..., 65(X — ), whose variance is as large as possible.

* standardized have means ||5;]|* = 6] 6, = 1:

(1) The first PC is 61 (X — p) where 41 is solution to maxy| =1} var(6” X) =
maxH(;H:l 5T25

(k) The kth PC is 67 (X — ) where dj, is solution to

max var(§” X) = max §” X6

Page 21



Notes in Multivariate Statistical Inference [Instructor: Ronald Neath] 56

subject to cov(6T X, (5]-TX) =67%6; = 0foreach j = 1,...,k—1. Ends at step p. Result:
let var(X) = £ = PAI'"! where A = diag(\1, Az, ..., Ap) satisfies Ay > Xg > -+ > A >
0; then Y = I'"(X — ) where ¥ = TAT7 is spectral decomposition.

Proposition 5.0.2. Theorem 11.1 on page 323 [1]. Given X ~ (u, %) and ¥ = TAT'T
and the PC tmnsformy =TT(X — p) which satisfies
(1) E(Y;) = By (X — )] = 0
(2) Then var(Y;) = var(vj X) =~ Tj = 7 TAT v = (v 71 -5 1) A 755 001 70) T =
éjTAéj where e; = (0,...,0,1,0, ..., )T where one in jth position and 0 elsewhere. This
is the jth diagonal entry of A which is \;.
(8) cov(Y;,Yi) = v TAT T,
(4) tr(2) = M + -+ + Np.  This gives us 05 +...00 = A + -+ + Xy and also
var(z1) +. .. var(zp) = var(Y1)+- - +wvar(Yy). Total variance of P(s) = Total variance
of original variables.

(5) The correlation between jth variable X; and the kth PC Yy, corr(X;,Yy) =

P239 = Yjk\/ M/

Principal Components for Data:

Pretty much replace 4 by X and ¥ by S. Let Xi,..., X,, be random sample from
MYV population X ~ (u,%) while z and ¥ unknown. Let X = (X{,...,XT) with
n x p data matrix. Let X723 X; and § = 25 3 (X — X)(X; — X)". Y here
is the matrix of sample PCs. Recall S; = ﬁXTHX while H = T — %HT thus,
Sy = 2 YTHY. Estimate Y =T7(X —p) by ¥; = G"(X; — X) fori = 1,...,n if and
only if (y7,..,y2) =Y = (X = 1,X7)G = HXG. Then this solves

ﬁGTXTHXG =G'SxG=G"GLG"G

6 CANONICAL CORRELATION ANALYSIS

6.1 Canonical Correlation

Consider a company is training to find exam that will review potential for good per-
formance in sales. Let response

Y = (Y1, Ys, ¥3)"

which are growth in sales, profitability, and new accounting sales, respectively. More,
we have ~
X = (X1, X2, X3, Xa)"

which are creativity, mechanical reasoning, abstract reasoning, and mathematics, re-
spectively. What aspects of X and Y are most correlated? Mathematical formulation
is: find the vectors @ € R? and b € R? such that

p=corr(a’ X,b"Y)
is maximized. Note that o

p = corr(aX,b"Y)
is called canonical correlation effect @ and b vectors. The random variables n= a'xX
and ¢ = bTY are canonical correlation variables. The method is called canonical
correlation analysis.
_ Let k= min{p, q}. There are k canonical correlations. Note that ai,...,ax, and
b1, ..., by are found by
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Step 1. Choose a1 and b, are maximized corr(leX7 B{Y) = p1.

For j =2,...k

step j, choose a; and Ej to

maximize corr(a] X, BJTY) =pj

subject to corr(dJTX, BJTY) =0 and corr(BJTX, I;JTY) =0whilez=1,...,57 — 1.

Here p; is the ith canonical correlation while n; = @} X and ¢; = bT'Y are ith canon-
ical correlation variables a; and l;l are the 7th canonical correlation vectors. That is
the “definition” of canonical correlation analysis, specified as an optimization problem.
The solution is, assume

(Xv ?)T ~q +p{(ﬂ» D)T, (EXX<qX‘1) EXY(QXP)) ]
Yy X(pxa) SYY(pxp)

then we have - B
A a Yxyb
corr(a” X,b7Y) = a4 XY =
\/&szxd +bTYyvb
To maximize this correlation and guaramiee a ur}ique solutio~n we maximize a’ % XyE
subject to 4TS xxa =1= var(dTX) and BT yyb=1= var(bTY).
One can pause here to read Single Value Decomposition below before moving on.
Non apply the Single Value Decomposition to

K = 53 Sxy 5/

with size ¢ X p. Then

A of
SVD = (ryla"'?’yk) :
N2 ) \ok

Letting n; = a7 X and ¢; = bTY fori=1,...,k. Thus
leEXYgi
corr(ypi, ni) = = =
valSxxabI Syyb

and then @} Sxxa; = 7 Sy SxxEx v = vy = Land biSyybi—67 £31/*Syy S
YY71/251' = §;0; = 1, then

corr(i,mi) = @i Sxy bs
Note that T7v; = (477, ..., vt v)*. Then AT§; = sth with 1 in ith position and 0
elsewhere. Thus, (I'"~;)TA(AT§;) = ith diagonal entry of A = /\;1/2. An exercise can
be to verify that o
corr(a; X,b] V) =0
for j #1i. Also B B
corr(ni,n;) = corr(a; X,a; X)
= @ Sxxaj;
7:2;}?22}%2%‘
= 7% %=0
Moreover, corr(p;, ;) = 0 if j # i. The canonical correlation variables are maxi-
mally correlated to each other within their pairs and uncorrelated between pairs. That
is, corr(n;,n;) is maximized, but corr(n;, n;) = corr(ns, ;) = corr(p;, ;) = 0 for j # 1.
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The k = min(q, p) for canonical correlation are found by computing SVD
A2 &7
K = 23{%xx, 573/ = TAAT = (31, 3e) :
A2 ) \ok
Theith canonical correlation vectors are

~ —1/2~

ai = EX)? Vi =M
and ~

b; = 2;1//2’% =i
and the ith canonical correlation coefficient is

ni = corr(n;, gi) = A}°

6.1.1 Single Value Decomposition
Let K be a g X p matrix with rank = k£ = min(q, p). Then
K =TAA"

where A = diag()\iﬂ, e Ai/k) with k& X k while A1, ..., \x are the nonzero eigen values
of KK which is a ¢ x ¢ matrix and of K7 K. Then we have Tyxx = (V1, ..., v) with
~; is the ith eigen vector of KK7 ie., KKT~; = Ai7y; while TTT = I.

Next, Apxr = (81, ..., 0,) where §; is the ith eigen vector of KTK, i.e., KTKé; =
Xid;. Then ATA = I.
Remark 6.1.1. The following about Homework 4.

Handout 14 is for Problem 1.

Handout 13 is for Problem 2a.

Handout 12 is for Problem 2b.

From homework 4, we can discuss Problem 2.

_ - - - <1 1
X1 = Xo ~ Nplfin — fiz = 0, (— + —)¥]
ni n2
which gives us
1,1 0,6 & 5Tol/,v v 5 2 (n1+n2 —2)p
—+— Xi1—Xo—6)" ST (Xi—Xo—6)~T —2)=———"—"Fpnitno—p—
(Gt (B—Xe ) (X1—X2—09) (p,n14n2—2) pra— ST

which implies the confidence intervals 1 — «, a confidence region, for 5= 1 — 2. Then
simultaneous 1 — a confidence intervals for all &7 (fiy — fi2) are given by

wFlfa;p,nl+ngfp71 . (i + i)dTSd

~T / x~ oy
X1 —Xo) £
@ (X 2) ni+ne—p-—1 ni - M2

Then one could take
a1 = (1,0,0)", @ = (0,1,0)", a3 = (0,0,1)"

But since component mean differences are a pre-planned influence, there is no need
for this overly conservative approach. Instead, we apply Bonferroni method.
We show the following.

Forj=1,p=3, X1; — Xo; + b1 £ my4ny -2 /(n—l1 + %)SJ2 Note that divided by
2 means two sided and divided by p means there are p degrees of freedom.

Handout 15 is for Problem 3. Don’t want to wait? Please try

(1) Try prcomp() or prmcomp();

(2) If you are cool, you'll solve PCA by first principles using only eigen().
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Now we are back to canonical correlation. Find the linear combinations @’ X and
b7 X (satisfying aTSxxa = b” Nyyb = 1) that are most highly correlated, i.c., maxi-
mize a" S xyb. Then X e R%, ¥ e RY, k = min(p, q) = rank(Xxy). The k canonical
correlation are found by

max cor(&ff(h E?Y)

For j =2,..., k, we want

max corr(djTX, EfY)

subject to ~ ~ o
corr(aj X, d]TXj) =0, corr(b; Y, bJTY]) =0

The solution depends on doing a singular value decomposition on K = 2}1;22)(1/ E;%,/Q,

which sized to ¢ x p. After doing the above, one would have

Koxp = TaxiArxiAixg
where A = diag(A[/?, ..., A\L/?) while Ay > -+ > Ap > 0, T = (71,..., ) sized ¢ x k,
and A = (1, ..., 0x) sized p x k. Let (i, v:) are ith eigenpair of KK T while (), §;) are
ith eigenpair of KT K. The canonical correlation vectors are

a; = E}%Q’yi and b; = Z;;/Qgi

for i =1, ..., k. The canonical correlation variables are

ni=ad; X and @; = b Y
for i =1,..., k. The cc coefficients are

pi = corr(ni, i) = A/?

fori=1,.. k.
6.2 Practical Canonical Correlation

5 Yxx Xxv
Yvyx Yvy

is unknown. Hence, we estimate it like sample covariance matrix,
Sxx Sxy
S =
Syx Syy

Then we do singular value decomposition on K = S;{%QS XyS;}l,/ % and we get

In practice we write

/2 5t

1 55

K =GLD" = (g1, ..., ) )
1/2 ‘

lk/ 5,?

and a; = S;(ﬁ(ﬂgi and B, = S;;,/?Ji fori =1,..,k an~d T = 13/2 = 4th sample cc
coefficient. If S is the sample covariance matrix for (X ,Y)T, then r; is the sample
correlation between a7 X and 7Y
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6.3 Inference for Canonical Correlation

Suppose we have data ((x1,91)7, .., (Tn, yn)T) ~ 1idNg1p[(i, v)T,X] which can be
written as

(1) s o)) ~ Nl () (5 50))

v ZYX ZYY

Suppose we wish to test Ho : Xxy = Ogxp. Let p1 > -+ > pp > 0 for k = min(q, p)
denote the CC coefficients. Then Hp : Y xy = 0 is equivalently expressed as Hp :
p1=p2 =---=p =0. If §is the sample covariance matrix, and R is the sample
correlation matrix, namely,

g - Sxx Sxvy R— Rxx Rxy
Syx Syy)’ Ryx Ryy
then the Wilk’s likelihood ratio test stat is

k

ho = 13 A =T0-w

T [Sxx[ Sy T [Rxx[-[Ryy] ~ 11

in which lil/2 is the ith sample cc coefficient. Notice if the null hypothesis is true,
we expect l; ~ 0 thus Ag =~ 1. Thus we should reject Hy for small values of Ap.
The distribution theory for A is complicated. But under the multivariate normal
assumption for large n,

1
—[n—5(p+q+3)]logA ~ Xoxa

Suppose we reject Hop : Xxy = Ogxp. We conclude not all CC coefficients are zero.
Likewise if we reject

p2=...pr =0
which suggest a strategy for for inference about CC’s. Test Hyp : p1 = p2 = -+ = pr, = 0.
If reject test, Ho : p2 = -+ = pir, = 0. If reject test, Ho :=--- = pi, = 0.

We can answer the question. How many CC coeflicients are significantly nonzero?
All k of them? Or less than k? To test that only S of the k cc coefficient are nonzero,
Ho : ps+1 =+ = pr = 0 test stat is

k

As= ] 1-1)

i=s+1

Find the p-value by comparing
1
[~ s+ S)]logAs

to X%pfs)(qu distribution.

7 FACTORING ANALYSIS

Factor analysis is a model-based technique. for “explaining” the covariance (or corre-
lation) between components of a random vector. Factor analysis resembles PCA, but
it is not the same thing. Charles Spearman (in the early 20th century) invented this
method. He developed a theory of general intelligence.
Suppose
X = (X1, Xo, X3)" = (classics, french, english)”
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One way to model the test score is
Xo=m+aqf+u,Xo=p+qf +u, Xz =pus+qf +us

and p; is the overall mean score on test j and f is underlying intelligence of subject
while “f” stands for factor where E(f) = 0 and var(f) = 1. Note that ¢; is the factor
loading for test j and p; is the unique individual response and measurement error. “f”
is built in the model but it is not observable and hence it is a latent variable. Then

E(u) = 0, var(u) is diagonal cov(f,u) =0
General X = (X1, X2, X3) has mean p and cov matrix ¥ where
s=QQ" + v

where ¥ = diag(V¥11, Va2, ..., ¥pp) and Q is p X k of rank k < p. Why this structure?
We have p variables.

X1 = mtqibfi+qeF+ -+ qeFe+ o
Xo = po+qaFi+qaFo+ -+ g Fk + ve
Xp = ,U/p"_qplFl+qp2F2+"'+qkak+vp
and thus we have ~ ~
X =40+ Q F + v
-~ ~ ~

—~ =~
pXlr.o. px1 pxk, fixed kx1 px1
and thus ~
F=(F.. F)"
while F; is the [th common factor [ = 1,..., k satisfies E(F) = 0 and var(F) = I.
cov(F, ) = Okxp Then

Qpxk = g1, loading of variable j on factor [

var(X) = E[(X — pu)(X — n)"] = E[(QE + U)(QF = U)"]
= QE(FF")Q" +E(WUUT)

while cross product term is zero since cov(F,u) = 0. Now this becomes
var(X) = QI,Q" + ¥

Thus, ¥ = var(X) = QQT + ¥. The jth diagonal entry of ¥ = QT + U is 0;; =
var(X;) = ¢ + qj2 + - + qp + Vj;. Let us call this h} + Uj;, which is communality
of variables j. Also,

;1 = cov(X;, Fi)

Factor loadings are not unique.

Example 7.0.1. Spearman’s one-factor general intelligence model. Replace intelli-
gence factor f, with a stupidity factor f* = —f. Then X; = u; + ¢;f + u; where
q; = —qj. If k> 1, we have factors

F=(F..F)"

the factor model

X=i+QF+U
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can be equivalently expressed as

X = pu+QLF+U
u+QGGTF +U
p+QF +U

where Q* = QG and F* = GTF where G is any k x k orthogonal matrix.

Factors and factor loadings are not unique expressing a factor model F* = GTF
and Q* = QG is called factor rotation. In practices u, @ and ¥ are unknown we have
data X1, X2, ..., X,, from which we estimate them.

Factor analysis has two steps

(1) Estimation @ and ¥ of QQT and ¥ with rank k and ¥ diagonal matrix, respec-
tively. Then @ is not unique but QQ7T is.

(2) Choice of Q given QQT (not unique solution, have the choice).

8 DISCRIMINATION AND CLASSIFICATION

Classification refers to procedures that allocate objects into one of two or more well
defined groups. Observation X € R? drawn from one of the population Pop 1, Pop 2,
..., Pop J. Which one is it? We want to allocate role:

R; = {X : X = Z is allocated to Pop 5}
with j = 1,...,J. So Ri,R — 2,..., Ry form a partition of R?. Note that authors do
not seem to care about this distinction. It is all just Discriminant Analysis and that is
okay.
8.1 Fisher Discriminant
Referring to page 418 of text [2]. Consider
X11,X21, cery anl ~ iidp(ul, E)

X12, X22, ceey Xn22 ~ iidp(/.LQ, 2)

Then we have

Xt Xty
X, = Xo =
X Xna
Calculate sample mean vectors and covariance matrices in
5 1 - 1 T
Xi=—X11,5 = Xi Hn, X1
ni ny —1
~ 1 - 1
Xy = —Xo1,80 = X3 Hypy Xo
) ng — 2

Recall H,, = I,, — %ﬁf and pooled covariance matrix
1
-~ [(n-1 -1
S T [(n—1)S1 4 (n—1)5]

Choose a that maximizes the separation between the two groups separation between
the two groups. Specifically, choose a to maximize

[a" (1 — 23)]°

G- T) =
S2 1=y = aT Sa
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Consider a one-dimensional linear transformation
T . .
yij=a Xy fori=1,...,n,5=1,2

Then
(-92)2 _  [eT(@1+539)7]
55 - aTSa
This is great. The max possible scaled square distance between means of one-
dimensional linear transformations is exactly the Mahalonobis distance between the
mean vector. The max possible separation between two p-variate data samples is gotten
from the one dimensional linear transformation y = aTX for a = Sfl(Xl — X2).

Now consider J = 2. groups X1, ..., Xn; ~ iidp(y, X). Then

1 T
Sj = - lXj HX;
The overall mean is
n 1TL
P DY) D o FE S—'C <)
ny+...n; R ny+---+n; Lo d .
Jj=11i=1 1n
J
Pooled covariance matrix
1
§=——[(n1 ~ Si 4+ (n; —~ 1)S)]

n1+~-~—|—n]-—J

Recall the J = 2 situation where we sought a € RY. For generalized J > 2, we can
simplify to

a” Ba

aTWa

while B is between groups sum of squares matrix and W is within group sum of squares
matrix. By the Theorem from linear algebra Theorem 2.5 on page 63, it is exactly that
a which maximizes A is

const X

W™ Ba = Xa

Thus, X is the largest value of W' B.
For J = 2, this has reduced form of

a = S_I(Xl — Xz)

and thus we conclude that one-dimensional linear transformation y = a” X.

A recurring theme in this course has been “find the linear transformation of X that
maximizes....”

(1) Given random vector X find v € R” with ||7|]| = 1 to maximize var(y” X).
PCA! Take 7 to be first eigenvector of 3 = var(X).

(2) Given X € R?and Y € R” find a and b find @ and b to maximize corr(a” X, b7Y).
CCA! Answer is a = 21—11/27 and b = E;%,/ZS where 7 is first left eigenvector while 7 is
right eigen vector of K = Z;;/QnyE;;/Q = I'AAT by singular value decompositiopn.

(3) Given J data matrices,

le
XJ: E 7nj><p7j:17""J
X, s
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Find @ € RY to maximize the “separation”. Fisher discrimination! Define the
matrices B and W sized p X p while

B= an —2) (& —z)"

then it goes
J n J J
=3 ) @y - H)(Xy - X)) =) (n; - 1)S; = X]HX,
j=1i=1 j=1 j=1
The maximal separation by one-dimensional linear transformation. is achieved by
Y; = Xja for a € R” that maximizes
a” Ba
aT™Wa
By a theorem from linear algebra the a that maximizes.

8.2 Discriminant Analysis

Consider J distinct population and we have Pop 1, Pop 2, ..., Pop J with density
fi, ..., f7, respectively. The f; are densities on R”. Observe X =  drawn from one of
the population’s. But which one? The posterior probability of population j is

P(Pop jIX =2) = — fi(@)mfi(z) + - +m; fj(z)

A classification rule partition RY into R1, Ro, ..., R;so R; = {s: X =z is allocated to population j}.
All we have for allocation rule is the observed values. The rule defines what we would

allocate to which population.

Theorem 8.2.1. The Bayes’ Discriminant Rule Consider R; = {z : m;f;(z) >

mifi(z) for j # j} = {x : Pop jhashighestposteriorprobability}. Let C(i|j) to be

cost of allocating object to population i when in fact it is from population j. Assume

C(jl7) =0 and C(i|j) > 0 for i # j.

) =Y mfu(z)

ki
Allocate X = z to the population with the lowest expected cost. For j = z, this
simplifies.
Ry ={z: w2 fo(x)C(1/2) < m fi(x)C(2/1)}
Ry ={z: m f1(2)C(2/1) < m2 f2(F)C(1/2)}
fi(z)  mC(1/2) a1 mC(1/2)
=t @ 2 moemy) el 2 el oy )
Suppose population 1 ~ N, (u1,%) and population 2 ~ Ap(u2, ). The expected cost
minimizing rule. Ry = {z: (11 — p2)" S X} (1 — p2)' 7 (a — p2). If population
1 ~ Np(i,X) and population 2 ~ Np(p2,¥2), then Ry = {z : 12"(8;! — S7 Nz +
(1 + 35 ) X 1+
Remark 8.2.2. Midterm 2:
Ch 2-6 are background
Ch 7, 11, 16, 12, 14 (on Discriminant), and 13 (on Clustering)

Remark 8.2.3. Take home exam: soon
Last day of class: April 26th; the last day of the semester is the following Monday
Due: by the end of Tuesday, May 8th
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9 CLUSTER ANALYSIS

In Discriminant Analysis (Ch 14) we have sample data for j distinct populations.
Construct methods to allocate future observations to those populations. We know
how populations there are we know there prior probabilities we have data from each
population, have can estimate within group distributions. In clustering, it is difficult.
We just have data Xi,..., X, € R". This is

Xip

for i =1,...,n. We do not know anything about the within group distribution. We do
not know within group proportion of cases belonging to each group. The inputs required
for a clustering algorithm are: the dissimilarities between every pair of observations.
The inputs required for a clustering algorithm are X; and Xj.
Definition 9.0.1.

dij = d(Xs, X;)
fori,j=1,...,n.

Generally d is a distance which means
d(z,x) = 0,d(z,y) > 0,d(z,y) = d(y, z)

and we do not even know the number of groups but we still want to group the data.
Then
d(z,y) < d(z,z) +d(y, )

Different clustering algorithm use different distances. Euclidean distance is highly scale
dependent

where si a scale estimate for kth component.
Scaled Euclidean distance

p oo

d(z,y) = |k — Yl
k=1k=1

gives Manhattan distance city blocks. Then
zp: |2k —
=1 Ok
gives scaled Manhattan distance and

d(z,y) = max{|zx —ye| : k=1,...,p}

gives maximal distance.
Standardized maximal distance:

d(z,y) = max{'gczifk‘},k =1,...,p
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of course these are all special cases of Minkowski matrix. Then

d(z,y) = (ém —yk|)2

which can also be scaled »r = 1 Manhattan and r = 2 Euclidean while r — oo maximal.
The generalized distance or statistical distance is

d(z,y) = /(z—y)TS(z —y)

In most clustering problems, there does not exist a candidate for the S (scale) matrix.
The sample correlation matrix will not match within-group correlations.
Take

to adjust for scale only.

9.1 Hierarchical Clustering

Hierarchical Clustering and more specifically we call agglomerative linkage methods.

(1) Start with n clusters of one point each and n x n of distances;

(2) Merge the two closest two distances (most similar);

(3) Update the distance matrix; (a) Remove rows and columns corresponding to
the clusters that merged; (b) Add a new row or column for that new cluster from the
matrix.

(4) Repeat step (2) and (3) n — 1 times until there is only one cluster.

Methods will differ in how they accomplish Step 3b. How to calculate distance
between new (merged) cluster and all the other clusters? There are four methods
accordingly: (1) single linkage, (2) complete linkage, (3) average linkage, and (4) wards
method.

Two (not obviously) equivalent ways this can be expressed.

(1) Book. Let P, Q, and R be clusters. Suppose P and A are merged. Then

Dsp(P+ Q,R) =min{D(P,R),D(Q,R)}
and
Dcr(P+ Q,R) =min{D(P,R),D(Q, R)}

AL and wards method can also be expressed this way, not illuminating
(2) If A and B are two clusters, define D(A, B) in terms of the d;j, 1 € A, j € B.
Then
DSL(A, B) = min{dij S A7j S B}

DCL(A,B) = max{dij i€ A JE B}
1
Dar(A,B) = dij
wam = LSy,

i€Ai€EB

Note each of these linkage methods works with any of the distances matrix before.
Wards method uses a dissimilarity that is not technically a distance (violates triangle
inequality). Wards dissimilarity between two clusters is the increase in within-cluster
sum of squared distances from cluster means.
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Example 9.1.1. Let us solve the example in page 394 in text [I]. This gives us a
dendrogram with vertical position represents the distance between the merged clusters.

Step 1. 3 =5

Step 2. 4 — {3,5}

Step 3. 7 — 8.

Step 4. 6 — {7,8}

Step 5. 1 — 2

Step 6. {3,4,5} = {6,7,8}

Step 7. {1,2} — {3,4,5,6,7,8}

That is, for two clusters, they are

{1,2} and {3,4,5,6,7,8}
For three clusters, they are
{1,2},{3,4,5}, and , {6,7,8}
For 4 clusters, we have

{1},{2},{3,4,5},{6,7,8}
This is not discussed in text.

A popular nonhierarchical (partitioning), clustering algorithm is the k-means al-
gorithm (not in the book). Specify how many clusters you want in advance. And
an initial clustering (or more common rules for determining one). Inputs. The data
X1, ...,Xn € R? and an initial clustering of k clusters {A1, As, ..., Ay} with partition of
{1,2,...,n}. Let n; = # of objects in cluster A; and n1 + na2 + ...nx = n and then

S 1
X, =— X
n; Z !
JEA;
the centroid of cluster A;. The k-means algorithm iteratively adjusts the clustering to
minimize an objective function, commonly,

>k (X = X)T(X; — Xi), write it as *

i=1 jeA;

Given an initial clustering {A1, As, ..., Ak}, for ¢ = 1,2,....,n: move object z; to the
cluster for which * is minimized. (may result in staying put). Then repeat the above,
until you can cycle through with no objects being moved.

Remark 9.1.2. Discuss:

(1) The 2nd in-class exam is Thur, April 26. Room + seat assignments will be
communicated to you by coursework/email.

(2) Chapters 2-6: background only

(3) Chapters 7, 11, 16, 12, 13, 14: just read textbook

(4) Couple more handouts coming supporting Chapters 14 + 13. Handouts exist
to demo the computing, may be useful study tool.

(5) As last time, one sheet of original hand-written notes (both sides) and calculator.

(6) Take-home final will be assigned on the last day of class April 30, and due by
May 8th.

(7) Take-home final: it will essentially be a 7th assignment. You are expected to
work entirely on your own. Students who turn in similar answers will get a zero!

(8) Allowed materials: textbook, course handouts/lecture notes/solutions, R Help.
Sort of Allowed: any published work other than the H+S text. Any course material
from a course other than this one. You must cite these in your answer. Disallowed:
any person other than instructor. Any on-line searches.

(9) No class on Tuesday April 24. Study for the exam. I will be here. Have papers
to return and I'll take questions. OH.
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10 TEST PROBLEMS

10.1 Problem 1 - Hypothesis Testing

Example 10.1.1. Test Problem 1. Hypothesis testing. We want to test Ho : i = fio
with ¥ known. This is only of academic interest.

Example 10.1.2. Test Problem 2. We want to test Ho : i = jio. We know this
one. We want

T2 = (X — i0)"5 ™ (X — fio) ~ T(p,n — 1) = L2 1P

P
D Fon—p

and we have

(n—p) 72

(n—Dp

Thus, we reject at level « if and only if p—val < « which means that 72 > %Fl_a;pm_p.
Notice that 1 — « confidence region for fi is

p—wval =P(Fpn_p >

fo : {Ho : i = fio is accepted at level a}

~ = ~ — > ~ n—1
={i:n(i—p"S X -a< %Flfa;p,nfp}

Example 10.1.3. Test Problem 3. Test Hy : X = Y.

10.2 Problem 2 - Regression

Example 10.2.1. Test Problem 4. Let Y; ~ indepN (X7, 3,02) for i = 1, ..., n while
#; € R? are known and 8 € R? is unknown, and o2 is unknown. Often times we have
Zi1 = 1 for each i but not necessarily. Let Y = ()/1,4..7YH)T and X = (a?lT,...,a%g)T
with model to be

Y ~ N (XB,0°I0)
We want to test Ho : 3 = Bo. Assume X to be n x p with rank p. Then

vTy\-lyT, A2 _ 1 _ A 1 A 2
=X X)Xy, 6 —7n_p\|y XAl —f_p(y XB) (5 —XB)

while

B~ Nu(B,d*(XTX) ™)

1 = 1 = =
6"l XBIP = TG - XD (G- XB)

= (XTX)2(B - B) ~ No(D,0°T)

and this gives me ~

(BB X"X(B-B)~0o"x;
which implies
= (n— p)&2 ~ 02xi,p

are independent. Thus, this gives us our F-stat, which goes the following

(XTX)2(B = B) ~ N, (0, 0°1,)

B-B"X"X(B-5B)
po?

= ~ Fpn—p
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To test Ho : B = 507 we have

F-stat — (ﬂ - 50)T§;X(/8 — BO)’ [1]

so that we have p—val = P(F} ,—p, > F—stat). Thatis, {80 : Ho : f—fo is accepted at level o} =
{B : (B - B)TXTX(B - B) < p(ATQFl—a;p,n—p}-
More we can discuss: Hp : Reduced model or alternatively H, : full model by using

(SSr — SSr)/(dfr — dfr)

F-stat = SS; /dfr

under Ho we have Fusp, —afp dfy-
Alternatively, we can say reject Ho if p-val < « if and only if F-stat > Fi_a:p,n—p-
Reduced model is 8 = By, full model is 8 € RP. Then we have

SSp =|ly = XBII*,dfr =n—p
SSr = ly = XXol|*, dfr = n
A 1 — « confidence region for B is
{B:(B=B)"X"X(6~pB) <ps’F}

Recall general form for testing, then we have

_ _ 2
F-stat = p(Hy Xé“ - 1)
"My = X8I

Remark 10.2.2. Prove this is equivalent to

(B — Bo)? X" X (B — Bo)

F-stat = >
j2

Example 10.2.3. Test Problem 5. Hy: Aji = a with ¥ known.

Example 10.2.4. Test Problem 6. Hy : Afi = a where A is ¢ X p rank ¢. Consider
= 1
X ~ NP(M7 52)

(n—1)S, ~Wy(E,n—1)
and then we have ~ 1
AX ~ N, (Af, EAZAT)
(n—1)ASA" ~ W, (ASA" n—1)

Consider the general rule to construct independent r.v.

- Wo(S,df)] ™", -
W 00" [P 08 ~ 70
Then )
n(AX —a)T(ASAT) Y (AX —a) ~ T*(¢,n— 1) = %Fq,n,q
use this result to test Ho : Afi = a. The exercise is to derive the confidence region for
Afl.
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This is p-dimension X7, ..., X, ~ iidN, (i, 3). We want to test
Hy:Au=a

while A is ¢ xp rank g and we have X and S are the sample mean and covariance matrix.
We have AX ~ N,(Ap, LAY A"). Then we have (n — 1)ASA" ~ W (ASA",n —
1), which is independent of the above. Under null, Hy : Ay = a. Then n(AX —
a)T(ASA) ™Y (AX —a) = T% Then T?(¢,n — 1) = %Fq,n,q. Thus we have

(n

and we conclude that we reject Hp at level « if p — val < « if and only reject if
T2 > %Flfa;q,n*m

n—q 2
—wval =P Fy n— —T
pvat =P(Fopy > 12

Connected to above example, we have

Example 10.2.5. Let X;; be vocab score of student ¢ in grade 7 + j (same students)
for j =1,2,3,4. That is,

X! = (Xi1, Xiz, Xis, Xia), o = (p1, p2, f13, pa)

Then we have null
Ho:pr = po = p3 = pa

which is a special case of linear transformation. We can write
Ho:cu=0

where

also we can attempt

-1 1 0 0
C=1-1 0 1 0
-1 0 0 1
or
-1 0 0 1
C= 0 —1 0 1
0 0 -1 1
or
—1 1/3 1/3 1/3
c=1-1/3 -1/3 -1/3 1
0 -1 0 1
To test Ho := pu1 = p2 = -+ - = lp, it is as if we write Ho : cp = 0 where C'is (p—1) Xp

and C'1 = 0. Comment on notation letter C' chosen for contrast. Then
1 T
CX ~ Np_1(Cu, ﬁC’EC )

(n—1)CSCT ~ W,_1(C2CT ,n—1)

of which are independent. Under null Hy : cu = 0 we have
T =nXx"CcT(csc™y 'ox

n—1)(p—1
~T?(p—1,n—1)= %Fp—l,n—pﬁ-l
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We conclude that we reject null Ho if

n—p+1
(n—1)(p—-1)

Confidence interval: an individual 1 — « C.I. for a” p is

/1
GTX :l:tl_a/Q;n_l EO/TSG/
T 1
o' X £4/—-aTSa
n

while simultaneous 1 — o C.IL for all aTu and

a"X + \/(n_l)pFla;p,np\/ laTSCL *
n—p n

Essentially simultaneous confidence is gotten by making intervals wider by factor of

/P

Back to repeated measures.Simultaneous 1—a C.Ls for all a” Cp where C1, = 0,—1.

are
n—1 1 /1
a C:ci\/( n—)p}—i—l )Fl a;p—1,n—p+1 *CLTCSCT(I * *

We have simultaneous CIs for all a” C if and only if simultaneous confidence intervals
for all b7 satisfying ¢Tb = b if and only if simultaneous confidence intervals for all
b i satisfying bT1 = 0.

Compare x with *x. * is simultaneous for all linear combinations. ** is simultaneous
for all contrasts.

Example 10.2.6. Test Problem 7. Regression. Set up Y; ~ mdN(f(TB,az) for
i=1,...,n. Test hypothesis Ho : A = a where A is ¢ x p rank ¢.Then

2
T° > Tlfa,pflynfwrl

or

B~ Ny(B,0*(XTX)Y)

AB ~ Ny (AB, > A(XTX) ™!, AT)
independent of (n — p)6? ~ azxi,p. Thus, we just check F-stat

(45— &) TAKXTX) AT (45 - @)

F-stat = 72 ~Fyn—p
A similar form can be multiple linear regression,
Yi = Bo+ fixin + - - + BeTiq + €4
and we want to test Ho : 81 = --- = B4 = 0 with (8o arbitrary). Compute

Aq><p - A(p 1)xp = [0 I]

Example 10.2.7. Test Problem 8. Two sample problem. That is, comparing two
mean vectors. Consider

X11, ooey Xn1 ~ iidNp (fi1, 31)
X12, ..y Xn2 ~ iid N (fiz, 3X2)
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Then we have

- 1 .
nj
> (X -

i=1

1
V’Ljfl

S;

for j = 1,2.

Let us assume that >; = ¥2 = ¥ and estimate > by

1
= — -1 -1
P —5 (1 = 1)51 + (n2 — 1)52]

and independent of that we have (n1 +n2 —2)S, ~ Wp(Z, n1 + n2 — 2), independent.
The test statistics for Ho : ji1 — fi2 = 0 is
1

n2

— > = _ = 9
) (K= Ka) TS, (K= Ka) o T (poma 4ma—2) = AT T2 D0 p

T? = (
ni+ng—p-—1

ni

So the p-value for Ho : i1 = fiz is P(F > F-stat). Reject at level a if and only if

> (utna=Dpp gt A1

. . 2
p-value < « if and only if T P ——"

a confidence region i1 — fi2 is

{6 : accepted Ho : i1 — i = 6 at level a}
1

<{é: (& —iz—ci)T[(m

<

(n1 +n2 —

1 . - ~

+ 75’?] 1(X1 - X2 — 5}
n2

2)p F-stat

“ni+ne—p—1

Let us use T-stat
1 1
T% = (X1 — X2) ' [(— + — 5|71 (X1 — X2)
ni n9

ny + ng — 2)p
ni+nz—p+1
This example comes along with Test Problem 8. Now consider the samples of
repeated measures.

~T%(p,n1 +ny —2) = Fpnatng—pt1

Example 10.2.8. The different population of students. A test of Hy : p1 — p2 = 0.
Then we want to test “are profiles identical?”

Another example: a test of Ho : ¢(u1 — p2) = 0 where C1 = 0,_; is testing “are
the two profiles parallel?” Parallel in a plot of u; as j. Then we have

1= (L Ly - x)Temiese e - xa)
and we reject Ho if
—2)(p—1
T2 S (n1+ n2 )(p )Fl_a;p_l’nl+n2—p

niy+ng—p

Exam is next Thursday. We will skip Chapters 8-10. Chapter 11 next class.
Remark 10.2.9. First exam is Thur., March., 8th. Closed book, one sheet (both sides)
of notes. We have extra room. Some of you will be assigned seats in 428 Pupin. Exam
will cover:

Section 7.1,

Section 7.2, its application of material in 7.1

Inference about mean vectors, yes! Covariance matrices, no. Regression problem,
no.
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Multivariate normal density, 15

positive definite, 18
positive semi-definite, 5

sample covariance matrix, 8

Sample mean, 4

Sample mean vector, 4

Sampling distribution, 16

scale dependent, 31

Scaled Euclidean distance, 31
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spectral decomposition, 15

spectral decomposition of symmetric
matrix, 15

Standardized maximal distance, 31

univariate normal distribution, 14
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