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Abstract

This is the notes for STATS GR 5221 Time Series Analysis at Columbia
University. Course topics include but not limit to least squares smoothing
and prediction, linear systems, Fourier analysis, and spectral estimation,
impulse response and transfer function, fourier series, the fast Fourier
transform, autocorrelation function, and spectral density, univariate Box-
Jenkins modeling and forecasting.
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1 Introduction
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This chapter we introduce some basic ideas of time series analysis and
stoachastic processes. Of particular importance are the concepts of sta-
tionarity and the autocovariance and sample autocovariance functions.

1.1 Examples of Time Series
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A time series is a set of observations mtﬂh one being recorded at
a specific time ¢t. A discrete-time time series (the type to which this
book is primarily devoted) is one in which the set To of times at which
observations are made is a discrete set, as is the case, for example, when
observations are made at fixed time intervals. Continuous-time time series
are obtained when observations are recorded continuously over some time
interval, e.g., when Ty = [0, 1].

Ezample 1.1. Figure 1 shows the monthly sales (in kiloliters) of red wine
by Australian winemakers from January 1980 through October 1991. In
this case the set Ty consists of the 142 times {(Jan. 1980), (Feb. 1980),
.oy (Oct. 1991)}. In the present example this amounts to measuring time
in months with (Jan. 1980) as month 1. Then Tj is the set {1, 2, ...,
142}. it appears from the graph that the sales have an upward trend and
a seasonal pattern with a peak in July and a trough in January.

O

Figure 1: The Australian red wine sales, Jan. ‘80-Oct. ‘91.
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Example 1.2. Figure 2 shows the results of the all-star games by plotting
¢, where

Tt

{

1
-1

if the National League won in year t,
if the American League won in year t.



This is a series with only two possible values, +1. It also has some missing
values, since no game was played in 1945, and two games were scheduled
for each of the years 1959-1962.

O

Figure 2: Results of the all-star baseball games, 1933-1995.
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Ezample 1.3. The monthly accidental death figures show a strong seasonal
pattern, with the maximum for each year occuring in July and minimum
for each year occurring in February. The presence of a trend in the figure
below is less apparent than in the wine sales.

O

Figure 3: The monthly accidental deaths data, 1973-1978.

P

(thousands)

L L L 1 L 1 L
1973 1974 1975 1976 1977 1978 1979

Exzample 1.4. Figure 4 shows simulated values of the series X; = cos(%)—i—
Ny, t = 1,2,...,300, where {N:} is a sequence of independent normal



random variables, with mean 0 and variance 0.25. Such a series is often
referred to as signal plus noise, the signal being the smooth function, S; =
COS(%) in this case. Given only the data X;, how can we determine the
unknown signal component? There are many approaches to this general
problem under varying assumptions about the signal and the noise. One
simply approach is to smooth the data by expressing X; as a sum of sine
waves of various frequencies (see Section 4.2) and eliminating the high-
frequency components. If we do this to the values of {X;} shown in Figure
4 and retain only the lowest 3.5% of the frequency components, we obtain
the estimate of the signal also shown in Figure 1.4. The waveform of the
signal is quite close to that of the true signal in this case, although its
amplitude is somewhat smaller.

O

Figure 4: The series {X;} of Example 1.4.

Ezample 1.5. The population of the U.S.A., measured at ten-year inter-
vals, is shown in Figure 5. The graph suggests the possibility of fitting a
quadratic or exponential trend to the data. We shall explore in Section
1.3.

O



Figure 5: Population of the U.S.A. at ten-year intervals, 1790-1990.
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Ezxample 1.6. The annual numbers of strikes in the U.S.A. for the years
1951-1980 are shown in Figure 6. They appear to fluctuate erratically
about a slowly changing level.

O

Figure 6: Strikes in the U.S.A.; 1951-1980.
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1.2 Objectives of Time Series Analysis
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The examples considered in Section 1.1 are an extremely small sample
from the multitude of time series encountered in the fields of engineering,
science, socialogy, and economics. The purpose is to study techniques
for drawing inferences from such series. Before we do this, however, it is
necessary to set up a hypothetical probability model to represent the data.



After an appropriate family of models has been chosen, it is then possible
to estimate parameters, check for goodness of fit to the data, and possibly
to use the fitted model to enhance our understanding of the mechanism
generating the series. Once a satisfactory model has been developed, it
may be used in a variety of ways depending on the particular field of
application.

1.3 Some Simple Time Series Models
Go back to Table of Contents. Please click TOC

Definition 1.7. A time series model for the observed data {z:} is
specification of the joint distributions (or possibly only the means and
covariances) of a sequence of random variables {X;} of which {z} is
postulated to be a realization.

Remark 1.8. We shall frequently use the term time series to mean both
the data and the process of which it is a realization.

O

A complete probabilistic time series model for the sequence of random
variables {X1, Xo,...} would specify all of the joint distributions of
the random vectors (X1,...,Xn), n = 1,2, ..., or equivalently all of the
probabilities

PIXy <z1,.., Xn <zp], =00 < 1,y p <00, n=1,2, ...

We specify only the first- and second-order moments of the joint dis-
tributions, i.e. the expected values E(X:) and the expected products
E(X¢4nXt), t = 1,2,...,h = 0,1,2, ..., focusing on properties of the se-
quence {X;} that depend only on these. Such properties of {X;} are
referred to as second-order properties.

Figure 7 shows one of many possible realizations of {S¢, ¢ = 1, ...,200},
where {S:} is a sequence of random variables. In most practical problems
involving time series we see only one realization.

10



Figure 7: One realization of a simple random walk {S;, t = 0,1, 2, ...,200}.
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1.3.1 Some Zero-Mean Models
Go back to Table of Contents. Please click TOC

Ezample 1.9. The simplest model for a time series is one in which there is
no trend or seasonal component and in which the observations are simply
independent and identically distributed (iid) random variables with zero
mean. We refer to sucha sequence of random variables X1, X, ... as iid
noise. We can write, Vn € Z and z1,...,xn, € R,

P[Xi <z1,....Xn <zp] = PX1 <z1]... P[Xpn < xn] = F(z1) ... F(z0),

where F(-) is the cumulative distribution function of each of the iden-
ticallty distributed random variables Xi, X2,.... In this model, there is
no dependence between observations. In particular, for all A > 1 and all
Ty T1y .y Tmy

P[Xn+h S LE‘Xl = .’,1317..-,Xn - mn] = P[Xn+h S LL‘},

showing that knowledge of Xi,..., X, is of no value for predicting the
behavior of X,,yn. Given the values of Xi,..., X,, the function f that
minimizes the mean squared error E[(X,n — f(X1,..., X»))?] is in fact
identically zero. Although this means that iid noise is a rather uninter-
esting process for forecasters, it plays an important role as a building
block.

O

Ezample 1.10. Consider the sequence of iid random variables {X;,t =
1,2,...,} with
P[Xt:]‘] =D P[Xt :71] :17p7

where p = % The time series obtained by tossing a penny repeatedly
and scoring +1 for each head and -1 for each tail is usually modeled as
a realization of this process. A priori we might well consider the same

process as a model for baseball games in previous example.

11
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Ezample 1.11. The random walk {S:,¢ = 0,1,2,...} (starting at zero) is
obtained by cumulatively summing (or “integrating”) iid random vari-
ables. Thus a random walk with zero mean is obtained by defining Sy = 0
and

St :Xl -i—)(g-i—-’-)(,g7 fO’I“t: 1,2,4..7

where {X:} is iid noise. If {X:} is a binary process (just like the one
aboe), then {S;,t =0,1,2,..., } is called a simple symmetric random
walk. This walk can be viewed as the location of a pedestrian who starts
at position zero at time zero and at each integer time tosses a fair coin,
stepping one unit to the right each time a head appears and one unit to
the left for each tail. A realization of length 200 of a simple symmetric
random is shown in Figure 3. Notice that the outcomes of the coin tosses
can be recovered from {S;,t = 0,1, ...} by differencing. Thus the result of
the tth toss can be found from S; — S;—1 = X;.

g

1.3.2 Models with Trend and Seasonality
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In examples of Section 1.1 there is a clear trend in the data. An increasing
trend is apparent in both the Australian red wine sales (Figure 1) and the
population of the U.S.A. (Figure 5). In both cases a zero-mean model
for the data is clearly inappropriate. The graph of the population data,
which contains no apparent periodic component, suggests trying a model
of the form X; = m: 4+ Y;, where m; is a slowly changing function known
as the trend component and Y; has zero mean. A useful technique for
estimating m; is the method of least squares.

In the least squares procedure we attempt to fit a parametric family
of functions, e.g.,

my = ag + a1t + a2t2,
to the data {z1,...,z»} by choosing the parameters, in this illustration
n

ao, a1, and a2, to minimize Y (x¢ — mt)z. This method of curve fitting is
i=1

called least squares regression.

Many time series are influenced by seasonally varying factors such as
the weather, the effect of which can be modeled by a periodic component
with fixed known period. For example, the accidental deaths series (figure
3) shows a repeating annual pattern with peaks in July and troughs in
February, strongly suggesting a seasonal factor with period 12. In order
to represent such a seasonal effect, allowing for noise but assuming no
trend, we can use the simple model, X: = s¢ + Y;, where s; is a periodic
function of ¢ with period d(s¢—q¢ = s¢). A convenient choice for s; is a sum
of harmonics (or sine waves) given by

k
st = ao + Z(aj cos(Ajt) + bj sin(A;t)),

j=1

12



where ao, a1, ..., ax and by, ..., b are unknown parameters and A1, ..., Ag
are fixed frequencies, each being some integer multiple of 27 /d. For a sine
wave with period d, set fi = n/d, where n is the number of observations
from beginning of the series to make it so.) The other k — 1 Fourier
indices should be positive integer multiples of the first, corresponding
to harmonics of the fundamental sine wave with period d. Thus to fit
a single since wave with period 365 to 365 daily observations we would
choose £ = 1 and fi = 1. To fit a linear combination of sine waves with
periods 365/, j = 1, ...,4, we would choose k =4 and f; =j,j =1,...,4.
Once k and fi, ..., fr have been specified, we run least squares regression
to obtain the required regression coefficients.

Ezample 1.12. A graph of the level in feet of Lake Huron (reduced by
570) in the years 1875-1972 is displayed in Figure 9. Since the lake level
appears to decline at a roughly linear rate. A form of model can be

Xe=ao+ait+Ye, t=1,...,98

Figure 8: One realization of a simple random walk {S;, t = 0,1, 2, ...,200}.
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The least squares estimates of the parameter values are
ao = 10.202 and a; = —0.0242.

(The resulting least squares line, do + ait, is also displayed in Figure 9.)
The estimates of the noise, Y;, are the residuals obtained by subtracting
the least squares line from z: and are plotted in Figure 10. There are
two interesting features of the graph of the residuals. The first is the
absence of any discernible trend. The second is the smoothness of the
graph. Smoothness of the graph of a time series is generally indicative of
the existence of some form of dependence among the observations.

13



Figure 9: One realization of a simple random walk {S;, t = 0,1, 2, ...,200}.
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Figure 10: One realization of a simple random walk {S;, t =0, 1,2, ..., 200}.
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Such dependence can be used to advantage in forecasting future values
of the series. If we were to assume the validity of the fitted model with
iid residuals {Y;}, then the minimum mean squared error predictor of the
next residual (Ygg) would be zero. However, Figure 10 strongly suggests
that Yg9 would be positive.

|

1.3.3 A General Approach to Time Series Modeling
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We have seen, from above, general approaches to time series analysis that

14



will form the basis for much of what is done in this document. Here we
outline the approach to provide the reader with an overview of the way
in which the various ideas of this chapter fit together.

e Plot the series and examine the main features of the graph, checking
in particular whether there is
(a) a trend,

(b) a seasonal component,
(c) any apparent sharp changes in behavior,
(d) any outlying observations.

e Remove the trend and seasonal components to get stationary resid-
uals (as defined in section 1.4). To do this, it may sometimes be
necessary to apply a preliminary transformation to the data. For ex-
ample, if the magnitude of the fluctuations appears to grow roughly
linearly with the level of the series, then the transformed series
{In X1, ...,In X, } will have fluctuations of more constant magnitude.

e Choose a model to fit the residuals, making use of various sample
statistics including the sample autocorrelation function to be defined
in section 1.4.

e Forecasting will be achieved by forecasting the residuals and then
inverting the transformations described above to arrive at forecasts
of the original series {X;}.

e An extremely useful alternative approach touched on only briefly in
this book is to express the series in terms of its Fourier components,
which are sinusoidal waves of different frequencies.

1.4 Stationary Models and the Autocorrelation
Function

Go back to Table of Contents. Please click TOC

Definition 1.13. Let {X:} be a time series with E(X?) < co. The mean
function of {X;} is
px(t) = E(X0).

The covariance function of {X;} is
Vx(r;8) = Cov(Xy, Xs) = B[(X; — px (r))(Xs — px ()]

for all integers r and s.
Definition 1.14. {X,} is (weakly) stationary if

(i) px(¢) is independent of ¢, and

(ii) vx (t + h, t) is independent of ¢ for each h.
Remark 1.15. Strict stationarity of a time series {X,;,t = 0,+1,...} is
defined by the condition that Xi,..., X,) and (Xi4h, ..., Xn+nr) have the
same joint distributions for all integers h and n > 0. It is easy to check that
if {X,} is strictly stationary and E(X?) < oo for all ¢, then {X,} is also
weakly stationary. Whenever we use the term stationary we shall mean
weakly stationary as in Definition 1.14, unless we specifically indicate
otherwise.

15
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Remark 1.16. In view of condition (ii), whenever we use the term co-
variance function with reference to a stationary time series {X:} we shall
mean the function vx of one variable, defined by

vx (h) = yx (h,0) = yx (t + I, 1).
The function vx (-) will be referred to as the autocovariance function and
vx (h) as its value at lag h.
a
Definition 1.17. Let {X;} be a stationary time series. The autoco-
variance function (ACVF) of {X,} at lag h is
vx (h) = Cov(Xiqn, Xt).
The autocorrelation function (ACF) of {X;} at lag h is
_ x(h)
7x(0)
In the folloiwng examples we shall frequently use the easily verified

linearity property of covariances, that if E(X?) < oo, E(Y?) < oo,
IE(Z2) < oo and a, b, and c are any real constants, then

Cov(aX +bY +¢,Z) = aCov(X, Z) + bCouv(Y, Z).
Ezample 1.18. Tf {X.;} is iid noise and E(X?) = 02 < oo, then the first
requirement of Definition 1.14 is obviously satisfied, since E(X¢) = 0 for
all t. By the assumed independence,

2 .
_ o, if h=0,
’Yx(t-i-h,t)—{ 0, ifh£0,
which does not depend on t. Hence iid noise with finite second moment
is stationary. We shall use the notation {X:} ~ IID(0,0?) to indicate

that the random variables X; are independent and identically distributed
random variables, each with mean 0 and variance o2.

px(h) = COT(Xt+h,Xt).

O

Ezample 1.19. If {X,} is a sequence of uncorrelated random variables,
each with zero mean and variance o2, then clearly {X,} is stationary with
the same covariance function as the iid noise in Example 1.17. Such a
sequence is referred to as white noise (with mean 0 and variance o?).
This is indicated by the notation {X:} ~ WN(0,02%). Clearly, every
1ID(0,0?) sequence is WN(0,0%) but not conversely.

O

Ezample 1.20. If {S;} is the random walk defined in Example 1.11 with
{X:} as in Example 1.18, then E(X:) = 0, E(S?) = to? < oo for all t,
and, for h > 0,

vs(tn,t) = Cov(Sttn, St)
= Cov(St+ Xeg1 + -+ + Xetn, St)
CO’U(St,St)

= toZ.

Since 7ys(t + h,t) depends on ¢, the series {S;} is not stationary.

16
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Ezample 1.21 (Moving Average or MA(1)). . Consider the series defined
by the equation

Xt - Zt + 9215717 t - 07 :l:l, eey
where {Z;} ~ WN(0,6%) and 6 is a real-valued constant. From the
equation above, we see that E(X;) = 0, E(X?) = ¢*(1 + 6?) < o0, and

(1 +6%), if h=0,
7x(t+h,t)—{ a0, if h=+1,
0, if |h] > 1.

Thus the requirements of Definition 1.14 are satisfied, and {X;} is sta-
tionary. The autocorrelation function of {X:} is

1, if h=0,
px(h) = { 9/(1+6%), if h==1,
0, if |h| > 1.

O

Remark 1.22. For the above example, notice that E(X:) = 0, thus we
have
Var(X4+t) = Var(Z:+0Z:—1
= 0'2 + 02Zt271
o2 + 6252
(14 6%)0?

Moreover, we have

COU(Xt+1, Xt) = COU(ZtJrl + 0Zt7 Zt + Qthl)
= 0+0+600°+0
= 0o?

Thus, we can calculate ACF, i.e.

1; h=0
2
p(h) (l_féﬁ; h=+1
0; |h] > 1

1, if h=0,
px(h) = { 0/(1+6%), if h==1,
0, if |h| > 1.

O

Ezample 1.23 (Autoregression or AR(1).). Assume now that {X;} is a
stationary series satisfying the equations

Xy = ¢Xoo1+ Zy, t=0,%1, ...,

where {Z;} ~ WN(0,0?), |$| < 1, and Z; is uncorrelated with X for each
s < t. (We show in Section 2.2 that there is exactly one such solution.)
By taking expectations on each side of equation above and using the fact
that E(Z;) = 0, we see that E(X;) = 0.

17



To find the autocorrelation function of {X;} we multiply each side by
Xi—n (h > 0) and then take expectations to get

vx(h) = Cov(X, Xi—n)
= Cov(¢pXi—1,X¢—pn) + Cov(Zs, Xt—1n)
= dyx(h=1)+0="--=¢"yx(0).
Observing that (h) = v(—h) and using Definition 1.16, we find that
x(h) _ sl
h) = =¢"" h=0,%1,...
=20

It follows from the linearity of the covariance function in each of its argu-
ments and the fact that Z; is uncorrelated with X;_1 that

vx(0) = Cov(Xy, Xi) = Cov(¢Xi—1 + Zi, $Xi—1 + Z1) = ¢*yx (0) + 07

and hence that vx (0) = ¢%/(1 — ¢?).
(]

Remark 1.24. For the above example, we consider X; to be a combination
of X:_1 and Z;. Then we apply the same method for X:_;. In doing so,
we have the following,

Xy = ¢Xe 1+ 2

= ¢(¢Xi—2+ Zi—1) + Z¢

= ¢2Xt—2 + ¢Zi—1 + Zy

= ¢ (pXi—2+ Zi—2) + ¢0Zs—1 + 7y
X3+ Zio+ 0Z1+ Zu

k—1
= " Xiwt+ X2

j=0
Thus, we can conclude
k=1
lim X, = O Xik+ Y ¢ 2 < oo
=0

if |¢| < 1. This is the reason why the assumption |¢| < 1 is essential for
theis argument to hold.

Taking a step further, we notice that v(h) = Cov(X¢4n, Xt) = E((Xt_‘_h—
w) (Xt — 1)) gives us estimates for ACVF, i.e., sample ACVF,

n—h

30) = 13 (X = X)(Xc = X).
Moreover, we have
sy — 3B)

~4(0)

which gives us estimates for ACF, i.e., sample ACF.
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1.4.1 The Sample Autocorrelation Function

Go back to Table of Contents. Please click TOC

In practice, we start with observed data {x1,x2,...,xn}. To assess the
degree of dependence in the data and to select a model for the data that
reflects this, one of the important tools we use is the sample autocor-
relation function (sample ACF) of the data. If we beleive that the
data are realized values of a stationary time series { X}, then the sample
ACF will provide us with an estimate of the ACF of {X,}. This estimate
may suggest which of the many possible stationary time series models is
a suitable candidate.

Definition 1.25. Let zi,...,z, be observations of a time series. The
sample mean of z1,...,x, is

The sample autocovariance function is

n—|h|
4(h) :=n"" Z (Tegin) — &) (e — T), —n < h < n.

t=1
The sample autocorrelation function is

p(h) = ﬁ;gg)), —n < h <n.

Ezxample 1.26. Figure 11 shows 200 simulated values of normall distributed
iid (0,1), denoted by IID N(0,1), noise. Figure 12 shows the corresponding
sample autocorrelation function at lags 0, 1, ..., 40. Since p(h) = 0 for
h > 0, one would also expect the corresponding sample autocorrelations
to be near 0. It can be shown, in fact, that for iid noise with finite vari-
ance, the sample auto correlations p(h), h > 0, are approximately IID
N(0,1/n) for n large. Hence, approximately 95% of the sample autocorre-
lations should fall between the bounds £1.96/+/n (since 1.96 is the 0.975
quantile of the standard normal distribution).

g
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Figure 11: 200 simulated values of iid N(0,1) noise.

Ni Mﬁi EWDMMJEM i
I

Figure 12: The sample autocorrelation function for the data of the figure above
showing the bounds £1.96/+/n .

o

ACF
04 086 0.8
T T

0.2
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Remark 1.27. Note that 4(h) is approximately the sample covariance func-
tion of (z1,Z141), -, (Xn_n, Xn). The covariance matrix I',, = [§(i — j)],
for 4,j = 1,...,n is non-negative definite (positive definite). If data are
observations from IID noise, then we have p(h) ~ N(0,1/n) and are in-
dependent for all k > 1. For IID noise, |5(h)| < 1.96n™"° with probability
0.95.

Let us consider the following matrix data set, as an example, the
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sample covariance matrix takes the form

rov(0) A1) ~(2) y(n — 1)
1) 4(0) A1) ... A(n-—2)
v2) 1) 40) ... ~y(n-3)

y(n —2) (1)

Ly(n — 1) 7(0)

while 4, jth -matrix = Cov(X;, X;) = v(i — j). In this case, X1, ..., Xn ~
WN(0,6%) =T = ¢*I,. Then A, x,, is a positive definite if

ail ai12 N QA1n b
1
a21 a2 e a2n
b2

0<bAb=(by,...by)- | %31

an1l N Ann
In this case, we have
X1
0<bAb = Var® | X2 |)
X,
= b (Cov(X)b
b'Th

O

1.5 Estimation and Elimination of Trend and Sea-
sonal Components

Go back to Table of Contents. Please click TOC

The first step is to plot the data. If there are any apparent discontinuities
in the series, it may be advisable to analyze the series by first breaking
it into homogeneous segments. If there are outlying observations, they
should be studied carefully. inspection of a graph may also suggest the
possibility of representing the data as a realization of the process (the
classical decomposition model)

X =mi+ s+ Y,

where m; is a slowly changing function known as a trend component, s;
is a function with known period d referrred to as a seasonal component,
and Y; is a random noise component that is stationary in the sense of
Definition 1.3. If the seasonal and noise fluctuations appear to increase
with the level of the process, then a preliminary transformation of the
data is often used.

Our aim is to estimate and extract the deterministic components m.
and s; in the hope that the residual or noise component Y; will turn out

21



to be a stationary time series. We can use the theory of such processes
to find a satisfactory probabilistic model for the process Y;, to analyze its
properties, and to use it in conjunction with m; and s; for purposes of
prediction and simulation of {X;}.

Another approach, developed by Box and Jenkins (1976) [6], is to apply
differencing operators repeatedly to the series {X:} until the differenced
observations resemble a realization of some stationary time series {W;}.
We can then use the theory of stationary processes for the modeling,
analysis, and prediction of {W;} and hence of the original process.

1.5.1 A General Approach to Time Series Modeling
Go back to Table of Contents. Please click TOC

Definition 1.28. Nonseasonal Model with Trend:
Xt :mt+l/t, t= 1,...771
where E(Y;) = 0.

(If E(Yz) # 0, then we can replace m: and y: in above equation with
my + E(Y;) and Y; — E(Y}), respectively.)

Method 1: Trend Estimation

Moving average and spectral smoothing are essentially nonparametric
methods for trend (or signal) estimation and not for model building. Spe-
cial smoothing fitlers can also be designed to remove periodic components
as described under Method S1 below. The choice of smoothing fitler re-
quires a certain amoount of subjective judgment, and it is recommended
that a variety of filters be tried in order to get a good idea of the underly-
ing trend. Exponential smoothing, since it is based on a moving average
of past values only, is often used for forecasting, the smoothed value at
the present time being used as the forecast of the next value.

To construct a model for the data (with no seasonality) there are two
general approaches. One is to fit a polynomial trend (by least squares),
then to subtract the fitted trend from the data and to find an appropriate
stationary time series model for the residuals. The other is to eliminate
the trend by differencing as described in Method 2 and then to find an
appropriate stationary model for the differenced series. The latter method
has the advantage that it usually requires the estimation of fewer param-
eters and does not rest on the assumption of a trend that remains fixed
throughout the observation period.

(a) Smoothing with a finite moving average filter. Let ¢ be a nonneg-
ative integer and consider the two-sided moving average

Wi = (2¢+1) th j

i=-q
of the process {X:} defined by Nonseasonal Model. Then for ¢+ 1 <t <
n-—gq,

Wt:(2q+1*12Xt i+ (2041 ZYt j A,

Jj=—q Jj=—q
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assuming that m; is approximately linear over the interval [t — ¢,t + ¢]
and that the average of the error terms over this interval is close to zero.
The moving average thus provides us with the estimates

q
me=2¢+1)7" Y q+1<t<n—g

Jj=-—q

Since X is not observed for ¢t < 0 or ¢ > n, we cannot use the above
equation for t < gort >mn—q.

It is useful to think of {/m.} in the above equation as a process ob-
tained from {X;} by application of a linear operator or linear fitler 7h; =

S a;Xi—; with weights a; = (2¢ + 1), —¢ < j < ¢q. This particular

j=—o00
fitler is a low-pass filter in the sense that it takes the data {X;} and
removes from it the rapidly fluctuating (or high frequency) component
{Y:} to leave the slowly varying estimated trend term {r}.

The particular filter is only one of many that could be used for smooth-

q

ing. For large g, provided that (2¢ +1)"' 3 Y;_; =~ 0, it not only will

j=—q
attenuate noise but at the same time will allow linear trend functions

m¢ = co + c1t to pass without distortion. However, we must beware of
choosing ¢ to be too large, since if m; is not linear, the filtered process,
although smooth, will not be a good estimate of m;. Be clever choise
of the weights {a;} it is possible to design a fitler that will not only be
effective in attenuating noise in the data, but that will also allow a larger
class of trend functions to pass through without distortion. The Spencer
15-point moving average is a filter that passes polynomials of degree 3
without distortion. Its weights are

a; = 0, |.]‘ >,
with
aj =a—j, |j| <7,

and
_ b

T 320
Applied to the process with m: = co + c1t + cot? + 03t3, it gives

7 7 7 7
Y @ Xej =Y aymut+ > @Y~ Y aymey =my,

j=—17 j=—7 j=—7 j=—7

ao, a1, ..., a7 [74,67,46,21,3, -5, —6, —3).

where the last step depends on the assumed form of mg.
(b) Ezponential smoothing. For any fixed a € [0,1], the one-sided
moving averages my, t = 1,...,n, defined by the recursions

me=aXe+ (1 —a)m—1, t=2,...,n

and
m1 = X1

can be computed by specifying the value of a.
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(¢) Smoothing by elimination of high-frequency components. We are
allowed to smooth an arbitrary series by elimination of the high-frequency
components of its Fourier series expansion.

(d) Polynomial fitting. We showed how a trend of the form m; =
ao + a1t + azt?® can be fitted to the data {x1,...,2,} by choosing the pa-

rameters ao, a1, and a2 to minmize the sum of squares, > (z; —mt)Q. The

=1
method of least squares estimation can also be used to estimate higher-
order polynomial trends in the same way.

Method 2: Trend Elimination by Differencing

Instead of attempting to remove the noise by smoothing as in Method
1, we now attempt to eliminate the trend term by differencing. We define
the lag-1 difference operator Vv by

VX =X: — X1 =(1—- B)Xy,
where B is the backward shift operator,
BX: = Xi-1,

Powers of the operators B and V are defined in the obvious way, i.e.,
BI(X:) = X¢—j and V7 (X;) = V(V'7H(Xy)), § > 1, with v°(X,) = X,.
Polynomials in B and V are manipulated in precisely the same way as
polynomial functions of real variables. For example,

v2X,

v(V(X:) = (1-B)(1-B)X; = (1-2B+ B)X,
= X —2Xi 1+ Xi—2

If the operator V is applied to a linear trend function m: = co+cit, then we

obtain the constant function Vm; = m¢—mqy—1 = co+cit—(co+er(t—1)) =

c1. In the same way any polynomial trend of degree k can be reduced to a

constant by application of the operator v*. For example, if X; = m, +Y,
k

where m; = 3 c;t/ and Y; is stationary with mean zero, application of
j=0
vF gives
vE X, = klep + VY,

a stationary process with mean klci. These considerations suggest the
possibility, given any sequence {x:} of data, of applying the operator Vv
repeatedly until we find a sequence {kat} that can plausibly be modeled
as a realization of a stationary process. It is often found in practice that
the order k of differencing required is quite small, frequently one or two.
(This relies on the fact many functions can be well approximated, on an
interval of finite length, by a polynomial of reasonably low degree.)

1.5.2 Estimation and Elimination of Both Trend and Sea-
sonality

Go back to Table of Contents. Please click TOC

24



Definition 1.29. Classical Decomposition Model
Xt = My +St +Y;, t= 1,...,7’1,,

d
where E(Y;) =0, s¢4q4 = 8¢, and D> s; = 0.
=1

Method S1: Estimation of Trend and seasonal Components

Suppose we have {1, ...,z }. The trend is first estimated by applying
a moving average fitler specially chosen to eliminate the seasonal compo-
nent and to dampen the noise. If the period d is even, say d = 2q, then
we use

my = (0.5{Et7q + Xt—gr1 + 0+ Tipg-1 + 0.5Xt+q)/d, qg<t <n-— q.

If the period is odd, say d = 2¢+1, then we use the simple moving average.

The second step is to estimate the seasonal component. For each k =
1,...,d, we compute the average wy, of the deviations {(Zx+ja—Mk+5d),q <
k+ jd < n—q}. Since these average deviations do not necessarily sum to
zero, we estimate the seasonal component sy as

d
. 1
Sk = Wk — a;wi, k= 1, ...,d,

and §; = ~§k7d, k> d.
The deseasonalized data is then defined to be the original series with
the estimated seasonal component removed, i.e.,

dt = Tt — St, t= 1,...,1’L.

Finally we reestimate the trend from the deseasonalized data {d:} us-
ing one of the methods already described. We can fit a least squares
polynomial trend 7 to the deseasonalized series. in terms of this reesti-
mated trend and the estimated seasonal component, the estimated noise
series is then given by

}/tQ = Tt —’fht —§t, t= 1,...,1’L.
Method S2: Elimination of Trend and Seasonal Components by Dif-
ferencing par The technique of differencing that we applied earlier to

nonseasonal data can be adapted to deal with seasonality of period d by
intorducing the lag-d differencing operator V4 defined by

VaXe = Xi — Xi—a=(1—- BH)X;.

(This operator should not be confused with the operator v¢ = (1 — B)?
defined earlier.)
Applying the operator V4 to the model

X =ms + s: + Y,
where {s:} has period d, we obtain
VaXe =my —my—a+ Yy — Yig,

which gives a decomposition of the difference V4.X¢ into a trend component
(m¢ — my—q) and a noise term (Y; — Y;—q). The trend, m; — ms—q, can
then be eliminated using the methods already described, inparticular by
applying a power of the operator V.
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1.6 Testing the Estimated Noise Sequence

Go back to Table of Contents. Please click TOC

The next step is to model the estimated noise sequence (i.e., the residuals
obtained either by differencing the data or by estimating and subtracting
the trend and seasonal components). In this section we examine some
simple tests for checking the hypothesis that the residuals from Section
1.5 are observed values of independent and identically distributed random
variables.

(a)

The sample autocorrelation function. For large m, the sample au-
tocorrelations of an iid sequence Yi,...,Y; with finite variance are
approximately iid with distribution N(0,1/n). Hence, if y1,...,yn is
a realization of such an iid sequence, about 95% of the sample auto-
correlations should fall between the bounds £1.96//n. If we com-
pute the sample autocorrelations up to lag 40 and find that more
than two or three values fall outside the bounds, or that one value
falls far outside the bounds, we therefore reject the iid hypothesis.
The bounds +1.96/+/n are automatically plotted when the sample
autocorrelation function is computed.

The portmanteau test. Instead of checking to see whether sample
autocorrelation p(7) falls inside the bounds defined in (a) above, it
is also possible to consider the single statistic

h
Q=mn) p*(j)-
j=1
If Y1,...,Y, is a finite-variance iid sequence, then by the same result
used in (a), Q is approximately distributed as the sum of squares of
the independent N(0,1) random variables, \/np(j), j = 1,..., h, i.e.,
as chi-squared with h degrees of freedom. A large value of Q) suggests
that the sample autocorrelations of the data are too large for the
data to be a sample from an iid sequence. We therefore reject the
iid hypothesis at level o if Q@ > x3_,(h), where x3_.(h) is the 1 —
quantile of the chi-squared distribution with h degrees of freedom.
Some programs conducts a refinement of this test, formulated by
Ljung and Box (1978), in which @ is replaced by

h
Que =n(n+2)Y i)/ (n—j),
j=1

whose distribution is better approximated by the chi-squared distri-
bution with h degrees of freedom.
Another portmanteau test, formulated by Mcleod and Li (83) [24],
can be used as a further test for the iid hypothesis, since if the data
are iid, then the squared data are also iid. It is based on the same
statistic used for Ljung-Box test, except that the sample autocor-
relations of the data are replaced by the sample autocorrelations of
the squared data, pww (k)/(n — k).

Qmr =n(n+ 2)2:/3WW(’€)/(” — k).

k=1
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The hypothesis of iid data is then rejected at level « if the observed
value of Qarr is larger than the 1 — o quantile of the x*(h) distri-
bution.

The turning point test. If y1, ..., y, is a sequence of observations, we
say that there is a turning point at time ¢, 1 < 7 < n, if y;—1 < y; and
yi > yit1 of if y;—1 > y; and y; < yiq1. If T is the number of turning
points of an iid sequence of length n, then, since the probability of
a turning point at time i is %, the expected value of T' is

ur = E(T) = %(n _9).

It can also be shown for an iid sequence that the variance of T' is
o = Var(T) = (16n — 29)/90.

A large value of T'— pr indicates that the series is fluctuating more
rapidly than expected for an iid sequence. On the other hand, a value
of T'— pr much smaller than zero indicates a positive correlation
between neighboring observations. For an iid sequence with n large,
it can be shown that

T ~ N(pr,o%).

This means we can carry out a test of the iid hypothesis, rejecting
it at level o if |T' — pus|/or > ®1_qo /2, where ®1_, /o quantile of the
standard normal distribution. (A commonly used value of « is 0.05,
for which the corresponding value of ®1_, /5 is 1.96.)

The difference-sign test. For this test we count the number S of
values of 7 such that y; > yi—1, ¢ = 2,...,n, or equivalently the
number of times the differenced series y; — y;—1 is positive. For an
iid sequence it is clear that

1

ps =E(S) = 5(n—1).

It can also be shown, under the same assumption, that
o =Var(S) = (n+1)/12,

and that for large n,
S &~ N(ps,0%).

A large positive (or negative) value of S — pg indicates the presence
of an increasing (or decreasing) trend in the data. we therefore reject
the assumption of no trend in the data if |S — ps|/os > ®1_q 2.

The rank test. The rank test is particularly useful for detecting a
linear trend in the data. Define P to be the number of pairs (i, j)
such that y; > y; and 57 > ¢, ¢ = 1,...,n — 1. There is a total of
(g) = %n(n — 1) pairs (4,) such that j > 4. For an iid sequence
{Yi,...,Yn}, each event {Y; > Y;} has probability 3, and the mean
of P is therefore

1
wp = Zn(n —1).
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It can also be shown for an iid sequence that the variance of P is
op =n(n—1)(2n+5)/72

and that for large n,
P~ N(up,0p)

see Kendall and Stuart, 1976). A large positive (negative) value of
P — pp indicates the presence of an icnreasing (decreasing) trend in
the data. The assumption that {y;} is a sample from an iid sequence
is therefore rejected at level o = 0.05 if |P — pp|/op > ®1_4/2 =
1.96.

(f) Fitting an autoregressive model. A further test that can be carried
out is to fit an autoregressive model to the data using the Yule-
Walker algorithm (discussed in Section 5.1.1) and choosing the order
which minimizes the AICC statistic (see Section 5.5). A selected
order equal to zero suggests that the data is white noise.

(g) Checking for normality. If the noise process if Gaussian, i.e., if all of
its joint distributions are normal, then stronger conclusions can be
drawn when a model is fitted to the data.

Let Y1) < Y(2) < --- < Y(,) be the order statistics of a random
sample Y1, ..., Y, from the distribution N(p, o?). If Xy < X <
-+ < X(p are the order statistics from a N(0,1) sample of size n,
then

E(Y()) = p+omy,
where m; = E(X(;)),j=1,...,n.
The graph of the points (m1, Y(1)), ..., (Mn, Y(n)) is called a Gaussian
qq plot. If the normal assumption is correct, the Gaussian qq plot
should be approximately linear. Consequently, the squared correla-
tion of the points (ms,Y(;)), ¢ = 1,...,n, should be near 1. The as-
sumption of normality is therefore rejected if the squared correlation
R? is sufficiently small. If we approximate m; by ®~*((i — 0.5)/n),
then R? reduces to

(X (Yo = Y)o ! (5529))?

R2— i

Yy —Y)?

i=1 2

livgh

I

(2-1(1202))2

NgE

1

where Y = n™! (Y1+---+4Y,). Percentage points for the distribution
of R?, assuming normality of the sample values, are given by Shapiro
and Francia (1972) [33] for sample sizes n < 100. For n = 200,
P(R? < 0.987) = 0.05 and P(R? < 0.989) = 0.10.

2 Stationary Processes

Go back to Table of Contents. Please click TOC A key role in time series
analysis is played by processes whose properties, or some of them, do not
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vary with time. If we wish to make predictions, then clearly we must
assume that something does not vary with time.

2.1 Basic Properties

Go back to Table of Contents. Please click TOC
We introduced the concept of stationarity and defined the autocovariance
function (ACVF) of a stationary time series {X,} as

v(h) = Cov(Xitn, X¢), h=0,+1,£2, ...

The autocorrelation function (ACF) of {X;} was defined similarly as the
function p(-) whose value at lag h is

_ )
(h) = 7(0)

The ACVF and ACF provide a useful measure of the degree of dependence
among the values of a time series at different times and for this resason
play an important role when we consider the prediction of future values
of the series in terms of the past and present values.

Suppose that {X,} is a stationary Gaussian time series and that we
have observed X,,. We would like to find the function of X,, that gives us
the best predictor of X,,+n, the value of the series after another h time
units have elapsed. We must first define “best”. A natural and compu-
tationally convenient definition is to specify our required predictor to be
the function of X, with minimum mean squared error. The conditional
distribution of X, 45 given that X,, = xy, is

N(p+ p(h)(wn — ), 0(1 = p(h)?)),

where p and o are the mean and variance of {X;}. The value of the
constant ¢ that minimizes E(X, 1, — ¢)® is ¢ = E(X,,41) and that the
function m of X,, that minimizes E(X,+s — m(X,))? is the conditional
mean

m(Xn) = E(Xnin|Xn) = p+ p(h)(Xn — ).

The corresponding mean squared error is
E(Xn4n —m(Xn))* = 0®(1 = p(h)*).

This calculation shows that at least for stationary Gaussian time series,
prediction of X,y in terms of X,, is more accurate as |p(h)| becomes
closer to 1, and in the limit as p — =£1 the best predictor approaches
u £ (Xn — p) and the corresponding mean squared error approaches 0.

In the preceding calculation the assumption of joint normality of X, 4
and X, played a crucial role. For time series with nonnormal joint dis-
tributions the corresponding calculations are in general much more com-
plicated. However, if instead of looking for the best function of X, for
predicting X,,+5, we look for the best linear predictor, i.e., the best
predictor of the form ¢(X,) = aX, + b, then our problem becomes that
of finding a and b to minimize E(X,4n — aX, — b)>2. An elementary
calculation shows that the best predictor of this form is

UXn) =p+p(h)(Xn — p)
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with corresponding mean squared error
E(Xnin — £X0))* = 0*(1 = p(h)?).
Proposition 2.1. Basic Properties of v(-):
7(0) =0,
[v(h)| < ~(0) for all h,

and ~(-) is even, i.e.,
~v(h) = ~v(=h) for all h.

Definition 2.2. A real-valued function x defined on the integers is non-
negative definite if

> akli — j)a; >0

i,j=1
for all positive integers n and vectors a = (a1, ..., a,)" with real-valued
components a;.

Theorem 2.3. A real-valued function defined on the integers is the au-
tocovariance function of a stationary time series if and only if it is even
and nonnegative definite.

Proof: Let a be any n x 1 vector with real components ai, ..., a, and
let X,, = (Xn,..., X1)". Then

Var(a'X,) =aT,a= Z a;y(t —j)a; >0,

i,j=1

where I'y, is the covariance matrix of the ranom vector X,. The last
inequality, however, is precisely the statement that ~(-) is nonnegative
definite. The converse result, that there exists a stationary time series
with autocovariance function « if x is even, real-valued, and nonnegative
definite, is more difficult to establish. A slightly stronger statement can be
made, namely, that under the specified conditions there exists a stationary
Gaussian time series {X;} with mean 0 and autocovariance function (-).

Q.ED.

Remark 2.4. An autocorrelation function p(-) has all the properties of an
autocovariance function and satisfies the additional condition p(0) = 1.
In particular, we can say that p(-) is the autocorrelation function of a
stationary process if and only if p(-) is an ACVF with p(0) = 1.

O
Remark 2.5. To verify that a given function is nonnegative definite it
is often simpler to find a stationary process that has the given function
as its ACVF than to verify the conditions dirrectly. For example, the
function k(h) = cos(wh) is nonnegative definite, since it is the ACVF of
the stationary process

Xt = Acos(wt) + Bsin(wt),

where A and B are uncorrelated random variables, both with mean 0 and
variance 1.
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Definition 2.6. {X,} is a strictly stationary time series if
(X1, Xn) 2 (Xigy ooy Xngn)

for all integers h and n > 1. (Here £ is used to indicate that the two
random vectors have the same joint distribution function.)

Proposition 2.7. Properties of a Strictly Stationary Time Sereis
{X:}:

(a) The random variables X; are identically distributed.

(b) (Xe, Xewn) 2 (X1, X14n) for all integers t and h.
(c¢) {X:} is weakly stationary if E(X?) < oo for all t.
(d) Weak stationarity does not imply strict stationarity.
(e) An iid sequence is strictly stationary.

Proof: Properties (a) and (b) follow at once from Definition 2.6.
If E(X}?) < oo, then by (a) and (b) E(X:) is independent of ¢ and
Cov(X¢, Xi4n) = Cov(X1, X14n), which is also independent of ¢, prov-
ing (c). For (d), it is in problem 1.8 of textbook [9]. If {X;} is an iid se-
quence of random variables with common distribution function F', then the
joint distribution function of (Xi4#,..., Xntr)' evaluated at (z1,...,z5)
is F(x1)...F(zyn), which is independent of h.

Q.E.D.

One of the simplest ways to constrct a time series { X;} that is strictly
stationary (and hence stationary if E(X7) < oco) is to “filter” an iid se-
quence of random variables. Let {Z;} be an iid sequence, which by (e) is
strictly stationary, and define

X = g(Zt7 Zt—l, ceey Zt—q)

for some real-valued function g(-,...,-). Then {X:} is strictly stationary,

since (Zupn, oo Zoan—g) = (Zt, ..., Zi_q)' for all integers h. It follows also
from the defining equation above that {X:} is ¢-dependent, i.e., that
X, and X; are independent whenver |t — s| > ¢. (An iid sequence if 0-
dependent.) In the same way, abopting a second-order viewpoint, we say
that a stationary time series is g-correlated if v(h) = 0 whever |h| > q.
A white noise sequence is then 0-correlated, while the MA(1) process is
1-correlated. The moving-average process of order ¢ defined below is g-
correlated, and perhaps surprisingly, the converse is also true.

Proposition 2.8. The MA(q) Process:
{X:} is a moving-average process of order q if

Xe=Zy +00Zi1+ -+ 0q7—g,

where {Z;} ~ WN(0,0%) and 61, ...,0, are constants.

Proposition 2.9. If {X:} is a stationary q-correlated time series with
mean 0, then it can be represented as the MA(q) process in Proposition
2.8.
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2.2 Linear Processes
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Definition 2.10. The time series {X;} is a linear process if it has the

representation
oo
> iZie,

Jj=—00
for all t, where {Z;} ~ WN(0,0?) and {¢;} is a sequence of constants
with > |¢;] < o0.

Jj=—0o0
In terms of the backward shfit operator B, the above equation can be
written more compactly as

Xt = ¢(B)Zta

> .
where ¥(B) = > ;B’. A linear process is called a moving average

j=—0o0

or MA (00) lfwj =0forall <0, ie., if
Xe =) $iZij.
7=0

o0
Remark 2.11. The condition »_ |¥;| < co ensures that the infinite sum
j=—o0

in the definition converges (with probability one), since E(|Z:|) < o and

e’}

E(XD) < 3 (05 [E(Zes])) < ( $ wn)a < .

j=—co0 j=—o0

It also ensures that 3. 97 < co and hence that the series in definition
Jj=—o0
converges in mean square, i.e., that X; is the mean square limit of the

partial sums Z ©;Zs—;. The condition E [1j] < oo also ensures con-
j=—n j=—n

vergence in both senses of the more general series in definition considered

in Proposition below.

O
Proposition 2.12. Let {Y:} be a stationary time series with mean 0 and

o0
covariance function yy. If > || < oo, then the time series
Jj=—00

> WY =¢(B)Y:

j=—o0

is stationary with mean 0 and autocovariance function

oo ¢S]

()= D D ey (h+k—j).

j=—ock=—o00
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In the special case where {X:} is a linear process,
oo
yx(h) = Y tithyeno’.
Jj=—o0

Proof: With o replaced by /7y (0), it shows that the series in the
first equation in the Proposition 2.12 is convergent. Since E(Y;) = 0, we

have
E(X:) :E( Z ijz—j) = Z P E(Yi—j) =0

j=—00 Jj=—00

and

E(XepnXe) = E[( io: ¢th+hfj) (k:ij:wwky’f*’“)]

Jj=—00

= i kio: VioRE(Yern—;Yik)
ok e

= io: kio: Vieyy (h—j+ k),
j=—ook=—o00

which shows that {X;} is stationary with covariance function vx (h). (The
interchange of summation and expectation operations in the above calcu-
lations can be justified by the absolute summability of ¢;.) Finally, if {Y;}
is the white noise sequence {Z;} in Definition 2.10, then vy (h—j+k) = o2
if k = j — h and 0 otherwise, from which the final equation in Proposition
2.12 follows.

Q.E.D.

Remark 2.13. The absolute convergence of X; in Proposition 2.12 im-
plies that filters of the form a(B) = Y. a;B’ and 8(B) = Y. B;B°

j=—o0 j=—o0
with absolutely summable coefficients can be applied successfively to a
stationary series {Y;} to generate a new stationary series

Wi= Y Yy,
j=—00
where - -
= Y Bk =Y Braj-k.
k=—o0 k=—oc0

These relations can be expressed in the equivalent form
Wi = 9(B)Y:,
where
¥(B) = a(B)B(B) = B(B)a(B),
and the products are defined by ; or equivalently by multiplying the

series > ;B and > B;B? term by term and collecting powers of
j=—o0 j=—o0

B. It is clear from the equations above the order of application of the

filters a(B) and B(B) is immaterial.

O
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2.3 Introduction to ARMA Processes
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Definition 2.14. The time series {X;} is an ARMA(1,1) process if it
is stationary and satisfies (for every t)

Xe —¢Xi1 =Z¢ + 0241,

where {Z;} ~ WN(0,0?) and ¢ + 0 # 0.

Using the backward shift operator B, the above equation can be writ-
ten more concisely as
P(B)X: = 0(B)Z,

where ¢(B) and 6(B) are the linear filters
#(B) =1— ¢B and 6(B) = 1 + 6B,

respectively.
We investigate the range of values of ¢ and 6 for which a stationary
solution of definition exists. If |¢| < 1, let x(z) denote the power series
o0

Jj=
efficients. Then from (B) = a(B)B(B) = 8(B)a(B) we conclude that
x(B)¢(B) = 1. Applying x(B) to each side of ¢(B)X: = 6(B)Z; therefore

gives

expansion of 1/¢9z), i.e., ¢’ 27, which has absolutely summable co-
=0

X¢ = x(B)0(B)Z: = ¢(B)Zt,

where .
W(B) =Y ;B = (1+¢B+¢*B>+...)(1 +6B).
j=0
By multiplying out the right-hand side or using ¥; = . awxfBj—x =
k=—oc0

> Braj_k, we find that

k=—o0
Yo =1and ¢; = (¢+6)¢’ " for j > 1.

We conclude that the MA (co) proceess

oo

Xe=Ze4 (0 +0)) ¢ Ziy

=1

is the unique stationary solution of the definition.

Now suppose that ||phi| > 1. We first represent 1/¢9z) as a series of
powers of z with absolutely summable coefficients by expanding in powers
of 271, giving
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Then we can apply the same argument as in the case where |¢p| < 1 to
obtain the unique stationary solution of the definition. We let x(B) =
—S"¢ 7B and apply x(B) to each side of ¢(B)X; = §(B)Z; to obtain
j=1
0 .
Xi=x(B)0(B)Z: = —0¢ ' Zi — (0+ )Y ¢ ' Zuy;.
=1
If ¢ = £1, there is no stationary solution of definition. Consequently,
there is no such thing as an ARMA(1,1) process with ¢ = +1 according
to definition.
We can now summarize our finds about the existence and nature of
the stationary solutions of the ARMA(1,1) recursions as follows.

e A stationary solution of the ARMA(1,1) equations exists if and only
if ¢ # +£1.
e If |¢| < 1, then the unique stationary solution is given by X; =
o0

Zi+ (0 +0)>.¢" 71 Z,_;. In this case we say that {X;} is causal or

j=1
a causal function of {Z:}, since X; can be expressed in terms of the
current and past values Zs, s < t.
e If || > 1, then the unique stationary solution is given by X;. The
solution is noncausal, since X; is then a function of Zs, s > t.
Just as causality means that X: is expressible in terms of Zs, s > ¢,
the dual concept of invertibility means that Z: is expressible in terms
of X,, s < t. We show now that the ARMA(1,1) process defined by
definition is invertible if |#] < 1. To demonstrate this, let £(z) denote the

power series expansion of 1/6(z), i.e., 3 (—0)727, which has absolutely
j=0

summable coeffients. From (B) it therefore follows that £(B)0(B) = 1,

and applying £(B) to each side of ¢(B)X; gives

Zy = §(B)¢(B) Xy = m(B)X¢,

where
m(B) = iﬂij =(1-0B+(-0)’B*+...)(1 - ¢B).

By multiplying out the right-hand side or using v;, we find that

oo

Zi=Xi—(6+0)) (-0 "X

j=1

Thus the ARMA(1,1) process is invertible, since Z; can be expressed
in terms of the present and past values of the process X, s < t. An
argument like the one used to show noncausality when |¢| > 1 shows that
eh ARMA(1,1) process is noninvertible when |0| > 1, since then

oo

Zi=—¢0" X+ (0+ ) (=0)7 " Xuuy.

j=1

We summarize these results as follows:
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o If |#| < 1, then the ARMA(1,1) process is invertible, and Z; is
expressed in terms X, s < t, by Z;.

e If |#| > 1, then the ARMA(1,1) process is noninvertible, and Z; is
expressed in terms of X, s > t.

2.4 Properties of the Sample Mean and Autocor-
relation Function

Go back to Table of Contents. Please click TOC

A stationary process {X;} is characterized, at least from a second-order
point of view, by its mean p and its autocovariance function v(-). The
estimation of u, v(-), and the autocorrelation function p(-) = ~(-)/v(0)
from observations X1, ..., X,, therefore plays a crucial role in problems of
inference and in particular in the problem of constructing an appropriate
model for the data. In this examine some of the properties of the sample
estimates Z and p(-) of u and p(-), respectively.

2.4.1 Estimation of p

Go back to Table of Contents. Please click TOC
The moment estimator of the mean p of a stationary process is the sample
mean

T=n"' X1+ Xo+ o+ Xp).

It is an unbiased estimator of u, since
E(Zn) =n (E(X1) + - + E(Xn)) = p

The mean squared error of X, is

E(X, —p)? = VaT(;ZX'ng
niQZ; glcOU(Xi7Xj)
= 07 S (-li- G- )
= nflhzi_ (1 — %)’y(h)

Now if v(h) — 0 as h — oo, the right-hand side of the result above con-

verges to zero, so that X, converges in mean square to . If > |y(h)| <

h=—o0

00, then the result gives lim nVar(X,) = . ~(h).
n—oo |h|<oo

Proposition 2.15. If {X:} is a stationary time series with mean p and
autocovariance function (-), then as n — oo,

Var(X,) =E(X, —p) = 0if y(n) =0,

RE(X, —p)* = S A if S (k)] < oo,

|h|<oco h=—oc0
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To make inferences about j using the sample mean X, it is necessary
to know the distribution or an approximation to the distribution of X,.
If the time series is Gaussian, then

nA (X — p) ~ N(O, > (1 - |h|>7(h)>.
|h|<n "

It is easy to construct exact confidence bounds for u using this result if
~(-) is known, and approximate confidence bounds if it is necessary to
estimate v(-) from the observations.

2.4.2 Estimation of v(-) and p(-)

Go back to Table of Contents. Please click TOC
Recall that the sample autocovariance and autocorrelation functions are
defined by

n—|h|
F(h) = nt Z (Xt+\h| - Xn)(Xt — Xn)
and R
sy — 3

Both the estimators 4(h) and p(h) are biased even if the factor n™! is
replaced by (n — h)™'. Nevertheless, under general assumptions they
are nearly unbiased for large sample sizes. The sample ACVF has the
desirable property that for each £ > 1 the k-dimensional sample covariance
matrix

500 A Ak —1)

A A1) A(0) Ak —2)

Ly = : : :
Ak—1) A(—2) ...  %(0)

is nonnegative definite. To see this, first note that if I is nonnegative
definite, then I'; is nonnegative definite for all £ < m. So assume k > n
and write

Iy =n"'TT,
where T is the k x 2k matrix
0o ... 0 0 Y1 Yo ... Yu
o ... 0 YT Y2 ... Y. O
T —
0 Y1 Y ... Y 0 0

Yi=X,—X,,i=1,..,n,and ¥; =0 for i = n+1,...,k. Then for any
real k X 1 vector a we have

a'yra=n""(a'T)(T'a) >0,

and consequently the sample autocovariance matrix 45 and sample auto-
correlation matrix

Ry, =T%/7(0)
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are nonnegative definite. Sometimes the factor n™' is replaced by (n —
h)~! in the definition of 4(h), but the resulting covariance and correlation
matrices I, and R, may not then by nonnegative definite.

Without further information beyond the observed data X1, ..., X,,, it is
impossible to give reasonable estimates of v(h) and p(h) for h > n. Even
for h slightly smaller than n, the estimates §(h) and p(h) are unreliable,
since there are so few pairs (X¢yh, X¢) available (only one if h =n — 1).

The sample ACF plays an important role in the selection of suitable
models for the data. We have seen examples how the sample ACF can
be used to test for iid noise. For systematic inference concerning p(h),
we need the sampling distribution of the estimator p(h). Although the
distribution of p(h) is intractable for samples from even the simplest time
series models, it can usually be well approximated by a normal distribution
for large sample sizes. For linear models and in particular for ARMA
models pr = (p(1), ..., p(k))" is approximately distributed for large n as
N(pr,n ‘W), i.e.,

p~ N(p,n W),

where p = (p(1),..., p(k))’, and W is the covariance matrix whose (,7)
element is given by Bartlett’s formula

wy = f) {p(k +i)p(k + j) + p(k — i)p(k + §) + 2p(3)p(5) p° (k)

k=—o00

—2p(@)p(k)p(k + ) = 2p(7)p(K)p(k + i)}

Simple algebra shows that

wij = kZ {p(k + i) + p(k — 1) — 2p(i)p(k)}
-1
x{p(k+5) + p(k — §) — 2p(j)p(k)},
which is a more convenient form of w;; for computational purposes.

Ezample 2.16. If {X,} ~ IID(0,0?), then p(h) = 0 for |h| > 0, so from
w;; (Bartlett’s formula) we obtain

wij:{l if i =17,

0 if otherwise.

For large n, therefore, p(1),...,p(h) are approximately independent and
identically distributed normal random variables with mean 0 and variance
n~!. This result is the basis for the test that data are generated from iid
noise using the sample ACF.

O
Ezample 2.17. 1f {X,} is the MA(1) process of Example 1.12 (page 13),
ie., if
Xt - Zt + OZt717 t - 0, :l:l, eey
where {Z:} ~ WN(0,0?), then from Bartlett’s formula,

w4 12302 4307 (1),  ifi=1,
T 14 20%(1), ifi>1,
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is the approximate variance of n~'/?(5(i) — p(i)) for large n. In Figure 13
we have plotted the sample autocorrelation function p(k), k = 0, ..., 40,
for 200 observations from the MA (1) model

Xt = Zt - O.Sthl,

where {Z,;} is a sequence of iid N(0,1) random variables. Here p(1) =
—0.8/1.64 = —0.4878 p(h) = 0 for h > 1. The lag-one sample ACF
is found to be p(1) = —0.4333 = —6.128n /2, which would cause us
(in the absence of our prior knowledge of {X:}) to reject the hypothesis
that the data are a sample from an iid noise sequence. The fact that
|p(h)] < 1.96n"Y2 for h = 2,...,40 strongly suggests that the data are
from a model in which observations are uncorrelated past lag 1. In figure
13, we have plotted the bounds +1.96n~'/%(1 4 2p*(1))"/?, indicating the
compatibility of the data with othe model, X; = Z; — 0.8Z;_1. Since,
however, p(1) is not normally known in advance, the autocorrelations
p(2), ..., p(40) would in practice have been compared with the more strin-
gent bounds +1.96n~ /2 or with the bounds +1.96n""/2(1 + 25(1))'/?
in order to check the hypothesiss that the data are generated by moving-
average process of order 1. Finally, it is worth noting that the lag-one cor-
relation -0.4878 is well inside the 95% confidence bounds for p(1) given by
p(1)£1.96n"Y2(1 - 342 (1) +4p*(1))/? = —0.4333+0.1053. This further
supports the compatibility of the data with the model X; = Z;, —0.8Z;_1.

Figure 13: The sample autocorrelation function of n = 200 observations of the
MA (1) process, showing the bounds £1.96n~'/2(1 + 252(1))'/2.
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Ezample 2.18. For the AR(1) process,

X = ¢Xo—1 + Zt,

39



where {Z;} is iid noise and |¢| < 1, we have, from Bartlett’s formula with

p(h) = o™,

Wii _ i¢21(¢—k _ ¢k)2 + ioz ¢2k(¢—i _ ¢1)2
k=1 k=it1

= (1-¢*)(1+¢M)1-¢")7" 200",

i =1,2,.... In Figure 14 we have plotted the sample ACF of the Lake
Huron residuals yi, ..., yos together with 95% confidence bounds for p(i),
i =1,...,40, assuming that data are generated from the AR(1) model

Y, =0.791Y;—1 + Z,

The confidence bounds are computed from =+ 1.96n‘1/2wi1i/2, where w;; is

given with ¢ = —.791. The model ACF, p(i) = (0.791)", is also plotted in
figure below. Notice that the model ACF lies just outside the confidence
bounds at lags 2-6. This suggests some incompatibility of the data with
the model above. A much better fit to the residuals is provided by the
second-order autoregressing, Y: = ¢1Y:—1 + ¢2Yi—2 + Z; (see text page 23

[9]-

Figure 14: The sample autocorrelation function of the Lake Huron residuals
showing the bounds p(i) £ 1.96n~/2w/? and the model ACF p(i) = (0.791)".
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2.5 Forecasting Stationary Time Series

Go back to Table of Contents. Please click TOC

Now consider the problem of predicting the values Xnin, h > 0, of a
stationary time series with known mean p and autocovariance function
~ in terms of the values {X,,..., X1}, up to time n. Our goal is to
find the linear combination of 1, X,, X,_1,..., X1, that forecasts X, i+n
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with minimum mean squared error. The best linear predictor in terms of
1, Xy, ..., X1 will be denoted by P, X, +n and clearly has the form

Pan+h =ao+ a1 Xn+ -+ anXi.

It remains only to determine the coefficients ao, a1, ..., an, by finding the
values that minimize

S(ao, .,.,an) = E(Xn+h — ap — aan — s — anX1)2.

Since S is a quadratic function ag, ..., a, and is bounded below by zero,
it is clear that there is at least one value of (ao, ..., an) that minimizes S
and that the minimum (ao, ..., a,) satisfies the equations

85(@0, ceey an)

on =0,5=0,..,n

Evaluation of the derivatives in equation above gives the equivalent equa-
tions

E |:Xn+h —ap — Zaixn-ﬂ—i] =0,

=1
E[(Xn+h — ap — Zaan+1,¢)Xn+1,j] = 0, ] = 1, ceey N
=1

These equations can be written more neatly in vector notation as

ag = p(l — iai)
i=1

and
T = a(h),
where
an = (a1,...,an)", T'n = [y(i — D=1,
and
Yu(h) = (y(h),y(h +1),..;v(h+n —1))".
Hence,

n
P Xnin=p+ Zai (Xnt1—i — ),
i=1
where a,, satisfies I',a,,. From P, X,,+n the expected value of the predic-
tion error X, 4+n — PpXn4n is zero, and the mean square prediction error
is therefore

ar(h+i—1)+ 3 S ani— jay

1 i=1j=1
= 7(0) —ap7a(h),
= ~(0)—a,lya,

M=

E(Xnn — Pan+h)2 = ’Y(O) -2

(G
Il

Remark 2.19. To show that equations E {X,Hrh —ao— Y. a;iXnt1-i| =0,

i=1

and E | (Xnqn —ao — ZaanH,i)XnH,]} =0, j =1,...,n. determine
i=1
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P, X, +n uniquely, let {a§-1)7j =0,..,n} and {a§-2),j =0,...,n} be two
solutions and let Z be the difference between the corresponding predictors,
ie.,

Z=ag” —ag” + 3 (af" —af) Xns1-j.
j=1

Then N
7= 7)o 3l o X))
j=1

But from the two expected values above we have E(Z) = 0 and E(ZX41—;) =
0 for j =1,...,n. Consequently, E(Z?) = 0 and hence Z = 0.

d
Proposition 2.20. Properties of P, Xn+n:

(1) PoXnin = p+ >, ai(Xnt1—i — p), where a, = (a1, ...,a,)" satisfies
i=1
I'ha,.

(2) E(Xntn—PuXnin)? = v(0) =@y n(h), where v, (h) = (y(h), ..., y(h+
n—1))".
(3) E(Xpn+n — PnXpntn) =0.
(4) ElXnin = PaXnsn)X;] = 0,5 = 1,0,
Remark 2.21. Notice that properties 3 and 4 are exactly equivalent to
E l:XrH»h_aO_ Zaan+1—i:| =0andE |:(Xn+h_a0_ Zaan+1—i)Xn+1—j:| =
i=1 i=1
0, j = 1,...,n. They can be written more succinctly in the form E[(Error)x
(Predictor Variable)] = 0, which uniquely determine P, X, 5.

O

Ezxample 2.22. Consider now the stationary time series defined by
Xe=¢Xe—1+ Z¢, t=0,%1, ...,

where || < 1 and {Z;} ~ WN(0,0?). The best linear predictor of X, +1
in terms of {1, X,,,..., X1} is (for n > 1)

/
Pan+1 = aan,

where X,, = (X, ..., X1)" and

1 ¢ o . "] [wm &
1) 1 o ... "2 |a B @?
d)n.—l ¢n.—2 ¢n.—3 . : . 1 a‘n d;n

A solution of the above equation is
a, = (¢,0,...,0),
and hence the best linear predictor of X,41 in terms of {X1,..., Xn} is

Pan+1 = a’lan = ¢Xn7
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with mean squared error

E(Xoi1 = PaXnin)’ =7(0) = anin() = 1705 -

Prediction of Second-Order Random Variables

Suppose that Y and W, ..., W; are any random variables with finite
second moments and that the means p = E(Y), u; = E(W;) and co-
variances Cov(Y,Y), Cov(Y,W;), and Cov(W;, W;) are all known. It is
convenient to introduce the random vector W = (W,, ..., W1)’, the corre-
sponding vector of means pw = (fin, ..., 41)’, the vector of covariances

v = Cov(Y,W) = (Cov(Y, W,), Cov(Y, Wn_1), ..., Cou(Y, Wy))’,
and the covariance matrix
I'= Cov(W, W) = [Cov(Wni1—i, Wnt1-5)]i =1

Then by the same arguments used in the calculation of P, X, 15, the best
linear predictor of Y in terms of {1, W,,.., W, } is found to be

P(YIW) = iy +a(W — ),
where a = (a1, ..., a,)" is any solution of
Ta=n+.
The mean squared error of the predictor is
E[(Y — P(Y|W))?] = Var(Y) — a'~.
Ezxample 2.23. Consider again the stationary series by
Xe=0¢Xe 1+ 2y, t=0,%£1,...,

where |¢| < 1 and {Z;} ~ WN(0,0?). Suppose that we observe the series
at times 1 and 3 and wish to use these observations to find the linear
combination of 1, X;, and X3 that estimates X2 wth minimum mean
squared error. The solution to this problem can be obtained directly from
PY|W) = py + a(W — uw), and 'a = 5. by setting ¥ = X, and
W = (X1, X3)’". This gives the equations

-1

with solution

The best estimator of X5 is thus

PXIW) = - f¢2 (X1 + Xa),
with mean squared error
2 po? 2
g / — 52 g
E[(X; — P(X2[W))’]= —— —a [1 4 } =
_ Po 2
1—¢ 2% 1+ ¢



O

Proposition 2.24. Properties of the Prediction Operator P(-|W):
Suppose that E(U?) < oo, E(V?) < oo, T' = cov(W, W), and 8, a1, ...,
an are constants.

(1) P(U|W)=EU) + a'(W—E(W)), where I'a = cov(U, W).
(2) E[(U — P(U/W))W| =0 and E[U — P(U|W)] = 0.

(3) EB[(U — P(UIW))?] = var(U) — a'cov(U, W).

(1) P(arU + asV + B|W) = ar P(U| W) + asP(V| W) + B.

(
(Zj:laiwi +0lW) = Zj:lain' + 5.

(6) P(UW)=E(QU) if cov(U, W) = 0.
(7) P(UW)=P(PU|W, V)|W) if Vis a random vector such that the
components of E(VV') are all finite.

(5) P

2.5.1 The Durbin-Levinson Algorithm
Go back to Table of Contents. Please click TOC

Algorithm 2.25. The Durbin-Levinson Algorithm:
The coefficients ¢ni, ..., Pnn can be computed recursively from the equa-
tions

n—1
¢nn = |:'Y(n) - qun—l,j'Y(n - j):| vgil’
j=1

Pn1 Prn—-1,1 Prn—1,n—1
=l e
Grn—1 Grn—1,n—1 Prn—1,1
and
Un = Vn_1[1 — dinn),
where ¢11 = v(1)/~v(0) and vo = v(0).

Proof: The definition of ¢11 ensures that the equation

Rn¢n = Pn
(where p, = (p(1),...,p(n))’) is satisfied for n = 1. The first step in
¢n1
the proof is to show that ¢,, defined recursively by ¢, and ,
d)n,nfl

satisfies Ry ¢n = pn for n = k. Then, partitioning Rx+1 and defining

) = (p(k), pk = 1), ... p(1))

and

1= (s Sty S11)',
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we see that the recursions imply

R (r) _ (r)
Rep1¢pt1 = ko Pr ] {‘ﬁk D1,k +19y, ]

P Ph+1,k+1

(r

_ Pk — ¢k+1,k+1pg) +/ ¢k+1,k+1p1(:)
P 1 — braria1py) O 4 Pttt

= Pk+1,

as required. Here we have used the fact that if Rx¢r = pk, then quﬁ,(:) =

p,(cr). This is easily checked by writing out the component equations in
reverse order. Since R, ¢, is satisfied for n = 1, it follows by induction
that the coefficient vectors ¢,, defined recursively by

n—1
Prn = {v(n) =Y 170 —j)} vati,
Jj=1
and
(,bnl ¢n—1,1 (,bn—l,n—l
A N
(bn,nfl ¢n71,n71 (ZSnfl,l

to satisfy R, ¢, = pn for all n.
It remains only to establish that the mean squared errors

v:=E(Xn+1-¢,X,)*

satisfy vo = v(0) and v, = vp—1[l — #2,]. The fact that vo = (0) is an
immediate consequence of the definition PoX; := E(X;1) = 0. Since we
have shown that ¢,,X,, is the best linear predictor of X, 1, we can writ,e

Un = ’Y(O) - (b;’fyn = 7(0) - ¢;1—1’Yn71 + ¢nn¢7(:7)/1’7n71 = ¢nny(n).

Applying

E(Xnth = PaXnsn)? = ~4(0) - 221%7(h +i-1)+ lelaﬁ(" —J)a;
= o
= 7(0) —anyn(h),
= ~(0) —a,lya,

again gives us

Un = Up—1+ ¢nn ((z)slrllvn—l - 7(”)) y

and hence, by
n—1
o= ) = Sbemnirn =it
j=1

there is

Un = Un—-1 — qsftn(’)/(o) - ¢;717n_1) = 'Un_l(l - ¢3LTL)
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Q.E.D.

Proof (Here is an alternative approach): Consider the Hilbert
space H = {X : E(X?) < oo} with inner product < X,Y >= E(XY)
with norm ||X||> =< X, X >. By the definition of X, 1, we can view
Xnt1 is in the linear space of H spanned by {Xn, ..., X1}, denoted by
p{Xn,... X1} ={Y : Y = a1 X, + -+ + an X1 where as,...,an € R}.
Since X1 — P(X1|Xn, ..., X2) is orthogonal to X,, ..., Xa; i.e.,

< X1 —P(X1|Xn, .y X2), Xp.=0, k=2,...,m.

We have
sp{Xn, ..., X2, X1} = @{Xn,..‘,Xg,Xl—ﬁ(X1|)£n,...,X2)}

= Sp{Xn, ..., X2} +35p{X1 — P(X1|Xn, ..., X2)}.
Thus

X1 =P(Xni1|Xn, .o, Xo) + a{X1 — P(X1|X,, ..., X2)},

where o
< Xpg1, X1 = P(Xq| Xn, .0, X2) >

a = —
[|X1 — P(X1]|Xn, ..., X2)||?

By stationary, we have

n—1
P(X1| X, o0 X2) = D 1,5 X541
j=1

n—1
P(Xpi1|Xn, o0y X2) = > n1,5Xnt1-;
j=1

A~ P J—
Then from X1, (X1]|Xn, ..., X2), and P(Xpn41|Xn, ..., X2) we have

n—1

Xni1=aX) + Z(anfl,j — aPn—1,n—j) Xn+1—j,

j=1

where from equation a and P(X1|Xn, ..., X2), there is

n—1
a = ( < Xn+1,X1 > — .Zl¢n71’j < Xn+17Xj+1 > )’U;il
j=

{rx(n)— n;lqﬁnfl,ﬂX(n — i) vly.

When vx(h) — 0 as h — oo guarantees that the representation

Xn-!—l = Z¢ann+1—j

j=1
is unique. Therefore we deduce

¢nn:a

46



¢nj = ¢n—1,j — a¢n—1,n—jy ] = 1, ey — 1.

vn = [ X1 = X
= || Xn41 — P(Xnt1]Xns oy X2) — a{ X1 — P(X1| X, ..., X2) }|?
= || Xnt1 = P(Xn41| X, ooy X2)| |2 + @2|| X1 — P(X1| X, oy X2) )P
—2a < Xn+1 7@(Xn+1|Xn, ...,X2)7X1 7@(X1|Xn, ...,Xz) >

= wpo1+a® < Xy, X1 — P(X1] X0, ..., X2) >
Thus, we conclude

2 2 2
Up = Un—1+ @ Up—1 —2a"Vp—1 = Vn-1(1 —a”).

Q.E.D.
Example 2.26. Consider the following:
¢o =0, ¢oo = 0;
$1=0n,  éu=2g;
_ d)nfl - ()bnnﬁbnfl _ 7(”)7¢;1_1'.‘}n71
¢= ( S b = G e
THis algorithm computes ¢1, ¢2, @3, ..., where
Xy = X161, X5 = (Xo, X1)¢2, X§ = (X3, X2, X1)6s, ...
O

Remark 2.27. Durbin-Levinson, as famous as it is, is the evolution of
mean square error. One can consider the following

PTTLL+1 = 7(0) - ¢fn'Yn ~ ,
— _ ¢>n71 - ¢nn¢n71 Yn—1
= 20 (") (00)

= P77171 - ¢nn (’Y(n) - ¢LL—1’Yn—1)
= Pl =i (7(0) = ¢n17n-1)
= Pg_l(lid)in)

hence, the variance reduces by a factor 1 — ¢2,,.

2.5.2 The Innovations Algorithm
Go back to Table of Contents. Please click TOC

Suppose then that { X} is a zero-mean series with E(|X;|?) < oo for each
t and
E(X3, X;) = (3, 9)-

It will be convenient to introduce

s [0, if n=1,
Xn = { Po1Xn,  ifn=23,..,

and
Un = E(Xn+1 — Pan+1)2.
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We shall also introduce the innovations, or one-step prediction errors,
Up = Xn — X

In terms of the vectors U,, = (Ut,...,U,)" and X,, = (X1, ..., X,,)' the last
equations can be

Un = Anxny
where

1 0 0 0
a1l 1 0 0
An — a2 a1 1 0
: : 0
onfl,nfl anl,n72 gnfl,n73 1

(If {X¢} is stationary, then a;; = —a; with a; as in

Fran = yn(h),

with h = 1.) This implies that A, is nonsingular, with inverse C,, of the
form

1 0 0 0

011 1 0 ... 0

C, = () 021 1 .. 0
. . . 0

On—1mn-1 On_in—2 On_1n-3 1

The vector of one-step predictors X, := (X1, P1Xo,...,P,_1X,) can
therefore be expressed as

Xn = Xn - Un = CnUn - Un = @n(xn - Xn)y

where
1 0 0
011 1 0
0, = 022 021 0

_ o o O O

On—1n-1 On_in—2 On_1,n-3
and X,, itself satisfies

Then,

X, =X, - U, =C,U, —U, =0,(X, — X,),
can be rewritten as
0, if n=0,
anlgnj(Xn-;-l—j —Xn+1—j), ifn=12,..
j=

Xn+1 =

from which the one-step predictors X1, Xs, ... can be computed recursively
once the coefficients 6;; have been determined. The following algorithm
generates these coefficients and the mean squared errors v; = E(Xi41 —
Xi41)?, starting from the covariances x(i, j).
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Algorithm 2.28. The Innovations Algorithm:
The coefficients Oy1, ..., Onyn can be computed recursively from the equations

Vo = "i(L 1)7

k-1
Onn—to = vj, ' (/@(n +1,k+1)— ng,k—jgn,n—jvj)y 0<k<n,
=0

and
n—1

vp=k(n+1n+1)— Zei,n,jvj.
=0

(It is a trivial matter to solve first for vo, then successively for 011, vi;
022, 021, va2; O3, 032, 031, vs; ...,)

Remark 2.29. While the Durbin-Levinson recursion gives the coefficients

of Xn,..., X1 in the representation X,41 = > énjXnti—j, the innova-
j=1
tions algorithm gives the coefficients of (X, — X)n), ey (X1 — Xl), in the
expansion X,11 = > 0n;(Xnt1—j — Xnt1-;). The latter expansion has
j=1
a number of advantages deriving from the fact that the innovations are
uncorrelated. It can also be greatly simplified in the case of ARMA(p,q)
series, as we shall see in Section 3.3. An immediate consequence of
0, if n=0,

K41 = ]ijlenj(xnﬂ,j — Xpi1y),  ifn=1,2,..,
is the innovations representation of X, 41 itself. Thus (defining 0,0 := 1),
X1 = Xny1—Xnp1+Xnp1 = znjem- (Xnt1—j—Xnr1-4), n=0,1,2, ...
j=0
Ezample 2.30. If {X;} is the time series defined by
X, =Zi+0Z_1, {Zi} ~WN(0,5°),

then x(i,j) = 0 for i — §| > 1, x(4,4) = 0*(1 + 62), and k(3,5 + 1) = 05>
Application of the innovations algorithm leads at once to the recursions

0n; =0, 2<j<n,
01 = v;11902,
Vo = (1 +9)20'2,

and
vp = [14 6% —v,,6%°0%]0°.
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2.5.3 Prediction of a Stationary Process in Terms of In-
finitely Many Past Values

Go back to Table of Contents. Please click TOC

It is often useful, when many past observations Xm, ..., Xo, X1, ..., Xn
(m < 0) are available, to evaluate the best linear predictor of X,y in
terms of 1, X,,, ..., Xo, ..., Xn. This predictor, which we shall denote by
Pr.nXn+h, can easily be evaulated by the methods described above. If
|m| is large, this predictor can be approximated by the sometimes more
easily calculated mean square limit

PoXpin= lim PpnXnpin.

m— —00

We shall refer to P, as the prediction operator based on the infi-
nite past, {X;, —oo < t < n}. Analogously we shall refer to P, as the
prediction operator based on the finite past, {X;,..., X»}.
Determination of Pan+h
Like P Xn4n, the best linear predictor Py X,,n when {X:} is a zero-
mean stationary process with autocovariance function v(-) is characterized
by the equations

E[(Xnin — PaXnin)Xni1-4] =0, i=1,2,...

If we can find a solution to these equations, it will necessarily by the
uniquely defined predictor PnXp . An approach to this problem that is
often effective is to assume that P, X, +, can be expressed in the form

o0
Py Xpin = E a;j Xnt1-j,

j=1

in which case the preceding equations reduce to

E|:(Xn+h - Zann+1fj)Xn+17i:| =0,1=12,..
=1

or equivalently,

oo

> i —g)a; =yh+i-1), i=1.2,..

j=1
This is an infinite set of linear equations for the unknown coefficients o
that determine P, X, 4+, provided that the resulting series converges.

Proposition 2.31. Properties of Py,:
Suppose that E(U?) < oo, E(V?) < oo, a, b, and c are constants, and
I'=Cou(W, W).

(1) E[(U — Po(U))X;] =0, j < n.

(2) Po(aU +bV 4 ¢) = aPn(U) 4+ bPn (V) +c.

(3) P,(U)=U if U is a limit of linear combinations of X;, j < n.
(4) Po(U) =E(U) if Cov(U,X;) = 0 for all j < n.
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Ezample 2.32. Consider the causal invertible ARMA(1,1) process {X:}
defined by

X — ¢Xoo1=Ze +0Z4—1, {Z:} ~WN(0,0°).

We know .
X1 = Zng1(¢+0)Y ¢ Znia
j=1
and .
Znt1 = Xnt1 — (¢ +60)> (—0) ' Xpy1-y.
j=1

Apglying the operator P, to the second equation and using the properties
of P, gives

PpXny1 = (d’ + G)Z(_e)jianH*j'
j=1

Applying the operator P, to the first equation and using the properties
of P, gives

PanJrl = (¢ + a)zquilZnJrl*j'
j=1
Hence,
Xng1 — PoXng1 = Zns,
and so the mean squared error of the predictor P, X,11 is B(Z2,,) = 2.
O

2.6 The Wold Decomposition

Go back to Table of Contents. Please click TOC
Consider the stationary process

Xt = Acos(wt) + Bsin(wt),

where w € (0,7) is constant and A, B are uncorrelated random variables
with mean 0 and variance o*. Notice that

Xn = (2COSUJ)Xn_1 — Xn_g = Pn_1Xn, n= 0,:|:1,...,

so that X,, — P,—1X,, = 0 for all n. Processes with latter property are
said to be deterministic.

The Wold Decomposition:

If {X:} is a nondeterministic stationary time series, then

Xe =Y 0;Zi;+ Vi,
j=0

where

(1) o =1 and io:w? < o0,
j=0
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(2) {Zi} ~WN(0,0%),

(3) Cov(Zs, V) =0 for all s and t,
(4) Zi = P:Z; for all t,

(5) Vi = P.V; for all s and ¢, and
(6) {V4} is deterministic.

We also present the following alternative approach to describe Wold
Decomposition.

Theorem 2.33. Suppose that {x+} is a covariance stationary process with
E(z:) = 0 and covariance function, v(j) = E(zixi—;), Vj. Then

Ty = Zdjﬁt—j + nt
=0

where
do = 1, 3d5<0, E(ef) =02, E(eres) =0 for t # s,
j=0
E(e:) = 0, E(nes =0 Vi, s,
P[nt+s|$t—l7$t—27 ] = Nit+s, §=> 0.

The first part of the representation of z; looks like the MA (oc0) with
square summable moving average terms that we have worked with, while
the second part, 7;, is something new. That part is called the deterministic
part of z: because 1, is perfectly predictable based on past observations
on T.

The style of proof is constructive. We will show that given only covari-
ance stationarity, we can build the Wold representation with the indicated
properties. We will not provide a fully rigorous proof and a key result will
simply be assumed. The proof is an application of linear projections,
and the orthogonality and recursive properties of projections. The proof
follows that in Sargent (1979) [30].

Proof:

We first find the d;’s and €; and establish the required properties.
Then, we find the projection error, 7.

We begin with a preliminary result. Let x; be a covariance stationary
process. Let

Zi‘gn) = P[l‘t|$t71, cery l'tfn},

and write
2 =2 4 M,

From the orthogonality property of projections we know that

eﬁ") L (=1, ..., Tt—n)
E(e” = o2™.

We assume, without proof, the following result:
az,ﬁ’” — 2= Plat|vi—1, T2, ...

Ty = T+ e, E(ef) = o2
€t 1 (.Tt_l,l‘t_g,...).
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The disturbance, ¢, is known as the “innovation” in x: or its “one-step-
ahead forecast error”. It is easy to see that ¢, is a serially uncorrelated
process. In particular,

€t = Tt — P[:L’t‘.’bt_l,xt_z, ],

so that it is a linear combination of current and past x;’s. It follows that
since €; is orthogonal to past xz:’s, it is also orthogonal to past €;’s.

Q.E.D.

The Wold representation is the unique linear representation where
the innovations are linear forecast errors.

Remark 2.34. We have the following definition as premise.

Definition 2.35. A zero-mean nondeterministic covariance-stationary pro-
cess, {x¢;t € Z}, is called purely nondeterministic (or regular) if d, = 0.

Remark 2.36. The Wold Theorem plays a central role in time series analy-
sis. It implies that the dynamic of any purely nondeterministic covariance-
stationary process can be arbitrarily well approximated by an ARMA
process.

By Wold’s Decomposition Theorem, we have that any purely nonde-
terministic covariance-stationary process can be written as a linear combi-
nation of lagged values of a white noise process (MA(o0)) representation,
that is Xy = > 1;us—;. Now, we note that, under general conditions, the

3=0
infinite lag polynomial of the Wold decomposition can be approximated
by the ratio of two finite-lag polynomials:
(L)

Therefore x; can be accurately approximated by a ARMA process

« _ 0(L)

T = ——~
" o)
Any purely nondeterministic covariance-stationary process has an ARMA
representation. This means that the stationary ARMA (p, ¢) models are a
class of linear stochastic processes that are general enough.

Ut.

Ezample 2.37. Are the covariance-stationary ARMA processes purely
nondeterministic processes? Consider a covariance-stationary ARMA (p, q)
process defined by

H(L)x: = O(L)us, ur ~ WN(0,0°)

where
B(L) =1 GiL— = L
and
O(L)y=146:L+---+6,L7
Suppose that this representation is causal and invertible. The causality
assumption implies that there exists constants o, 11, ... such that

Z|¢j| < 00, with g =1

=0
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and

Tt = Z?/)jut_j, Vt.
j=0

o0 oo
Z|1/Jj| <oo:>2w32- < o0
j=0 j=1

ur ~ WN(0,02) and the invertibility condition implies that u; is the limit

of linear combinations of x5, s < t. We can conclude that the covariance-

stationary ARMA (p, q) process, x¢, is a purely nondeterministic process.
Now, suppose the representation

¢(L)x: = O(L)us, ue ~ WN(0,07)

where

H(L)=1—¢1L—-—¢pL”
and

O(L)=1+60L+---+0,L°

is not causal and not invertible. It is possible to show that if 0(z) # 0
when |z| = 1, then it is always possible to find polynomials ¢*(L) and
6*(L) and a white noise v; ~ WN(0,02) such that the representation

¢*(L)zy = 0" (L)vs, vy ~ WN(0,07)

is causal and invertible.
Thus a covariance-stationary ARMA (p, q) process defined by

H(L)x: = O(L)us, ur ~ WN(0,0°)

where

O(L) = 1— gL — - — G, LP
and

O(L) =1+ 0L+ -+ 0,L°
with 0(z) # 0if |z| = 1 is a purely nondeterministic process. A covariance-
stationary ARMA process, with 6(z) # 0 if |z| = 1, is a purely nondeter-
ministic process.

3 ARMA Models

Go back to Table of Contents. Please click TOC

In this chapter we introduce an important parametric family of stationary
time series, the autoregressive moving-average, or ARMA, processes. For
a large class of autocovariance functions ~(-) it is possible to find an
ARMA process { X} with ACVF ~x(+) such that v(-) is well approximated
by vx(:). In particular, for any positive integer K, there exists an ARMA
process {X;} such that yx(h) =~v(h) for h=0,1,..., K.
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3.1 ARMA(p,q) Processes

Go back to Table of Contents. Please click TOC

We introduced an ARMA(1,1) process and discussed some of its key prop-
erties. We extend these notions to the general ARMA(p, q) process.

Definition 3.1. {X;} is an ARMA(p,q) process if {X;} is stationary
and if for every ¢,

Xi—p1 Xoc1— —ppXep=Zt + 01 Zs 1+ -+ Zi 1+ -+ 02—y,
where {Z;} ~ WN(0,5?) and the polynomials (1 —¢1z — -+ — ¢, ZP) and
(1+6012+---+4 6427) have no common factors.

The process {X:} is said to be an ARMA (p,q) process with mean
wif {X; — p} is an ARMA(p,q) process.

It is convenient to use the more concise form of Xy — 1 X¢—1 — -+ —
qﬁpthp =Zi+0Zi 1+ -+ 0L+ + Gth,m which is

¢(B)X: = 0(B)Z,
where ¢(-) and () are the pth and gth-degree polynomials

P(z) =1— ¢z —-- = $pz”

and
0(2) =1+ 012+ -+ 0427,

and B is the backward shift operator (Bth = Xi—j, BiX, = Zi_j,
j = 0,£1,...). The time series {X;} is said to be an autoagressive
process of order p (or AR(p)) if 6(z) = 1, and a moving-average
process of order ¢ (or MA(q)) if ¢(z) = 1.

Theorem 3.2. Existence and Uniqueness:
A stationary solution {X.} of equations

Xe—p1Xpm1— = GpXe—p = Zt + 1 Zt1 4+ 0121+ + 04 21—,
exists (and is also the unique stationary solution) if and only if
d(z) =1—¢rz— - —¢pz" #0 for all |z| = 1.

Definition 3.3. Causality
An ARMA(p, q) process {X:} is causal, or a causal function of

{Z:}, if there exist constants {1;} such that > ; < co and
7=0

Xe=Y ;2 Vt.

7=0

Causality is equivalent to the condition

Hz)=1—rz—--—gpz" #0V|z| < 1.
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The sequence {¢;} = > 1;Z;—; for all ¢ is determined by the relation
3=0

W(z) = S_1p;z0 = 0(2)/¢(2), or equivalently by the identity
j=0

(I1—¢rz——dp2")Wo+ 12+ ...) =1+ 0612+ -+ 042%.
Equating coefficients of 27, j = 0,1, ..., we find that

1 = 4o,
01 = Y1 — oo,
02 = P2 — P11 — Yod2

or equivalently,

P

1/1j - ¢kwj—k = 0j7 ] = 07 1327 (X3}
1

k=
where 6y :=1, §; := 0 for j > ¢, and ¢, := 0 for j < 0.

Definition 3.4. Invertibility:
An ARMA(p,q) process {X:} is invertible if there exist constants

{m;} such that > |7;| < co and
7=0

Zt = Zﬂth_j Vt
j=0

Invertibility is equivalent to the condition
0(z)=1461z+ -+ 0,27 #0V|z| < 1.

Ezample 3.5. Consider the ARMA(1,1) process {X:} satisfying the equa-
tions
Xy — 5Xi1=Zi+ 4Zi1, {Zi} ~WN(0,0°).

Since the autoregressive polynomial ¢(z) = 1 — .5z has a zero at z = 2,
which is located outside the unit circle, we conclude that there exists a
unique ARMA process satisfying the equation above that is also causal.
The coefficients {t;} in the MA(oc0) representation of {X;} are found
directly from

p
Gj = > btk =05, 5=0,1,2,...
k=1

that
Yo = 1,
1 = .4+ .5,
Y2 = .5(4+.5),
W; = 5 TH44+.5), j=1,2,...
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The MA polynomial 6(z) = 1+ .4z has a zero at z = —1/.4 = —2.5, which
is also located outside the unit circle. This implies that {X;} is invertible

q
with coefficients {r;} given by m; + > Opmj_k, j = 0,1,2, ..., that
k=1

™o = 1,

T = —(.4+.5),

T = —(4+.5)(—.4),

75 = —(4+.5)(=4)77 j=1,2,..

(A direct derivation of these formulas for {¢;} and {m;} was given in
Section 2.3 without appealing to the recursions of

p
7//’3’ - qukw]—k = 0j7 ] = 07 1727 ey

k=1
and

q
T+ > Ok =—¢;, j=0,1,..,
k=1

O
Ezample 3.6. Consider the ARMA(2,1) process defined by the equations

Xi —.75X—1 4+ .5625X, o = Zy + 1.25Zt — 1, {Z;} ~ WN(O,O’Q).

The AR polynomial ¢(z) = 1—.7524-.56252> has zeros at z = 2(14i+/3) /3,
which lie outside the unit circle. The process is therefore causal. On the
other hand, the MA polynomial 6(z) = 1 4+ 1.25z has a zero at z = —.8,
and hence {X,} is not invertible.

g
Ezample 3.7. Let {X.} be the AR(2) process

Xy =0.7X-1 — 1X1—2 + Zs, {Zi} ~ WN(0,07).

The auto regressive polynomial for this process has the factorization ¢(z) =
1—.72+.12% = (1 —.52)(1—.22), and is therefore zero at z = 2 and z = 5.
Since these zeros lie outside the unit circle, we conclude that {X;} is a
causal AR(2) process with coefficients {¢;} given by

o = 1,

1 = .7,

T2 = .72 — .1,

5 = .7wj,1 - ‘1’(’&3‘,2, j = 2,3,

While it is a simple matter to calculate 1; numerically for any j, it is
possible also to give an explicit solution of these difference equations using
the theory of linear difference equations.
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3.2 The ACF and PACF of an ARMA(p,q) Pro-
cesses

Go back to Table of Contents. Please click TOC

In this section, we discuss three methods for computing the autocovari-
ance function ~(-) of a causal ARMA process {X;}. The autocorrelation
function is readily found from the ACVF on dividing by v(0). The partial
autocorrelation function (PACF) is also found from the function ~(-).

3.2.1 Calculation of the ACVF

Go back to Table of Contents. Please click TOC
First we determine the ACVF ~(-) of the causal ARMA(p,q) process de-
fined by

O(B)X, = 0(B)Zu, {2} ~ WN(0,0%),
where ¢(z) =1 —¢1z2— -+ —¢ppzP and 6(z) =1+ 012+ - - + 0427. The
causality assumption implies that

Xo=> 0%,
j=0

o]

where > ;27 = 0(2)/#(2), |2| < 1. The calculation of the sequence {1;}
=0
was discussed earlier.
First Method

From proposition (see remark below) and the representation X; =

> )i Zi—;, we obtain
=0

v(h) =E(Xe1nX1) = 02 Y ¢5054n)-
=0

Remark 3.8. Recall Proposition earlier, if { X;} is a staionary g-correlated
time series with mean 0, then it can be represented as the MA(q) process
inX; = 2,401 21+ -4+0,Z—, where {Z;} ~ WN(0,0%) and 61, ..., 0,
are constants.
Ezample 3.9. The ARMA(1,1) process

o=}

Substituting from X; = Z+(¢4+0) 3. ¢ 1 Z;,_; into y(h) = E(Xepn Xt) =
j=1

>3 YjY;4in|, we find that the ACVF of the process defined by
3=0

Xe — X1 =21+ 0241, {Zi} ~ WN(O,CTQ),
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with |¢| < 1 is given by

7(0) = 022012'
- 02{1+(9+¢)2§0¢2j]

=
W) = S
z
= |0+ 0703 o]
j=0

2
= o {0 +o+ —(ﬁ@f},

and
v(h) = ¢"y(1), h>2.

Ezample 3.10. The MA(q) process
For the process

Xe=Zi+01Z 1+ +0yZi—q, {Z:} ~WN(0,0°%),
equation v(h) = E(Xy4nX¢) = 0> 3 ¢j1h;4|n immediately gives the result
7=0

q—|h|

y(h) = o? ];0 030;+n1, if [h] <q,

0, if |hl > q,
where 6y is defined to be 1. The ACVF of the MA(q) process thus has
the distinctive feature of vanishing at lags greater than ¢q. Data for which
the sample ACVF is small for lags greater than ¢ therefore suggest that
an appropriate model might be a moving average of order g (or less).
Recall from proposition (see Remark 3.8 above) that every zero-mean

stationary process with correlations vanishing at lags greater than ¢ can
be represented as a moving-average process of order ¢ or less.

O

Second Method
If we multiply each side of the equations

Xe—p1 Xec1— - —ppXep=Zt + 0121+ -+ 04 7Z1—q,

by Xi—k, Kk =0,1,2, ..., and take expectations on each side, we find that

(k) = ¢1y(k = 1) = - = py(k —p) = 0°Y Orrjiby, 0<k <m,

=0
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and

Yk) = diy(k=1) = = dpy(k —p) =0, k= m,
where m = max(p,q + 1), ¢¥; := 0 for j < 0, 6p := 1, and 6; := 0 for
j €10,...,q}. In calculating y(k)—p1y(k—1)—---—dpy(k—p) =0, k > m

o0
we have made use of the expansion X; = Y. v;Z;—;. Equations v(k) —
7=0

o1yl —1)— - —dpy(l — p) =0, k > m are a set of homogeneous linear
difference equations with constant coefficients, for which the solution is
well known to be of the form

v(h) = ar&; " + ey "+ ", h>m—p,

where &1,...,&, are the roots (assumed to be distinct) of the equation
¢(z) = 0, and au,...,ap are arbitrary constants. We are looking for the
solution of y(k) —¢p1y(k—1)—- - -—¢py(k—p) = 0, k > m that also satisfies

y(k) —p1yv(k —1) — - — gpy(k —p) = 0229k+]',¢)j, 0< k< m. We

7j=0
therefore substitute the solution v(h) = a1§;h+a2§;h+~ . ~+ap£;h, h >

m—pintoy(k) —gr1y(k—1) = = ¢py(k—p) = 0> X Ok yj0bj, 0 <k <m
=0

to obtain a set of m linear equations that then uniquely determine the
constants i, ..., @, and the m — p autocovariances y(h), 0 < h < m — p.

Ezample 3.11. The ARMA(1,1) process
For the causal ARMA(1,1) process defined

7(0) — ¢y(1) = o*(1+6(6 + ¢))
and

(1) = ¢7(0) = %0
Equation v(k) — ¢1y(k—1) — -+ — ¢ppy(k — p) = 0, k > m takes the form

y(k) —¢y(k—1) =0,k > 2.
The solution is
v(h) = a¢", h > 1.

Substituting this expression for v(h) into two preceding equations, ~v(0) —
#y(1) = o (1+6(0+6)) and (1) —$y(0) = 026, gives two linear equations
for o and the unknown autocovariance v(0). These equations are esaily
solved, giving the autocovariances.

0

Ezample 3.12. The general AR(2) process
For the causal AR(2) process defined by

(1-&'B)1-&'B)Xy = Zi, &, 16| > 1, & # &,

we esaily find from y(h) = a1&; " + &y " + -+ &, ", h > m —p and

34) = 619k = 1) =+ = 6,3k~ ) = 07 3= Oy, 0 < k< m (from
=
Second Method) using the relatins
=6 +&'
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and
¢ =66
that
24242
LRSS 2 —1p1—h 2 —141—h
h) = -1 — -1 .
7( ) (6152 — 1)(52 _ 51) [(61 ) 51 (62 ) 62 ]
Figures 3.1-3.4 illustrate some of the possible forms of v(-) for different
values of &1 and £2. Notice that in the case of complex conjugate roots £&1 =

i0 —if . o?¢3ed 2
re’” and & =re ", 0 < 0 < 7, we can write v(h) = m[(& —

)7t — (63 —1)7'¢37"] in the more illuminating from

o2rt.ph sin(hé + 1)
72 — 1)(r* — 2r2cos 20 + 1) sin 6’

v(h) = (

where

2
1
tany = T2 + 1 tan 0

r2 —
and cos ¢ has the same sign as cos . Thus in this case y(-) has the form of
a damped sinusoidal function with damping factor r~! and period 27 /6.
If the roots are close to the unit circle, then 7 is close to 1, the damping
is slow, and we obtain a nearly sinusoidal autocovariance function.

Figure 15: The model ACF of the AR(2) series of Example 3.2.4 from text [9]
with &1 = 2 and & = 5..
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Figure 16: The model ACF of the AR(2) series of Example 3.2.4 from text [9]
with & = 10/9 and & = 2..
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Figure 17: The model ACF of the AR(2) series of Example 3.2.4 from text [9]
with & = —10/9 and & = 2..
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Figure 18: The model ACF of the AR(2) series of Example 3.2.4 from text [9]
with & = 2(1 +iv/3)/3 and & = 2(1 — iv/3) /3.
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3.2.2 The Autocorrelation Function
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Recall that the ACF of an ARMA process { X} is the function p(-)found
immediately from the ACVF ~(-) as

7(h)
h)=—=.
p(h) ~(0)
Likewise, for any set of observations {z1, ..., z»}, the sample ACF p(-) is
computed as
(h)

P = 30y

The Sample ACF of an MA(q) Series.

Given observations {z1,...,z,} of a time series, one approach to the
fitting of a model to the data is to match the sample ACF of the data with
the ACF of the model. In particular, if the sample ACFj(h) is significantly
different from 0 < h < ¢ and negligible for h > g, Example 3.2.2 from text
[9] suggests that an MA(g) model might provide a good representation of
the data. In order to apply this criterion we need to take into account the
random variation expected in the sample autocorrelation function before
we can classify ACF values as “negligible”. To resolve this problem we
can use bartlett’s formula, which implies that for a large sample of size
n from an MA(q) process, the sample ACF values at lags greater than
q are approximately normally distributed with means 0 and variances
wrn/n = (1 +20%(1) + --- + 2p*(g))/n. This means that if the sample is
from an MA(q) process and if h > g, then p(h) should fall between the
bounds +1.96+/wnn/n with probability approximately 0.95. In practice

>
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we frequently use the more stringent values +1.96/y/n as the bounds
between which sample autocovariances are considered “negligible”. A
more effective and systematic approach to the problem of model selection,
which also applies to ARMA(p,q) models with p > 0 and ¢ > 0, will be
discussed in Section 5.5.

3.2.3 The Partial Autocorrelation Function
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The partial autocorrelation function (PACF) of an ARMA process
{X:} is the function «(-) defined by the equations

a(0) =1
and
Oé(h) = ¢hh7 h Z 17
where ¢, is the last component of
én =T} ",

T = [y(i — )]t j=1, and v = [¥(1),7(2), ..., y(R)]".
For any set of observations z1,...,z,} with z; # z; for some ¢ and j,
the sample PACF &(h) is given by

a(0) =1
and .
a(h) = ¢nn, h 21,

where dgh = f‘;lfyh

We show in the next example that the PACF of a causal AR(p) process
is zero for lags greater than p. Both sample and model partial autocorre-
lation functions can be computed numerically using programs. Algebraic
calculation of the PACF is quite complicated except when ¢ is zero or p
and ¢ are both small.

Ezample 3.13. For the causal AR(p) process defined by
Xi— g1 Xe1 =+ — $pXip, {Ze} ~ WN(0,0%),

we know that for A > p the best linear predictor of X1 in terms of
1, Xl, ceey Xy is

Xh+1 =1 Xn+ P2 X1+ -+ OpXnt1—p.

Since the coefficient ¢pp of X1 is ¢p if b = p and 0 and if h > p, we
conclude that the PACF «(-) of the process {X;} has the properties

a(p) = ¢p

and
a(h) =0 for h > p.

For h < p the values of a(h) can easily be computed from ¢, = F;lfyh.
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3.3 Forecasting ARMA Processes
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The innovations provided us with a recursive method for forecasting second-
order zero-mean processes that are not necessarily stationary. For the
causal ARMA process

#(B)X: = 0(B)Zs, {Zi} ~ WN(0,07),

it is possible to simplify the application of the algorithm drastically. The
idea is to apply it not to the process {X,} itself, but to the transformed
process (cf. Ansley, 1979) [4]

1/1/75:(7'71)(157 t:l,...,m,
Wy = U_1¢(B)Xt7 t>m,

where
m = max(p, ).

For notational convenience we define 6y := 1 and 6; := 0 for j > ¢q. We
shall also assume that p > 1 and ¢ > 1. (There is no loss of generality in
these assumptions, since in the analysis that follows we may take any of
the coefficients ¢; and 6; to be zero.)

The autocovariance function yx(-) of {X;} can easily be computed
using any of the methods described in Section 3.2.1. The autocovariances
k(i,7) = E(W;W;), 4,5 > 1, are then found from

o 2vx (i — 7), 1<4,5<m

o2 Y@l —j) = Y boyx(r—li—jD)|,  min(i,j) < m < max(i,j) < 2m,
K(i, ) = a =t

TZ::OHTQTHZ-,J-‘, min(z, j) > m,

0, otherwise

Applying the innovations algorithm to the process {X;} we obtain

Wit = 3 0 (Wag1—j — Waia-j), 1<n<m,
j=1

N q N

Wit = > 0ni(Wag1—j — Wagi—5), n>m,
j=1

where the coefficients 6,; and the mean squared errors r, = E(Wp41 —
Wn+1)2 are found recursively from the innovations algorithm with s de-
fined as in «(i,7). The notable feature of the predictors in the equation
above is the vanishing of 6,; when both n > m and 7 > ¢. This is a
consequence of the innovations algorithm and the fact that «(r,s) = 0 if
r>mand |[r —s| > gq.

Observe now that the group of equations allow each X,,, n > 1, to be
written as a linear combination of W;, 1 < j < n, and, conversely, each
Whn, n > 1, to be written as a linear combination of X;, 1 < j < n. This
means that the best linear predictor of any random variable Y in terms
of {1, X1, ..., X»n}. We shall denote this predictor by P,Y. In particular,
the one-step predictors of W,,4+1 and X,,+1 are given by

Wit = PaWaia
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and

Xn+l - Pan+1-
Using the linearity of P,, and equations we see that

{ Wy =0o"1Xy, t=1,...m,
Wi=0"'Xi — 1 Xe1— - — 0pXip), t>m,

which, together with

Wt:U_lxt, t:L...,m,
Wy = o ¢(B) Xy, t>m,

shows that A A
Xt —Xt = O'[Wt — Wt], Vit 2 1.

Replacing (W; — W;) by o' (X; — X;) in s(4,) and then substituting
into

Wit = _"lenj<wn+1,j W), 1<n<m,
=
W1 = _qlenj(Wanj = Wni1-5), n>m,
=
we finally obtain
A _jlenj(XnJrl—j — Xn41-5); L<n<m,

Xn+1 = ’ q ~
¢1Xn+"'+¢an+l—p+ Zenj(Xn+1—j —Xn+1—j)7 n 2 m,
j=1

and A .
E(Xnt1 — Xnt1)? = 0°E(Wani1 — Waia)® = 0”rn,

where 6,; and 7, are found from the innovations algorithm with x as
in k(4,j). Equations X,4+1 determine the one-step predictors X, X3, ...
recursively.

Ezample 3.14. Applying

> 0nj (X415 = Xnt1-5); 1<n<m,

j=1

X’n+1 - q R

¢1Xn+"'+¢an+1—p+ Zanj(Xn+17]’ 7Xn+1,j)’ n>m,
j=1

to the ARMA (p,1) process with ¢1 = 0, we easily find that

X'n+1 = ¢1X'n +---+ ¢an+lfp7 n 2 p.

Example 3.15. Applying
> O (Xng1—5 — Xng1-5), 1<n<m,
j=1

Xn+1 - q 5
1 Xn A+ GpXnt1p+ Y00 (Xng1-5 — Xnv1-5), n>m,
j=1
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to the ARMA(1,q) process with ¢1 = 0 gives

min(n,q)

Xng1 = Z Onj(Xnt1-j — Xng1-j, n>1,
=1

where the coefficients 6,,; are found by applying the innovations algorithm
to the covariances k(4, j) defined before. Since in this case the processes
{X:} and {o7'W;} are identical, these covariances are simply

q—|i—j|

k(i 5) =0 Pyx(i—j) = Y Onbrijizj|.
r=0

g
Ezxzample 3.16. If
Xt — ¢Xt_1 = Zt + 9Zt_1, {Zt} ~ WN(O,O’Q),
and |¢| < 1, then equations
Onj(Xns1—j — Xng1-7), 1<n<m,
A ~

Xn+1 = J q A
O1Xn 4+ PpXngip + D Onj(Xns1-j — Xns1-5), nz>m,
j=1

reduce to the single equation
Xnt1 = 6 X + 0n1 (X — X)), > 1.

To compute 6,1 we first use Example 3.14 to find yx (0) = a(1 4 20¢ +
6%)/(1 — ¢?). Substituting in (i, j) then gives, for i,j > 1,

(14200 +6%)/(1—¢%), i=j=1,

) 1462, i=7j>2,
K(3) =9 g, li—jl=1,i>1,
0, otherwise.

With these values of k(i,7), the recursions of the innovations algorithm
reduce to

ro = (142004 0%)/(1 —¢?),
anl = 9/7”’”71,
o= 146°—0%/r,,

which can be solved explicitly.

4 Spectral Analysis
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The spectral representation of a stationary time series {X;} essentially
decomposes {X;} into a sum of sinusoidal components with uncorrelated
random coefficients. In conjunction with this decomposition there is a
corresponding decomposition into sinusoids of the autocovariance func-
tion of {X¢}. The spectral decomposition is thus an analogue for station-
ary processes of the more familiar Fourier representation of deterministic
functions. The analysis of stationary processes by means of their spec-
tral representation is often referred to as the “frequency domain analysis”
of time series or “spectral analysis”. It is equivalent to “time domain”
analysis based on the autocovariance function, but provides an alterna-
tive way of viewing the process, which for some applications may be more
illuminating.

4.1 Spectral Densities
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Suppose that {X;} is a zero-mean stationary time series with autocovari-

ance function ~y(-) satisfying > |v(h)| < co. The spectral density of
h=—oc0
{X:} is the function f(-) defined by

where e** = cos(\) +isin(\) and i = v/—1. The summability of |y(-)| im-
plies that series of () defined above converges absolutely (since |e”**|? =
cos?(hA) + sin?(hA) = 1). Since cos and sin have period 27, so also does
f, and it suffices to confine attention to the values of f, on the interval
(—m,m].

Proposition 4.1. Basic Properties of f:
(a) f is even, i.e., f(N) = f(=N),
(b) f(A) >0 for all A € (—m,m],
(¢) ¥(k) = [T, e F(N)dA = [T cos(kA)F(N)dA.

Proof: Since sin(-) is an odd function and cos(-) and v(-) are even
functions, we have

(o=}

fQ) = ih:g: (cos(hA) — isin(h))vy(h)
_ ihij cos(—hA)y(h) + 0
= f(=)
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For each positive integer N define

In(N) v E

where 'y = [y(i — j)]);=;. Clearly, the function fy is nonnegative for
each N, and since fy(A) — = > e ™ y(h) = f(\) as N — oo, f
h=—oc0

must also be nonnegative. This proves Proposition 4.1 (b). Turning to
Proposition 4.1 (c),

ST NN = [T RS A ()

h=—o00

= 5 X (W) [7 eETaA

h=—oc0

= k),
since the only nonzero summand in the second line is the one for which
h=k.
Q.E.D.

Definition 4.2. A function f is the spectral density of a stationary
time series {X:} with ACVF ~(-) if

(i) f(A) >0 for all A € (0, 7],
= [T f(A)dA for all integers h.

Remark 4.3. Spectral densities are essentially unique. That is, if f and
g are two spectral densities corresponding to the autocovariance function
v(:), e, y(h) = [T e f(N)dA = [T e g(N)dA for all integers h, then
fand h have the same Fourler coefficients and hence are equal.

d

Proposition 4.4. A real-valued function f defined on (—m, x| is the spec-
tral density of a stationary process if and only if

(i) F(A) = f(=N),
(i) f(A) =0
(iii) [T f(A)dX < oo.

Proof: If (-) is aboslutely summable, then (i)-(iii) follow from the
basic properties of f, Proposition 4.1.

Conversely, suppose f satisfies (i)-(iii). Then it is easy to check, using
(i), that the function defined by

(k) = / " e F(A)dA
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is even. Moreover, if a, € R, r =1, ...,n, then

S oamy(r—s)as = [T arase™) f(A)dA

r,s=1 r,s=1
= )

Z 03

’ F(N)dA

=z iA
> are”
r=1

so that «(-) is also nonnegative definite and therefore, by Theorem 2.3
(also Theorem 2.1.1 of text [9]), is an autocovariance function.

Remark 4.5. Recall the theorem below. A real-valued function defined
on the integers is the autocovariance function of a stationary time series
if and only if it is even and nonnegative definite.

Corollary 4.6. An absolutely summable function () is the autocovari-
ance function of a stationary time series if and only if it is even and

_l o
f) = Eh; e "y (h) > 0, YA € (-7, 7],
in which case f(-) is the spectral density of v(-).

Proof: We have already established the necessity of f(\). now sup-
pose it holds. Applying Proposition we conclude f is the spectral density
of some autocovariance function. But this ACVF must be «(-), since
y(k)=["_ e F(A\)d for all integers k.

Q.ED.

Example 4.7. Using Corollary 4.6, it is a simple matter to show that the
function defined by

1, if h=0,
k(h) =14 »p if h==1,
0, otherwise,

is the ACVF of a stationar time series if and only |p| < i. Since x(-) is
even and nonzero only at lags 0, 1, it follows from the corollary that
is an ACVF if and only if the function

oo

_1 —ihA _ 1
PN =5 30 ¢ 0 = ol + 2008
is nonnegative for all A € [—,7]. But this occurs if and only if |p| < 1.
O

Theorem 4.8. (Spectral Representation of the ACVF) A function ~y(-)
defined on the integers is the ACVF of a stationary time series if and only
if there eizsts a right-continuous, nondecreasing, bounded function F on
[—7, 7] with F(—m) =0 such that

2(h) = /( L emarey

for all integers h. (For real-valued time series, F is symmelric in the sense
that f(a . dF(z) = f[ib ) e dF () for all a and b such that 0 < a < b.)

70



Remark 4.9. The function F' is a generalized distribution function on
[—7, 7] in the sense that G(\) = F(\)/F(w) is a probability distribution
function on [—m, 7). Note that since F(7) = v(0) = Var(X1), the ACF of
{X:} has spectral representation

p(h) = /(_ ]ei“dG(A).

The function F' in Theorem 4.8 is called the spectral distribution func-
tion of y(-). If F()\) can be expressed as F(\) = f_AW fly)dy for all
A € [—m, 7], then f is the spectral density function and the time series
is said to have a continuous spectrum. If F' is a discrete distribution
(i.e., if G is a discrete probability distribution), then the time series is said
to have a discrete spectrum. The time series X; = A cos(wt)+ B sin(wt),
has a discrete spectrum.

Ezample 4.10. If {X:} ~ WN(0,0?), then v(0) = ¢* and (k) = 0 for all
|h| > 0. This process has a flat spectral density

2
g

=—, <A<
2 - =

)

A process with this spectral density is called white noise, since each fre-
quency in the spectrum contributes equally to the variance of the process.

O

4.2 The Periodogram

Go back to Table of Contents. Please click TOC

If {X:} is a stationary time series {X;} with ACVF ~(-) and spectral
density f(-), then just as the sample ACVF 4(:) of the observations
{z1,...,xn} can be regarded as a sample analogue of v(+), so also can the

periodogram I, (-) of the observations be regarded as a sample analogue
of 2m f(-).
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Figure 19: The spectral density f(A), 0 < A <7, of X; = Z; + .9Z;_1 where
{Z}y ~WN(0,02).
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To introduce th periodogram, we consider the vector of complex num-
bers

Tn

where C" denotes the set of all column vectors with complex-valued com-
ponents. Now let wi = 27k/n, where k is any integer between —(n—1)/2
and n/2 (includsive), i.e.,

w—@ k_,nfl n
k = n7 - 2 g o

where [y] denotes the largest integer less than or equal to y. We shall
refer to the set F), of these values as the Fourier frequencies associated
with sample size n, noting that F, is a subset of the interval (—m,n].
Correspondingly, we introduce the n vectors

6iwk
2iw
e — 1 e k — n—1 n
k \/ﬁ ) - 2 ’ D)
6niwk
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Figure 20: The spectral density f(A), 0 < A < 7, of X; = Z; — .9Z;_1 where
{Z}y ~WN(0,02).
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Now ey, ..., 2, are orthonormal in the sense that
« L if 3=k,
efe’“*{ 0, ifj#k

where e; denotes the row vector whose kth component is the complex
conjugate of the kth component of e;. This implies that {ei,...,e,} is
a basis for C", so that any x € C" can be expressed as the sum of n

components,
(n/2]

X = E aker.

k=—[(n—1)/2]
The coefficients ay, are easily found by multiplying X on the left by e},
and using ejey. Thus,

n
R 1 —itwy
ar = epX = — » Tie .
Jn
t=1

The sequence {ax} is called the discrete Fourier transform of the
sequence {1, ..., Tn}.
Remark 4.11. The tth component of x can be written as

[n/2]
Ty = Z aglcos(wit) + isin(wit)], t=1,...,n,
k=—[(n—1)/2]
showing that x is just a way of representing x; as a linear combination of
sine waves with frequencies wy € F),.
Definition 4.12. The periodogram of {z1,...,z,} is the function

n
—itA
Tte
t=1

1 2
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Remark 4.13. If X is one of the Fourier frequencies wg, then I, (wi) = |ak \27
and so from x and eje, we find at once that the squared length of x is

n (n/2] [n/2]
Dzl =xx= > al= > In(ws)
=1 k=—[(n—2)/2] k=—[(n—2)/2]

The value of the periodogram at frequency wy, is thus the contribution to
this sum of squares from the “frequency wx” term arer in x.

O

Proposition 4.14. If x1,...,x, are any real numbjers and wy is any of
the nonzero Fourier frequencies 2rk/n in (—m, 7|, then

Ln(we) = Y A(h)e™ ™,

|h|<n
where 4(h) is the sample ACVF of x1,...,Tn.

Proof: Since Y e "+ = 0 if w), # 0, we can subtract the sample
i=1
mean Z from x; in the defining equation of I,(A\) of I,(wx). Hence,

In(wg) = n-t S S (s — 3) (w1 — :E)e—i(s—t)uk
s=1t=1

y(h)e™ther,

Il
™
2

O

In view of the similarity between 27 f(\) and I, (wy ), a natural estimate of
the spectral density f(A) is In(\)/(27). For a very large class of stationary
time series {X,} with strictly positive spectral density, it can be shown
that for any fixed frequencies A1, ..., Ay, such that 0 < Ay < -+ < Ay, < 71,
the joint distribution function Fy(z1,...,Zm) of the periodogram values
(In(A1), s In(Am)) converges, as n — oo, to F(z1, ..., Tm), where

F(l’l,...,ﬂfm) — Hl(l—exp{%-r_f(;\i) })7 Zf T1yeey Tm >07

i=
0, otherwise,

Thus for large n the periodogram ordinates (In(A1), ..., In(Am)) are ap-
proximately distributed as independent exponential random variables with
means 27 f (A1), ..., 27 f(Am), respectively. In particular, for each fixed
A€ (0,7) and € > 0,

Pl|I,(A) =27 f(A)| > €] > p>0, as n — oo,

so the probability of an estimation error larger than ¢ cannot be made
arbitrarily small by choosing a sufficiently large sample size n. Thus,
I,()) is not a consistent estimator of 27 f(A).

Since for large n the periodogram ordinates at fixed frequencies are ap-
proximately independent with variances changing only slightly over small
frequency intervals, we might hope to construct a consistent estimator of
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f(A) by averaging the periodogram estimates in a small frequency inter-
val containing A, provided that we can choose the interval in such a way
that its width decreases to zero while at the same time the number of
Fourier frequencies in the interval increases to oo as n — oo. This can
be done, since the number of Fourier frequencies in any fized frequency
interval increases approximately linearly with n. Consider, for example,
the estimator

) = o > @m+ 1) L(g(n, A) + 27 /n),

[il<m

where m = /n and g(n,\) is the multiple of 27/n closest to A. The
number of periodogram ordinates being averaged is approximately 2./n,
and the width of the frequency interval over which the average is taken is
approximately 24/m, and the width of the frequency interval over which
the average is taken is approximately 47 /+/n.

Definition 4.15. A discrete spectral average estimator of the spec-
tral density f(A) has the form

[F1Smn

FO) = oo 37 Wali)nlg(n, ) + 21 /n),
where the bandwidths m,, satisfy
mpy — 00 and myp/n — 0 as n — oo,
and the weight functions W, (-) satisfy
Wi(i) = Wa(=3), Wn(j) 20 for all j,

[F1<mp
and
Z W2(j) = 0 as n — oo.
[F1<mn
Remark 4.16. The conditions imposed on the sequences {m;, } and {W, ()}
ensure consistency of f(\) for f(X) for a very large class of stationary pro-
cesses.

4.3 Time-Invariant Linear Filters

Go back to Table of Contents. Please click TOC

In Section 1.5 we saw the utility of time-invariant linear fitlers for smooth-
ing the data, estimating the trend, eliminating the seasonal and/or trend
components of the data. A linear process is the output of a time-invariant
linear fitler (TLF) applied to a whtie noise input series. More generally,
we say that the process {Y;} is the output of a linear filter C' = {c i, t, k =
0,+1,...} applied to an input process {X;} if

o0
Vi= Y cnXp, t=0,%1,..

k=—o00

7



The filter is said to be time-invariant if the weights c; :—, are indepen-
dent of t, i.e., if
Ct,t—k = ﬁ)k

Figure 21: The spectral density estimate, f(A), 0 < A < 7, of the sunspot

numbers, 1770-1869, with weights {1, 1, £}.
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k=—o0

Figure 22: The spectral density estimate, f(A), 0 < A < 7, of the sunspot

numbers, 1770-1869, with weights {1, &, =, &, =, %, 15-}-
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so that the time-shifted process {Y;—s,t = 0,%1,...} is obtained from
{Xi—s,t =0,%£1,...} by application of the same linear filter ) = {¢;,j =
0,+£1,...}. The TLF 4 is said to be causal if

;=0 for j <0,

since then Y; is expressible in terms only of X, s < t.
Example 4.17. The filter defined by

Y =aX_y, t=0,%£1,...,

is linear but not time-invariant, since c;;—r = 0 except when 2t = k.
Thus, c¢t+—r depends on the value of ¢t.

O
Ezxample 4.18. The filter
Yi=@2¢+ 1)) Xy
li1<q
is a TLF with ¢; = (2¢+1)7', j = —q, ..., ¢, and ¥; = 0 otherwise.
O

Spectral methods are particularly valuable in describing the behavior
of time-invariant linear filters as well as in designing filters for particular
purposes such as the suppression of high-frequency components. The
following proposition shows how the spectral density of the output of a
TLF is related to the spectral density of the input — a fundamental result
in the study of time-invariant linear filters.

Proposition 4.19. Let {X;} be a stationary time series with mean zero
and spectral density fx(\). Suppose that U = {4;, 7 = 0,£1,...} is an

absolutely summable TLF (i.e., >, W;| < o0). Then the time series

j=—o0
Yo= D WXy
j=—0o0

is stationary with mean zero and spectral density
FrQ) =T fx (V) = (e ™)W(e™) fx(N),

where U(e™ ) = > e 9 . (The function ¥(e™") is called the trans-

j=—o0
fer function of the filter, and the squared modulus | (e™%)|? is referred
to as the power transfer function of the filter.)

Proof: Applying Proposition 2.12 (also Proposition 2.2.1 from text
[9]), we see that

wh) = Y verx(h+k—j).

Jk=—o00

7



Since {X:} has spectral density fx(\), we have

vx(h+ k- ) :/ (I =IHRN £ (),

-

which, by substituting vx (h + k — j) into vy (h), gives

vy (h) S st [T BTN £ (3 )dA
J,k=—o0

I ( > wje*”*)( > ¢keikk>eihAfX(/\)d)\

j=—o0 k=—o0

5wy fx(V)dx.

j=—00

f:l'ﬂ eihA

The last expression immediately identifies the spectral density function of
{Yi} as
Fr) =12 fx () = (e ) B(e™) fx ().
Q.E.D.
Remark 4.20. Recall the proposition. Let {Y;} be a stationary time series
with mean 0 and covariance function vy . If i | | < oo, then the time

j=—o0
series

Xe= Y Ui, — U
Jj=—o0
is stationary with mean 0 and autocovariance function

o) oo

yx(h)= Y7 > Wiy (h+k—j).

j=—oock=—o0

In the special case where {X;} is a linear process,

yx(h) = Y W05 407

j=—c0

8



Figure 23: The spectral density f(A), 0 < A < 7, of Xy = Z; — .9Z;_1 where
{Z}y ~WN(0,02).
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Figure 24: The spectral density f(A), 0 < A < 7, of Xy = Z; — .9Z;_1 where
{Z}y ~WN(0,02).
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4.4 The Spectral Density of an ARMA Process

Go back to Table of Contents. Please click TOC In Section 4.1 the spectral

density was computed for an MA(1) and for an AR(1) process. As an
application of Proposition 4.19, we can now easily derive the spectral
density of an arbitrary ARMA (p,q) process.

Theorem 4.21. Spectral Density of an ARMA (p,q) Process: If
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{X:} is a causal ARMA (p,q) process satisfying ¢(B)X¢ = 0(B)Zy, then

0_2|9(67i>\)|2

fx(A)
Because the spectral density of an ARMA process is a ratio of trigono-
metric polynomials, it is often called a rational spectral density.
Proof: FI‘OH’I7 Xt = X(B)¢(B)Xt = X(B)Q(B)Zt = w(B)Zt = ] E ’lZJth_]',
j=—o0
{X4} is obtained from {Z;} by application of the TLF with transfer func-
tion )
9(670\)
o
Since {Z;} has spectral density fz()\) = o2/(27), the result now follows
from 4.19.

e ™) =

Q.E.D.
Ezample 4.22. For an AR(2) process becomes

2
p— a
Ix ()\) T 2n(1—dre A —goe 20 (1—greir—pgeZin)

o2

27 (1+¢3+2¢2+03+2(p1 P2 — 1) cos A—4da cos? \)

Figure 25 shows the spectral fitted to the mean-corrected sunspot series.
Notice the well-defined peak in the model spectral density. The frequency
at which this peak occurs can be found by differentiating the denominator
of the spectral density with repect to cos A and setting the derivative equal
to zero. This gives

CoOs \ = m = 0.849.

42

The corresponding freugency is A = 0.556 radians per year, or equivalently
¢ = A/(2w) = 0.0885 cycles a per year, and the corresponding period is
therefore 1/0.0885 = 11.3 years. The model thus reflects the approximate
cyclic behavior of the data already pointed out in Example 4.2.2 of text
[9]. The model spectral density in Figure 25 should be compared with the
rescaled periodogram of the data nad the nonparametric spectral density
estimates of Figures 4.9-4.11 [9].
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Figure 25: The spectral density fx(A), 0 < A < 7 of the AR(2) model X; —
1.318X;-1 + 0.634X; o = Z;, {Z:} ~ WN(0,289.2) [9] fitted to the mean-
corrected sunspot series.
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5 Modeling and Forecasting with
ARMA Processes

Go back to Table of Contents. Please click TOC

The determination of an appropriate ARMA (p,q) model to represent an
observed stationary time series involves a number of interrelated problems.
These include the choice of p and ¢ (order selection) and estimation of the
mean, the coefficients ¢;,7 = 1, ..., p}, {6i,7 = 1, ..., ¢}, and the white noise
variance o2. Final selection of the model depends on a variety of goodness
of fit tests, although it can be systematized to a large degree by use of
criteria such as minimization of the AICC statistic as discussed in Section
5.5.

This chapter is primarily devoted to the problem of estimating the
parameters ¢ = (¢, ...,0p)0", 0 = 96;,...,0,)h', and ¢ when p and ¢
are assumed to be known, but the crucial issue of order selection is also
considered. It will be assumed throughout (unless the mean is believed a
priori to be zero) that the data have been “mean-corrected” by subtraction
of the sample mean, so that is is appropriate to fit z zero-mean ARMA
model to the adjusted data z1,...,x,. If the model fitted to the mean-
corrected data is

O(B)X: = 0(B)Z:, {Zi} ~ WN(0,0%),
then the corresponding model for the original stationary series {Y;} is
n
found on replacing X; for each t by Y; — , where § = n='> y; is the

j=1
sample mean of the original data, treated as a fixed constant.
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When p and ¢ are known, good estimators of ¢ and 6 can be found by
imagining the data to be observations of a stationary Gaussian time series
and maximizing the likelihood with respect to the p + ¢ + 1 parameters
@1,y Pp, 01, ...,04 and o2, The estimators obtained by this procedure are
known as maximum likelihood (or maximum Gaussian likelihood) estima-
tors. Maximum likelihood estimation is discussed in Section 5.2. Maxi-
mization of the likelihood and selection of the minimum AICC model over
a specified range of p and ¢ values can be found in programs.

5.1 Preliminary Estimation

Go back to Table of Contents. Please click TOC

In this section we shall consider four techniques for preliminary estimation
of the parameters ¢(¢1, ..., ¢p)’, 0 = (01, ..., ¢p)’, and o from observations
Z1,...,Zn of the causal ARMA(p, q) process defined by

6(B)X: = 0(B)Zi, {Z:} ~ WN(0,0%).
The Yule-Walker and Burg procedures apply to the fitting of pure autore-
gressive models.
5.1.1 Yule-Walker Estimation

Go back to Table of Contents. Please click TOC

For a pure autoregressive model the moving-average polynomial 6(z) is
identically 1, and the causality assumption in ¢(B)X: = 0(B)Zs, {Z:} ~
WN(0,c?) allows us to write X; in the form

Xe=) WiZij,
j=0

where, from Section 3.1, ¢(2) = > ¢;2? = 1/4(2). Multiplying each side
3=0

of ¢(B)X: = 0(B)Zs, {Z} ~ WN(0,0%) by X;—;, 5 =0,1,2,...,p, taking
expectations, and using Xy = ) 1;Z:_; to evaluate the right-hand side

§=0
of the first equation, we obtain the Yule-Walker equations
I'ng =

and
0% =7(0) — &',

where T, is the covariance matrix [y(i —)]7 ;_, and v, = (v(1),...,7(p))"-
These equations can be used to determine 7(0), ..., 7(p) from o2 and ¢.

On the other hand, if we replace the covariances v(j), j =0, ..., p, ap-
pearing in I'y¢ and 02 = v(0) — ¢’~y, by corresponding sample covariances
4(4), we obtain a set of equations for the so-called Yule-Walker estimators
(;3 and 62 of ¢ and o2, namely,
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and R
5° =4(0) = ¢'%,
where I'y = [§(i — j)I7 ;—=; and 9, = ((1), ..., 4(p))
If 4(0) > 0, then I'y, is nonsingular for every m = 1,2,..., so we can
rewrite the above equations in the following form:

!

Definition 5.1. Sample Yule-Walker Equations:

= (01, 0p) = Ry oy

-

and
5% =401~ pp Ry pyl,
whete pp = (p(1), - #(p)’ = 3/4(0).
With ¢ as defined by ¢ = (¢1,...,,) = Ry 'pp, in the definition, it
can be shown that 1 — ¢z — - — ¢,zP # 0 for |z| < 1. Hence the fitted
model

Xt — g1 Xe1 — - — bpXemp = Zs, {Zi} ~ WN(0,67)

is causal. The autocovariances yr(h), h = 0,...,p, of the fitted model
therefore satisfy the p + 1 linear equations

vp(h) — iy (h = 1) = - — dyye(h —p) = { 2,2 Ziéf P

However, from T'p¢ = 7, and ® = v(0) — ¢, we see that the solution of
these equations is vr(h) = 9(h), h = 0, ..., p, so that the autocovariances
of the fitted model at lags 0, 1, ..., p coincide with the corresponding sample
autocovariances.

The argument of the preceding paragraph shows that for every non-
singular covariance matrix of the form I'py1 = [y(i — j)}f';il there is an
AR(p) process whose auto covariances at lags 0,...,p are v(0),...,(p).
There may not, however, be an MA(p) process with this property.

It is often the case that moment estimators, i.e., estimators that (like
g?)) obtained by equating theoretical and sample moments, have much
higher variances than estimators obtained by alternative methods such
as maximum likelihood. However, the Yule-Walker estimators of the
coeflicients ¢1,...,¢p of an AR(p) process have approximately the same
distribution for large samples as the corresponding maximum likelihood
estimators. For our purposes it suffices to note the following:

Definition 5.2. Large-Sample Distribution of Yule-Walker Esti-
mators:
For a large sample from an AR(p) process,

¢~ N(p,n o’ ).

If we replace o2 and I'p) by their estimates 62 and f‘p, we can use
this result to find large-sample confidence regions for ¢ and each of its
components as below.

Order Selection
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In practice we do not know the true order of the model generating
the data. In fact, it will usually be the case that there is no true AR
model, in which case our goal is simply to find one that represents the
data optimally in some sense.

e Some guidance in the choice of order is provided by a large-sample
result, which states that if {X;} is the causal AR(p) process defined
by ¢(B)X; = 0(B)Z:, {Z:} ~ #id(00, %) and if we fit a model with
order m > p using the Yule-Walker equations, i.e., if we fit a model
with coefficient vector

¢'m - R:nlﬁ7 m > P,

then the last component, (fﬁm,m of the vector qgm is approximately
normally distributed with mean 0 and variance 1 /n, Notice that
¢dmm is exactly the sample partial autocorrelation at lag m.

e A more systematic approach to order selection is to find the values
of p and ¢, that minimize the AICC statistic

ATCC = =210 L(8,, 8(dp)/n) + 2(p + Dn/(n — p — 2),

where L is the Gaussian likelihood in

2 _ 1 1 (X, - X;)?
L(¢,0,0°) = — exp{ — ﬁ;i

V(@2ro2)nrg ... Ti—1

and S is defined in

n

S(,0) = (X5 — X;)/rj1.

j=1
Definition 5.3. The fitted Yule-Walker AR(m) model is
X = dmXio1 = = SmmXeem = Ze, {Ze} ~ WN(0,0m),

where R . . A
¢m = (¢m17 ey (,bmm)/ = R'r_nlﬁ
and .
b = A(0)[1 = pp R’ pun].

For both approaches to order selection we need to fit AR models of
gradually increasing order to our given data. The problem of solving
the Yule-Walker equations with gradually increasing orders has already
been encountered in a slightly different context in Section 2.5.1, where
we derived a recursive scheeme for solving the equations I'y¢p = 7, and
o’ = 7v(0) — ¢'vp, with p successively taking the values 1,2, .... Here
we can use exactly the same scheme (the Durbin-Levinson algorithm) to
solve the Yule-Walker equations I'y¢ = 45, and 62 = 5(0) — ¢'4p, the only
difference being that the covariances in the original formulas are replaced
by their sample sample counterparts.

Confidence Regions for the Coefficients

Under the assumption that the order p of the fitted model is the correct
value, we can use the asymptotic distribution of ngﬁp to derive approximate
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Irage-sample confidence regions for the true coefficient vector ¢, and for its
individual components ¢,;. Thus, if x3_,(p) denotes the (1 — ) quantile
of the chi-squared distribution with p degrees of freedom, then for large
sample-size n the region

{p€R”: (¢p— &) Tp(dp — ¢) <1 'opX1-a(p)}

contains ¢, with probability close to (1 — ). Similarly, if ®1_, denotes
the (1 — ) quantile of the standard normal distribution and 9,; is the jth
diagonal element of 9,I", 1 then for large n the interval bounded by

ngpj + @17Q/2n71ﬁ;;2
contains ¢p; with probability close to (1 — ).

Relative Efficiency of Estimators

The performance of two copmeting estimators is often measured by
computing their asymptotic relative efficiency. In a general statistics esti-
mation problem, suppose éﬁl) and éy(f) are two estimates of the parameter
0 in the parameter space © based on the observations X1, ..., X,. If éﬁ}’
is approximately N(6,07(6)) for large n i = 1,2, then the asymptotic
efficiency of é%l) relative to éf) is defined to be

2
(1) 42y _ 02(0)
e(6,6,6 )_70%(0).

If e(0,01) < 1 for all § € O, then we say that 62 is a more

efﬁcignt gstimator of 0 than éﬁl) (strictly more efficient if in addition,
e(8,0M,6®) < 1 for for some 6 € ©).

5.1.2 Burg’s Algorithm
Go back to Table of Contents. Please click TOC

The Yule-Walker coefficients gZA)pl, ...,ngpp are precisely the coeflicients of
the best linear predictor of Xpy1 in terms of {X,,..., X1} under the as-
sumption that the ACF of {X;} coincides with the sample ACF at lags
1,...,p.

Burg’s algorithm estimates the PACF {¢11, ¢22,...} by successively
minimizing sums of squares of forward and backward one-step prediction
errors with respect to the coefficients ¢;;. Given observations {z1, ..., zn}
of a stationary zero-mean time series { X} we define u;(¢), t =i+1,...,n,
0 < i < n, to be the difference between ,+1+;—+ and the best linear esti-
mate of Tn414i—¢ in terms of the preceding ¢ obserbations. Similarly, we
define v;(¢t), t =i+1,...,n, 0 < i < n, to be the difference between xp41—+
and the best linear estimate of z,,4+1_+ in terms of the subsequent ¢ obser-
vations. It can be shown that the forward and backward prediction
errors {u;(¢)} and {v;(t)} satisfy the recursions

uo(t) = vo(t) = Tnt1—t,

wi(t) = ui—1(t — 1) — Pssvi—1(2),
and
’Ui(t) = ’Ut_l(t) — ¢iiui_1(t — 1).
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Burg’s estimate ¢§]13) of ¢11 is found by minimizing

2 1 2 2
o1 = o—— ) [ui(t) +vi(t)]
2(n —1) ;
with respect to ¢11. This gives corresponding numerical values for uq(t)
and v1(t) and o7 that can then be substituted into equations above with
i = 2. Then we minimize
2 1 2 2
= —— t t
P 2(n—2)2[u2( ) +vz(t)]

t=3

n

with respect to ¢22 to obtain the Burg estimate (;35123) of ¢22 and corre-

sponding value of us(t), v2(t), o3. This process can clearly be contin-

ued to obtain estimates ¢;§’> and corresponding minimum values, U,(,B)Z,
p < n — 1. Estimates of the coefficients ¢,;, 1 < j < p — 1, in the best
linear predictor

PoXpi1 = ¢p1Xp + -+ dppXa

are then found by substituting the estimates ¢§f>, i=1,...,p, for ¢;; in
the recursions of

fun =:[v<n>—-f§§¢n_lv<n-—j>}v;ih

Pn1 Dn-1,1 Pn—1,n-1
o= e |
Dnyn—1 Pn—1,n-1 Pn-1,1
and
Vn = Vn_1[1 — don].
The resulting estimtates of ¢p;, j = 1,...,p, are the coefficient estimates
of the Burg AR(p) model for the data {z1,...,zn}. The Burg estimate of
the whtie noise variance is the minimum value a,(,B>2 found in the determi-
nation of (;31(35). The calculation of the estimates of ¢,, and o7 described
above is equivalent to solving the following recursions:
Algorithm 5.4. Burg’s Algorithm:

A1) = (it -1)+of).

QSEZB) = d(gi)t:i;rlvtfl(t)Ut—l(t - 1),
di+1) = (1-¢P%)d(i) —v3(i+1) — u?(n),

o = (1 - ¢{P%d())/[2(n — 9)).

The large-sample distribution of the estimated coefficients for the Burg
estimators of the coefficients of an AR(p) process is the same as for the
Yule-Walker estimators, namely, N (¢,n71021"; 1). Approximate large-
sample confidence intervals for the coefficients can be found as in Section
5.1.1 by substituting estimated values for o and T'p.
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5.1.3 The Innovations Algorithm

Go back to Table of Contents. Please click TOC

Just as we can fit autoregressive models of orders 1, 2, ... to the data
{z1, ...,z } by applying the Durbin-Levinson algorithm to the sample au-
tocovariances, we can also fit moving average models

Xe=Zi+0miZir+ -+ O Ze—my {20} ~ WN(0, 0m)

of orders m = 1,2,... by means of the innovations algorithm (Section

2.5.2). The estimated coefficient vectors O, := (@1, ..., Ormm)’ and white
noise variances U, m = 1,2, ..., are specified in the following definition.

Definition 5.5. The fitted innovations M A (m) model is
Xe=Zi+0miZia + -+ O Zim, {20} ~ WN(0,0m),

where 6,,, and ©,, are obtained from the innovations algorithm with the
ACVF replaced by the sample ACVF.

Remark 5.6. If can be shown (see Brockwell and Davis, 1988) [10] that if
{X:} is an invertible MA(q) process

Xe=Zi4+0Zir4 - +0y2:_q, {Zi} ~IID(0,5°),

with E(Z}) < oo, and if we define 6y = 1 and 6; = 0 for j > ¢, then the
innovation estimates have the following large-sample properties. If n — oo
and m(n) is any sequence of positive integers such that m(n) — oo but
nfl/‘o’m(n) — 0, then for each positive integer k the joint distribution
function of

n1/2(ém1 — al,émz — 92, -~-,émk — Gk),

converges to that of the multivariate normal distribution with mean 0 and
covariance matrix A = [ai;]F j—;, where

min(i,7)

Qi = g eifrejf'r“
r=1

This result enables us to find approximate large-sample confidence inter-
vals for the moving-average coefficients from the innovation estimates as
deescribed in below. Moreover, the estimator 9y, is consistent for o2 in
the sense that for every € > 0, P(|9y, — 0?| > €) — 0 as m — oo.

O

Remark 5.7. Although the recursive fitting of moving-average models us-
ing the innovations algorithm is closely analogous to the recursive fitting of
autoregressive models using the Durbin-Levinson algorithm, there is one
important distinction. For an AR(p) process the Yule-Walker and Burg
estimators ¢, are consistent estimators of (¢1, ..., ¢,)’ as the sample size
n — oo. However, for an MA(q) process the estimator 6, = (0,41, ..., 04q)"
is not consistent for (61,...,6,)". For consistency it is necessary to use
the estimators (Om1, ..., 0mq) with m(n) satisfying the conditions of Re-
mark 5.6. The choise of m for any fixed sample size can be made by
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increasing m until the vector (0.1, ..., Omq)’ stabilizes. It is found in prac-
tice that there is a large range of values of m for which the fluctuations
in 6,; are small compared with the estimated asymptotic standard de-

i1, min(i,)
viation n~/2(3260%,)"/? as found from a;; = 5. 6i_.0;_, when the
=0 r=1

coefficients 6; are replaced by their estimated values émj.
|

Order Selection

Three useful techniques for selecting an appropriate MA model are
given below. The third is more systematic and extends beyond the narrow
class of pure moving-average models.

e From Section 3.2.2 that for an MA(q) processthe autocorrelations
p(m), m > q, are zero. Moreover, we know from Bartlett’s formula
(Section 2.4) that the sample autocorrelation p(m), m > q, is ap-
proximately normally distributed with mean p(m) = 0 and variance
n7'1 4+ 20%(1) + --- + 2p*(q)]. This result enables us to use the
graph of p(m), m = 1,2, ..., both to decide whether or not a given
data set can be plausibly modeled by a moving-average process and
also to obtain a preliminary estimate of the order ¢ as the smallest
value of m such that p(k) is not significantly different from zero for
all £ > m. For practical purposes “significantly different from zero”
is often interpreted as “larger than 1.96/y/n” in absolute value”.

e If in addition to examining p(m), m = 1,2, ..., we examine the co-
efficient vectors ém, m = 1,2, ..., we are able not only to assess the
appropriateness of a moving-average model and estimate its order ¢,
but at the same time to obtain preliminary estimates éml, ey émq of
the coefficients. By inspecting the estimated coefficients éml, . Ormm
for m = 1,2, ... and the ratio of each coefficient estimate 0,,; to 1.96

Jj—1,
times its approximate standard deviation o; = n_l/Q[Z 9,2“-}1/2, we

can see which of the coefficient estimates are most sigtniioﬁcantly dif-
ferent from zero, estimate the order of the model to be fitted as the
largest lag j for which the ratio is larger than 1 in absolute value,
and at the same time read off estimated values for each of the coef-
ficients. A default value of m is set by the propgram, but it may be
altered manually. As m is increased the values éml, s émm stabilize
in the sense that the fluctuations in each component are of order
n_1/2, the asymptotic standard deviation of 0,,1.

e As for autoregressive models, a more systematic approach to order
selection for moving-average models is to find the values of ¢ and

04 = (Oim1, ..., 0mmg)" that minimize the AICC statistic
AICC = —2In L(04,5(04)/n) +2(¢+ 1)n/(n — g — 2),

where L is the Gaussian likelihood defined in

n

1 1 (X, —X-)Q}
L($,0,0%) = ex {_7 J J
(d) ) \/(271'02)"7‘() oo Th—1 P 202; i1
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and S is defined in

S(6,0) => (X; = X;)*/rj-1.

Jj=1

Innovations Algorithm Estimates when p > 0 and ¢ > 0
The causality assumption (Section 3.1) unsures that

Xe =Y ¥iZij,
=0

where the coefficients v; satisfy

min(j,p)

v =0+ Y Gity=i, 5=0,1,..,

=1

and we define 6y := 1 and 6; := 0 for j > ¢q. To estimate ¥1, ..., ¥ptq
we can use the innovation estimates émh ey ém,p+q7 whose large-sample
behavior is specified in Remark 5.6. Replacing ; by ém]- in 7; and solving
the resulting equations

ém] = 6] J’» Z ¢7{ém"7—7‘7 j = 17"'7p+q7
i=1
min(j,p)

for ¢ and 6, we obtain initial parameter estimates (;AS and 0. To solve ém]‘
we first find ¢ from the last g equations:

9m,q+1 qu Gm,qfl 9m7q+1*p o1
6’m,61+2 am,qul em,q 9m,q+2fp ¢2
9m7q+p 0m,q+P*1 0m,q+p*2 em,q ¢P

Having solved the above equations for (23 (which may not be causal), we
can easily determine the estimate of 6 from

. . min(y,p)
05 =0y = > Gilmgois 5=1,10
i=1
Finally, the white noise variance o2 is estimated by
5'2 = nilz(Xt — Xt)2/7't717
t=1

where X is the one-step predictor of X computed from the fitted coeffi-
cient vectors ¢ and 0, and r,_; is defined in page 101 of text [9]
E(Xn+1 — Xn+1)2 = O’ZE(Wn.H — Wn+l) = 0’27“n.

Order Selection for Mized Models
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For models with p > 0 and ¢ > 0, the sample ACF and PACF are
difficult to recognize and are of far less value in order selection than in
the special cases where p = 0 or ¢ = 0. A systematic approach, however,
is still available through minimization of the AICC statistic

AICC = =210 L(6p, 04, S(65,04)/m) +2(p +q + 1)n/(n = p — g = 2),

which is discussed in more detail in Section 5.5.

5.1.4 The Hannan-Rissanen Algorithm

Go back to Table of Contents. Please click TOC

The defining equations for a causal AR(p) model have the form of a linear
regression model with coefficient vector ¢ = (¢1,...,¢p). This suggests
the use of simple least squares regression for obtaining preliminary pa-
rameter estimates when ¢ = 0. Application of this technique when ¢ > 0
is complicated by the fact that in the general ARMA(p, q) equations X
is regressed not only on X;_1,..., X;—p, but also on unobserved quanti-
ties Zi—1, ..., Zi—q. Nevertheless, it is still possible to apply least squares
regression to the estimation of ¢ and 6 by first replacing the unobserved
quantities Z;—_1, ..., Zi—q in ¢(B) Xy = 0(B)Zy, {Zi} ~ WN(0,0?) by esti-
mated values Zt_l, s Zt_q. The parameters ¢ and 6 are then estimated
by regressing X; onto X:¢_1, ...7Xt,p,ZAt,1, s Zt,q. These are the main
steps.

Step 1. A high order AR(m) model (with m > max(p, q)) is fitted to
the data using the Yule-Walker estimates. If ((;Aﬁmh ey (Z;mm)’ is the vector
of estimated coefficients, then the estimated residuals are computed from
the equations

Zt = Xt — (Z)let,l — = (Z;mth*’ﬂh t=m + 17 ey N

Step 2. Once the estimated residuals Zt, t=m+1,...,n, have been
computed as in Step 1, the vector of parameters, 8 = (¢’,6’)’ is estimated
by least squares linear regression of X; onto (X¢—1, ..., X¢—p, Ze 1,y Z,q),
t=m+1+4 gq+,...,n, i.e.,, by minimizing the sum of squares

n

SB) = > (Xi—¢1Xe1— = ¢pXep— 1 Zip— = 0421 y)°

t=m+1+q
with respect to 5. This gives the Hannan-Rissanen estimator
B=(2'2)"Z'X,,
where X,, = (Xmt14q -, Xn) and Z is the (n —m — q) X (p + q) matrix

Xmtq KXmtg-1 - Xmigrip Zm+q Zmtq-1 - Zmy1
p Xmigrt  Xmyq oo Xmtgt2-p Zmigrl  Zmtq oo Dmi2
Xpo1 Xnoo e X, Tt Zny oo Zng

(If p = 0, Z contains only the last ¢ columns.) The Hannan-Rissanen
estimate of the white noise variance is

S(B)

OA,HRzi‘
n—m-—q
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5.2 Maximum Likelihood Estimation
Go back to Table of Contents. Please click TOC Suppose that {X;} is a

Gaussian time series with mean zero and autocovariance function (7, j) =

E)XiX;). Let X, = (Xi1,..,X,)" and let X, = (X1,...,X,)’, where
X1 =0 and Xj = ]E(Xj|X1,...,Xj71) = ijlXj, j > 2. Let I',, denote
the covariance matrix I',, = IE(XTLX;)7 and assume that I',, is nonsingular.

The likelihood of X, is

L(T,) = (27) " "/*(det T',)) /% exp ( - %X;rglxn).

As we shall now show, the direct calculation of detT,, and T';! can
be avoided by expressing this in terms of the one-step prediction errors
X; — X; and their variances vj_1, j = 1,...,n, both of which are easily
calculated recursively from the innovations algorithm.

Let 05, j =1,...,0i, 9 =1,2,..., denote the coeflicients obtained when
the innovations algorithm is applied to the autocovariance function x of
{X:}, and let C, be the nxn lower triangular matrix defined in Section

2.5.2. From X,, = C (X, — X,) we have the identify
X, = Cn(X, — X,).

We also know from remark below (from Section 2.5.2.) that the compo-
nents of X, — X, are uncorrelated. Consequently, by the definition of v;,
X, — X, has the diagonal covariance matrix

D,, = diag{vo, ..., 0n—1}.
From X,, = Cn(X,, — Xn) and > yv = BY xx B’ we conclude that
Iy, =Cn,D,C,,.
From X,, = C,(X,, — Xn) and I',, = C,,D,,C}, we see that

X0 X = (X = X0) Dy (X — X) = D (X5 — X5) fvs

j=1

and
det 'y, = (det C’n)2(det Dy) = vov1...Un—1.

The likelihood L(T',,) = (27)~"/?(det ') ~Y/? exp (f gx’nrglxn) of the

vector X,, therefore reduces to

L(Ty) = T o ( - %i(Xj - Xj)2/vj—1)~

j=1

If T',, is expressible in terms of a finite number of unknown parameters
B1, ..., Br (as is the case when {X;} is an ARMA(p,q) process), the max-
imum likelihood estimators of the parameters are those values that
maximize L for the given data set. When X, Xo,..., X, are iid, it is
known, under mild assumptions and for n large, that maximum likeli-
hood estimators are approximately normally distributed with variances
that are at least as small as those of other asymptotically normally dis-
tributed estimators (see, e.g., Lehamnn, 1983) [21].
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Remark 5.8. From Remark 5 on page 73 in text [9]: Whitle the Durbin-
Levinson recursion gives the coefficients of X,,, ..., X1 in the representation

N n
Xnt1 = Y. ¢n;j Xnt1—j, the innovations algorithms gives the coefficients
j=1

of (X, — Xn)7 ey (X1 — X1), in the expansion Xn+1 =3 0n;(Xny1—; —
j=1

Xn+1_ ;). The latter expansion has a number of advantages deriving from

the fact that the innovations are uncorrelated. It can also be greatly

simplified in the case of ARMA(p,q) series, as we shall see in Section 3.3.

An immediate consequence is the innovations representation of X, + 1

itself. Thus (defining 6o := 1),

Xnt1 = Xnp1— Xng1 + Xng1 = Zenj(anLlfj —Xp1-5),m=0,1,2, ..
j=0

O

The likelihood for data from an ARMA ((p, ¢) process is easily computed

from the innovations form of the likelihood L(I',,) by evaluating the one-
step predictors X;+1 and the corresponding mean squared errors v;.

Y Ong (Xns1-5 — Xnt1-5), 1<n<m,
Xny1 = = q N
01 Xn 4+ F GpXnt1p+ Y00 (Xnp1-j — Xnv1-5), n>m,
=1
and
E(Xni1 — Xni1)? = 0P E(Woi1 — Woi1)® = 071,
where 6,; and 7, are determined by the innovations algorithm with « as
in k(4,7) in Section 3.3 and m = max(p,q). Subsituting in the general

expression L(T'y) = ﬁexp ( — 13X - Xj)z/'l)j_1>, we
) VQ .. Vg — =

obtain the following:
Definition 5.9. The Gaussian Likelihood for an ARMA Process:

1 1 < (X-ff(-)2}
L(¢,0,0%) = e -y 2T
(¢,6,07) \/(271'02)"7"0...7'”,1 Xp{ 202 Tj—1

j=1

Differentiating In L(¢, 0, o) partially with respect to o and noting
that X; and r; are independent of o2, we find that the maximum likelihood
estimators @, 0, and 62 satisfy the following equations:

Definition 5.10. Maximum Likelihood Estimators:
62 =n"'5($,0),

where .
S(6,0) = (X5 — X;)% /71,
j=1
and z,zAﬁ, 0 are the values of ¢, 0 that minimize

£(¢,0) =In(n""S(¢,0)) + nflznjln ri—1.
j=1
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Least Squares Estimation for Mized Models

The least squares estimates ¢~) and 6 of ¢ and 0 are obtained by min-
imizing the function S rather than I, subject to the constraints that the
model be causal and invertible. The least squares estimate of o2 is

5’2 _ S((EJ, é)

n—p-q
Order Selection
In Section 5.1 we introduced minimization of the AICC value as a
major criterion for the selection of the orders p and q. This criterion is
applied as follows:

Definition 5.11. AICC Criterion:
Choose p, q, ¢p, and 6, to minimize

AICC = =2In L(¢p, 04, S(bp, 04)/n) + 2(p + g+ V)n/(n —p — ¢ = 2).

For any fixed p and ¢ it is clear that the AICC is minimized when
¢p and 6, are the vectors that minimze —21n L(¢p, 84, S(¢p,04)/n), ie.,
the maximum likelihood estimators. Final decisions with respect to order
selection should therefore be made on the basis of maximum likelihood
estimators (rather than the preliminary estimators of Section 5.1, which
serve primarily as a guide). The AICC statistic and tis justification are
discussed in detail in Section 5.5.

Confidence Regions for the Coefficients

For large sample size the maximum likelihood estimator B of B :=
(p1, e, Pp, 01, ...,04) is approximately normally distributed with mean 3
and covariance matrix [n~'V(3)] which can be approximated by 2H ' (5),
where H is the Hessian matrix [02£(3)/08:08;]7 4

i,j=1"
Definition 5.12. Large-Sample Distribution of Maximum Likeli-
hood Estimators:
For a large sample from an ARMA(p, q) process,

B~ N(@B,n 'V(B)).

Ezample 5.13. An AR(p) model
The asymptotic covariance matrix in this case is the same as that for
the Yule-Walker estimates given by

V(p) =T, "
In the special cases p =1 and p = 2, we have

AR(1):V(¢) = (1-41),

AR(2):V(p) = _(Zi(z iqu) _¢i (i gg(m)
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Ezample 5.14. An MA(q) model
Let '} be the covariance matrix of Y1, ..., Yy, where {Y;} is the autore-
gressive process with autoregressive polynomial 0(z), i.e.,

Yid 01Yio1 + - +0,Yig = Zi, {Zi} ~ WN(0,1).
Then it can be shown that
V() =T;""

Inspection of the results of Example 5.14 and replacement of ¢; by —6;
yields

<
N
G
<
=
I

(1-o1),
MAQ2):V(0) = [91}1*_932) 91(11:99%)2)}
O

Ezample 5.15. An ARMA(1,1) model
For a causal and invertible ARMA(1,1) process with coefficients ¢ and

1+ ¢0 [(1*¢2)(1+¢9) *(1*92)(1*&)}
—1=0*)(1-¢)  (1-6")(1+90)

0.

Vi(g,0) = [CET)E

5.3 Diagnostic Checking

Go back to Table of Contents. Please click TOC
Typically, the goodness of fit of a statistical model to a set of data is judged
by comparing the observed values with the corresponding predicted values
obtained from the fitted model. If the fitted model is appropriate, then
the residuals should behave in a manner that is consistent with the model.
When we fit an ARMA(p, ¢) model to a glven series we determine the
maximum likelihood estimators qf:, 0 and 62 of the parameters qS, 0, and
o. In the course of this procedure the predicted values Xt(qﬁ, ) of X
based on X1, ..., X;_1 are computed for the fitted model. The residuals
are then defined

Wy = (Xi — X0(6,0))/(re—1(6,0)%, t =1, ...,n.

If we were to assume that the amximum likelihood ARMA(p, ¢) model
is the true process generating {X:}, then we could say that {Wt} ~
WN(0,6%). However, to check the appropriateness of an ARMA(p, q)
model for the data we should assume only that Xi,..., X, are generated
by an ARMA(p, q) process with unknown parameters qb, 6, and o2, whose
maximum likelihood estimators are ¢, 6, and &2 respectlvely Then it
is not true that {Wt} is white noise. Nonetheless Wt, t =1,...,n, should
have properties that are similar to those of the white noise sequence

Wt(¢7 0) = (Xt - Xt(¢7 9))/(’”*1(@57 9))1/27 t= 17 ceey T

Moreover, W:(¢,0) approximates the white noise term in the defin-
ing equation ¢(B)X; = 0(B)Z; in the sense that E(W;(¢,0) — Z;)*> — 0
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as t — oo. Consequently, the properties of the residuals {Wt} should
reflect those of the white noise sequence {Z:} generating the underly-
ing ARMA(p,q) process. In particular, the sequence {Wt} should be
approximately i uncorrelated if {Z;} ~ WN(0,5?), (i) independent if
{Z;} ~ IID(0,0?), and (iii) normally distributed if Z; ~ N(0,c?).

The rescaled residuals Rt, t =1,...,n, are obtained by dividing the

A n
residuals Wy, t = 1,...,n, by the estimate 6 = /(Y. W2)/n of the white
i=1
noise standard deviation. Thus,

Rt :Wt/&

5.4 Forecasting

Go back to Table of Contents. Please click TOC
Once a model has been fitted to the data, forecasting future values of the
time series can be carried out using the method described in Section 3.3.

5.5 Order Selection

Go back to Table of Contents. Please click TOC
Once the data have been transformed (e.g., by some combination of Box-
Cox and differencing transformations or by removal of trend and seasonal
components) to the point where the transformed series {X;} can poten-
tially be fitted by a zero-mean ARMA model, we are faced with the prob-
lem of selecting appropriate values for the orders p and gq.

It is not advantageous from a forecasting point of view to choose p and
q arbitrarily large. Fitting a very high order model will generally result in
a small estimated white noise variance, but when the fitted model is used
for froecasting, the mean squared error of the forecasts will depend not
only on the white noise variance of the fitted model but also on errors aris-
ing from estimation of the parameters of the model. These will be larger
for higher-order models. For this reason we need to introduce a “penalty
factor” to discourage the fitting of models with too many parameters.

5.5.1 The FPE Criterion

Go back to Table of Contents. Please click TOC

The FPE criterion was developed by Akaike (1969) to select the appropri-
ate order of an AR process to fit to a time series {X¢,..., Xp} [1]. Instead
to choose the order p to make the estmiated whtie noise variance small,
the idea is to choose the model for {X;} in such a way as to minimize the
one-step mean squared error when the model fitted to {X:} is used to pre-
dict an independent realization {Y;} of the same process that generated

{Xe}
Suppose then that {Xi,..., Xy} is a realization of an AR(p) process
with coefficients ¢1, ..., ¢p, are the maximum likelihood estimators of the

coeflicients based on {X1, ..., X, }, are the maximum likelihood estimators
of the coefficients based on {Xi,..., Xn} if we use these to compute the
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one-step predictor q@l Yo+ -+ qAﬁpYnH,p of Y41, then the mean square
prediction error is

E(Yns1 — ¢1Yn —“'—¢p ni1p)’

= E[ a1 — 1Y — = G Yr1—p — ($1 — 1) Ye — -+ — (dp — dp) Yuy1-p)?

o + E[(dp ¢>p)[ 1 Ynt1-57 5= (6 — @),

where ¢}, = (¢1, ..., ¢p)’, ¢p (¢1,...,dp) , and o2 is the white noise vari-
ance of the AR(p) model. Writing the last term in the preceding equation
as the expectation of the conditional expectation given Xi,..., X,,, nad
using the independence of { X1, ..., X»} and {Y1,...,Y,}, we obtain

E(Ynt1 — ¢1Y - ¢7p n+l— p) =0’ +E[(¢gp - pr)/rp(‘lgp -9,

where ', = E[Y;Y;]? j—1- We can approximate the last term by assuming

that n~'/?(¢, — ¢,) has its large-sample distribution N (0, o’T';"). From
Problem 5.13 of text [9], we have

E(Yn+1 — 01Yn — - — ¢pYus1-p)° ~02(1+§)~

If 52 is the maximum likelihood estimator of o2, then for large n, né?/o? is
distributed approxunatedly as chi-squared Wlth (n p) degrees of freedom.
Therefore we replace 2 inE(Yns1—1Yn— - —dpYni1p)? ~o?(14 2 2)
by the estimator nég / (n—p) to get the estimated mean square predlctlon
error of Y41,

FPE, =6~ +§

5.5.2 The AICC Criterion

Go back to Table of Contents. Please click TOC
A more generally applicable criterion for model selection that the FPE
is the information criterion of Akaike (1973) [?], known as the AIC. The
was designed to be an approximately unbiased estimate of the Kullback-
Leibler index of the fitted model relative to the true model (defined below).
Here we use a bias-corrected version of the AIC, referred to as the AICC,
suggested by Hurvich and Tsai (1989) [19].

If X is an n-dimensional random vector whose probability density
belongs to the family {f(-;v),v € ¥}, and Kullback-Leibler discrepancy
between f(-;4¢) and f(-;6) is defined as

d($|0) = A1) — A(010),

where
AWI0) = Ba(~21n f(Xiw)) = [ —2n(fa ) [ (xi0)ix

is the Kullback-Leibler index of f(-;¢) relative to f(-;0). (Note that in
general, A(|0) # A(6]vy).) By Jensen’s inequality (see, i.e., Mood et al.,
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1974) [27],

d(¥16)

v
=

Jon —21n <f<(f:g))>f(x; 0)dx
—2In fR" fi’;;;g)) f(x; G)dx)

= 2 ( [ SO i)

with equality holding if and only if f(x;¢) = f(x;0).

Given observations X1, ..., X — n of an ARMA process with unknown
parameters 6 = (3, 0?), the true model could be identified if it were pos-
sible to compute the Kullback-Leibler discrepancy between all candidate
models and the true model. Since this is not possible, we estimate the
Kullback-Leibler discrepancies and choose the model whose estimated dis-
crepancy (or index) is minimum. In order to do this, we assume that the
true model and the alternatives are all Gaussian. Then for any given
0 = (B8,0?), f(-;0) is the probability density of (Y3, ..., Yn)’, where {Y;} is
a Gaussian ARMA(p, q) process with coefficient vector 5 and white noise
variance o2. (The dependence of § on p adn ¢ is through the dimension
of the autoregressive and moving-average coefficients inf3.)

Suppose, therefore, that our observations X1, ..., X,, are from a Gaus-
sian ARMA process with parameter vector § = (3,0°) and assume for
the moment that the true order is (p,q). Let 0 = (3,62) be the maxi-
mum likelihood estimator of 8 based on X7, ..., X,, and let Y7,..., Y, be an
independent realization of the true process (with parameter 6). Then

—2InLy(B,6%) = —2In Lx(B,6%) + 6 %Sy (B — n,

where L,, Ly, Sx, and Sy are defined as in

n L > . 2
L(¢,0,0%) = . exp{ - %ZM}
(2m0)2%r0 ... Th—1 20 = Tt

and

Hence,

Eo (A (6]9))

Es 02(—2In Ly (83,67))
Eg o2 (—2In Lx(5,6%) +Eg o2 <Sggﬂ>> —n.

It can be shown using large-sample approximations that

g L (Sv(B) 2p+a+n
4 62 n—-p—q—2)’

from which we see that —21In Lx(3,6%) +2(p+ ¢+ 1)n/(n —p — ¢ — 2)
is an approximately unbiased estimator of the expected Kullback-Leibler
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index Eq(A(0]0)) in Eo(A(6]0)). Since the preceding calculation (and the
maximum likeihood estimators 8 and ?) are based on the assumption
that the true order is (p, q), we therefore select the values of p and ¢ for

our fitted model to be those that minimize AICC(S), where
AICC(B) :== —2InLx(B,Sx(B)/n) +2(p+ ¢+ 1)n/(n —p—q—2).
The AIC statistic, defined as
AIC(B) == —=2InLx(B,Sx(B)/n) +2(p+ ¢+ 1),

can be used in the same way. Both AICC(S,0?) and AIC(B,0%)can be
defined for arbitrary o by replacing Sx (3)/n in the preceding definitions
by 2. The value Sx(8)/n is used in AICC(B), since AICC(8,0?) (like
AIC(B, %)) is minimized for any given 3 by setting o = Sx(83)/n.

For fitting autoregressive models, Monte Carlo studies (Jones, 1975;
Shibata, 1976) [20] [31] suggest that the AIC has a tendency to overesti-
mate p. The penalty factors 2(p+¢q+1)n/(n—p—q—2) and 2(p+q+1)
for the AICC and AIC statistics are asymptotically equivalent as n — oo.
The AICC statistic, however, has a more extreme penalty for large-order
models, which counteracts the overfitting tendency of the AIC. The BIC
is another criterion that attempts to correct the overfitting nature of the
AIC. For a zero-mean causal invertible ARMA (p, ¢) process, it is defined
(Akaike, 1978) [2] to be

BIC = (n—p - q)In[no?/(n — p — )] + n(1 + Inv27)

+(p+q)n Ki:le - n&2) /(p+ q)] ,

where 62 is the maximum likelihood estimate of the white noise variance.

The BIC is a consistent order-selection criterion in the sense that if
the data {X1,..., X,,} are in fact observations of an ARMA(p,q) process,
and if p and ¢ are the estimated orders found by minimizing the BIC,
then p — p and § — ¢ with probability 1 as n — oo (Hannan, 1980) [16].
This property is not shared by the AICC or AIC. On the other hand,
order selection by minimization of the AICC, AIC, or FPE is asymptot-
ically efficient for autoregressive processes, while order selection by BIC
minimization is not (Shibata, 1980; Hurvich and Tsai, 1989) [32] [19].
efficiency is a desirable property defined in terms of the one-step mean
square prediction error achieved by the fitted model.

6 Nonstationary and Seasonal Time
Series Models
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In this chapter we shall examine the problem of finding an appropriate
model for a given set of observations {z1, ..., z,} that are not necessarily
generated by a stationary time series.
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6.1 ARIMA Models for Nonstationary Time Se-
ries
Go back to Table of Contents. Please click TOC

Definition 6.1. If d is a nonnegative integer, then {X;} is an ARIMA (p, d, q)
process if Y; := (1 — B)?X; is a causal ARMA (p, q) process.

This definition means that {X,} satisfies a difference equation of the
form

¢"(B)X: = $(B)(1 — B)'X, = 0(B)Zs, {Z:} ~ WN(0,0°),

where ¢(z) and 6(z) are polynomials of degrees p and ¢, respectively, and
¢(z) # 0 for |z| < 1. The polynomial ¢*(z) has a zero of order d at
z = 1. The process {X,} is stationary if and only if d = 0, in which case
it reduces to an ARMA(p, q) process.

Notice that if d > 1, we can add an arbitrary polynomial trend of de-
gree (d—1) to {X;} without violating the differencing equation ¢*(B)X;.
ARIMA models are therefore useful for representing data with trend (see
Sections 1.5 and 6.2).

Ezample 6.2. {X;} is an ARIMA(1,1,0) process if for some ¢ € (—1,1),
(1—¢B)(1 — B)X; = Zi, {Z:} ~WN(0,0°).

We can then wrtie

t
Xe=Xo+) Y, t21,

Jj=1

where

V,=(1-B)X, =Y ¢'Zi ;.
j=0

A realization of { X1, ..., X200} with Xo =0, ¢ = 0.8, and o2 =1 is shown
in Figure 26, with the corresponding sample autocorrelation and partial
autocorrelation functions in Figures 27 and 28, respectively.

O
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Figure 26: 200 observations of the ARIMA(1,1,0) series X; of Example 6.2.
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Figure 27: The sample ACF of the data in Figure 26.

o

@
o

0.6

ACF
04

0.0

-02
T

100



Figure 28: The sample PACF of the data in Figure 26.
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6.2 Identification Techniques
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The estimation methods of Chapter 5 enable us to find, for given values
of p and ¢, an ARMA(p, q) model to fit a given series of data. For this
procedure to be meaningful it must be at least plausible that the data are
in fact a realization of an ARMA proceess and in particular a realization
of a stationary process.

6.3 Unit Roots in Time Series Models
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The unit root problem in time series when either the autoregressive or
moving-average polynomial of an ARMA model has a root on or near
the unit circle. A unit root in either of these polynomials has important
implications for modeling.

6.3.1 Unit Roots in Autoregressions

Go back to Table of Contents. Please click TOC

In section 6.1 we discussed the use of differencing to transform a non-
stationary time series with a slowly decaying sample ACF and values
near 1 at small lags into one with a rapidly decreasing sample ACF.
The degree of differencing of a time series {X;} was largely determined
by applying the difference operator repeatedly until the sample ACF
of {VdXt} decays quickly. The differenced time series could then by
modeled by a low-order ARMA(p,q) process, and hence the resulting
ARIMA(p,d, q) model for the original data has an autoregressive poly-
nomial (1 — ¢12 — -+ — ¢pzP)(1 — 2)* (see (6.1.1)) with d roots on the
unit circle. In this subsection we discuss a more systematic approach to
testing for the presence of a unit root of the autoregressive polynomial in
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order to decide whether or not a time series should be differenced. This
approach was pioneered by Dickey and Fuller (1979) [12].
Let X, ..., X, be observations from the AR(1) model

Xo—p=¢1(Xem1 — 1) + Ze, {Z} ~WN(0,07),

where |¢1| < 1 and p = E(X¢). For large n, the maximum likelihood esti-
mator ¢; of ¢; is approximately N (¢1, (1—¢?)/n). For the unit root case,
this normal approximation is no longer applicable, even asymptotically,
which precludes its use for testing the unit root hypothesis Ho : ¢1 = 1
vs. Hi;¢1 < 1. To construct a test of Ho, write the model X; — i as

VX=Xt — Xoo1 = ¢4 + 61 Xe1 + Zi, {Zi} ~WN(0,0%),

where ¢ = (1 — ¢1) and ¢} = ¢1 — 1. Now let ¢} be the ordinary least
squares (OLS) estimator of ¢7 found by regressing V.X; on 1 and X¢—1.
The estimated standard error of ¢7 is

$(61) = 5( 30 - X7 o

t=2

n
where $% = 3 (VX —¢g— 1 X;—1)?/(n—3) and X is the sample mean of

=2
Xi,...,X,—1. Dickey and Fuller derived the limit distribution as n — oo
of the t-ratio o

Tu = $1/SE(¢1)
under the unit root assumption ¢; = 0, from which a test of the null
hypothesis Hy : ¢1 = 1 can be constructed. The 0.01, 0.05, and 0.10
quantiles of the limit distribution of 7,,. The augmented Dickery-Fuller
test then rejects the null hypothesis of a unit root, at say, level 0.05 if
7, < —2.86. Notice that the cutoff value for this test statistic is much
smaller than the standard cutoff value of -1.645 obtained from the normal
approximation to the t-distribution, so that the unit root hypothesis is
less likely to be rejected using the correct limit distribution.
The above procedure can be extended to the case where {X;} follows

the AR(p) model with mean p given by

Xe—p=d1(Xems — p) + -+ 6p(Xemp — ) + Ze, {Ze} ~ WN(0,0%).
This model can be rewritten as (see Problem 6.2 of text [9])

VXt =0+ 1 Xe—1 + P53V Xe1 + -+ $pVXi—pr1 + Zt,

where ¢o = p(l — g1 — -+ — @), ¢1 = Zp:lqﬁi —1, and ¢j = —_Zp:_qﬁn
1= 1=J

j = 2,...,p. If the autoregressive polynomial has a unit root at 1, then
0 = ¢(1) = —¢7, and the differenced series {VX,} is an AR(p—1) process.
Consequently, testing the hypothesis of a unit root at 1 of the autoregres-
sive polynomial is equivalent to testing ¢ = 0.
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6.3.2 Unit Roots in Moving Averages
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A unit root in the moving-average polynomial can have a number of inter-
pretations depending on the modeling application. For example, let {X;}
be a causal and invertible ARMA(p, q) process astisfying the equations

&(B)X: = 0(B)Z:, {Zi} ~ WN(0,0%).

Then the differenced series Y; := VX; is a noninvertible ARMA(p, g + 1)
process with moving-average polynomial 8(z)(1—z). Consequently, testing
for a unit root in the moving-average polynomial is equivalent to testing
that the time series has been overdifferenced.

As a second application, it is possible to distinguish between the com-
peting models

VX =a+V;
and
Xe=co+eit+ -+ cpt’ + W,

where {V;} and {W,} are invertible ARMA processes. For the former
model the differenced series {VkXt} has no moving-average unit roots,
while for the latter model {V*X;} has a multiple moving-average unit
root of order k. We can therefore distinguish between the two models by
using the observed values of {V*X;} to test for the presence of a moving-
average unit root.

6.4 Forecasting ARIMA Models
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In this section we desmonstrate how the methods of Section 3.3 and 5.4
can be adapted to forecast the future values of an ARIMA(p, d, q) process
{Xe}.

If d > 1, the first and second moments E(X;) and E(X;+,X;) are not
determined by the difference equations ¢*(B)X; = ¢(B)(1 — B)*X, =
0(B)Z:. We cannot expect, therefore, to determine best linear predictors
for {X:} without further assumptions.

In general, we shall assume that our observed process {X;} satisfies
the difference equations

(1-B)'X, =Y, t=1,2,...,

where {Y;} is a causal ARMA(p, ¢) process, and that the random vector
(X1-da, ..., Xo0) is uncorrelated with Y;, ¢ > 0. The difference equations
can be rewritten in the form

d
Xe =Y, — Z<d> (=1 X, t=1,2,...

=\

It is convenient,m by relabeling the time axis if necessary, to assume that
we observe X1_q, Xo_d, ..., Xn or equivalently 1, Xi_g4,..., Xo, Y1, ..., Yy).
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Our goal is to compute the best linear predictors P, X,+n. This
can be done by applying the operator P, to each side of X; = Y; —
d .
S (9 (~1)?X—; (with t = n + h) and using the linearity of P, to obtain

=1’

d
d .
PuXpsn = PoYoin —» (;) (—1) PuXpinj-

=1

Now the assumption that (Xi_g,..., Xo) is uncorrelated with Yz, ¢ > 0,
enables us to identify P, Y, 4+, with the best linear predictor of Y,,4x in
terms of {1, Y1, ..., Y, }, and this can be calculated as described in Section
3.3. The predictor P,X,+1 is obtained directly from P, X,+n by noting
that P, Xn41—j = Xn41—; for each j > 1. The predictor P, X, 42 can then
be found from P, X, 45 using the previously calculated value of P, X, 41.
The predictors P, Xn+3, PnXn+4, ... can be computed recursively in the
same way.

To find the mean squared error of prediction it is convenient to express
P, Yn+h in terms of {X; } For n > 0 we denote the one-step predictors
by Yn+l = P,Yh41 and Xn+1 = P, Xn+1. Then from X; and P, X+ we
have . .

Xn+1 — Xn+1 = Yn+1 — Yn+1, n Z 1.

and hence, if n > m = max(p,q) and h > 1, we can write

p q
P Xnyn = Z¢iPnYn+h—i + Z9n+h—1,j(Xn+h—j — Xnth—j)-

i=1 j=h
Setting ¢*(z) = (1 — 2)%¢92) =1 — ¢jz — --- — ¢Z+dzp+d, we find from
Pan+h that
p+d )
P, Xn+h - Z¢3P Xn+h j + Zen+h 1 J(Xnﬁ»hfj - Xn+h7j),
j=1 j=h

P
which is analogous to the h-step prediction formula P, X, 1n = Y ¢i PaXntn—it+

Z Onth—1,5(Xnth—j *Xn-kh—j) for an ARMA process. The mean squared
=
error of the h-step predictor is

h—1 J 2
U?L(h):E(Xn+h_Pan+h Z(ZXT n+h—r—1,5— r) Un+h—j—1,

Jj=0

where 0,0 = 1,
X(2) = xr2" = (1= iz — - = ¢praz”t )7,

and

Unth—j—1 = E(Xnsn—j = Xnt+n—3)* = E(Yatn—j — Yatn—;)*.
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The coefficients x; can be found from the recursions

min(p,j)

Xi= D BrXik
k=1

with ¢} replacing ¢;. For large n we can approximate o2(h), provided
that 6(-) is invertible, by

j—1
oo(h) = Zz/}?o27
=0

where

W(z) =D vz’ = (67(2))76(2).

6.4.1 The Forecast Function
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Inspection of equation P, X, 1p shows that for fixed n > m = max(p, q),
the h-step predictors

g(h) = Pan+h7

satisfy the homogeneous linear difference equations
g(h) = ¢ig(h—1) =+ = ¢pra9(h —p—d) =0, h > g,

where @7, ..., ¢35, 4 are the coefficients of z, ..., 2P 7% in ¢(2)* = (1—2)¢(2).
The solution is well known from the theory of linear difference equations.
If we assume that the zeros of ¢(z) (denoted by &1, ..., &) are all distinct,
then the solution is

g(h) = a0 +ath+ -+ agh™ " +bi&r "+ b8 " h>q—p—d,

where the coefficients a1, ...,aq and b1, ..., b, can be determined from the
p+d equations obtained by equating the right-handside of g(h) for g—p—
d < h < ¢ with the corresponding value of g(h) computed numerically (for
h <0, PoXn+rn = Xnyn, and for 1 < h < q, P, Xn+r can be computed
from P, X, as already described). Once the constants a; and b; have
been evaualted, the algebraic expression g(h) gives the predictors for all
ao, ..., ad, b1, ..., bp are simply the observed values g(h) = Xp=p, —p—d <
h < 0, and the expression 62(h) for the mean sqaured error is exact.

The calculation of the forecast function is easily generalized to deal
with more complicated ARIMA processes.

6.5 Seasonal ARIMA Models

Go back to Table of Contents. Please click TOC We have already seen how
differencing the series {X:} at lag s is a convenient way of eliminating a
seasonal component of period s. If we fit an ARMA(p,q) model ¢(B)Y; =
6(B)Z; to the differenced series Y; = (1 — B%) Xy, then the model for the
original series is ¢(B)(1 — B®)X¢, then the model for the original series is
¢(B)(1 — B*)X: = 0(B)Z;. This is a special case of the general seasonal
ARIMA (SARIMA) model defined as follows.
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Definition 6.3. If d and D are nonnegative integers, then {X,} is a
sesonal ARIMA (p,d,q) x (P,D,Q)s process with period s if the
differenced series Y; = (1 — B)%(1 — B*)P X} is a causal ARMA process
defined by

$(B)®(B")Y, = 6(B)O(B")Z:, {Zi} ~ WN(0,0%),
where ¢(z) =1 — 1z — -+ — ¢p2P, D(2) =1 — P12z — - — D20, 0(2) =
146012+ 40427 and O(2) =1+ O12 +...002%.

Remark 6.4. Note that the process {Y:} is causal if and only if ¢(z) # 0
and ®(z) # 0 for |z| < 1. In applications D is rarely more than one, and
P and @ are typically less than three.

O
Remark 6.5. The equation ¢(B)®(B*)Y; = 0(B)O(B?)Z,; satisfied by the
differenced process {Y:} can be rewritten in the equivalent from

¢"(B)Y: = 0"(B)Z:,

where ¢*(+), 0 () are polynomials of degree p+sP and ¢+ sQ, respectively,

whose coefficients can all be expressed in terms of ¢1, ..., ¢p, P1, ..., Py, 01, ...

and O1,...,0¢. Provided that p < s and ¢ < s, the constraints on the co-
efficients of ¢*(-) and () can all be expressed as multiplicative relations

¢:fs+j = ¢:s¢;7 1= 1727v] = 17 ey 8 — 17

and
0isi; =0507, i=1,2,..;5=1,...,s— L

In Section 1.5 we discussed the classical decomposition model incorporat-
ing trend, seasonality, and random noise, namely, X; = m; + s; + Y;. In
modeling real data it might not be reasonable to assume, as in the clas-
sical decomposition model, that the seasonal component s; repeats itself
precisely in the same way cycle after cycle. Seasonal ARIMA models allow
for randomness in the seasonal pattern from one cycle to the next.

O

6.6 Regression with ARIMA Errors
Go back to Table of Contents. Please click TOC

6.6.1 OLS and GLS Estimation

Go back to Table of Contents. Please click TOC

In standard linear regression, the errors (or deviations of the observations
from the regression function) are assumed to be independent are identi-
cally distributed. In many applications of regression analysis, however,
this assumption is cleraly violated, as can be seen by examination of the
residuals from the fitted regression and their sample autocorrelations. It
is often more appropriate to assume that the errors are observations of
a zero-mean second-order stationary process. Since many autocorrelation
functions can be well approximated by the autocorrelation function of a

106



suitably chosen ARMA ((p, q) process, it is of particular interest to consider
the model

Vi =xi84+ Wi, t=1,....n,
or in matrix notatio,

Y =X8+W,

where Y = (Y1,...,Y,)  is the vector of observations at times t = 1,...,n,
X is the design matrix whose tth row, x; = (z¢1, ..., Ttk), consists of the
values of the explanatory variables at time ¢, 8 = (B1,..., 8 — k)’ is the
vector of regression coefficients, and the components of W = (W7, ..., W,,)’
are values of a causal zero-mean ARMA (p, q) process satisfying

¢(B)YW; = 0(B)Zy, {Z:} ~ WN(0,57).

The model Y; arises naturally in trend estimation for time series data.
The ordinary least squares (OLS) estimator of 3 is the value, Sors,
which minimizes the sum of squares

n

(Y- XB)' (Y- XB) = (V: —xi8)°.

t=1

Equating to zero the partial derivatives with respect to each component
of B and assuming (as we shall) that X’X is nonsingular, we find that

Bors = (X'X)'X'Y.

(If X'X is singular, Bors is not uniquely determined but still satisfies
501‘5 with (X'X)™" any generalized inverse of X’X.) The OLS esti-
mate also maximizes the likelihood of the observations when the errors
Wi, ...,W, are iid and Gaussian. If the design matrix X is nonrandom,
then even when the errors are non-Gaussian and dependent, the OLS
estimator is unbiased (ie., E(BOLS) = ) and its covariance matrix is

Cov(Bors) = (X'X) ' X'T, X (X'X)™ ",

where T',, = E(WW/’) is the covariance matrix of W.
_ The generalized least squares (GLS) estimator of 3 is the value
Bars that minimizes the weighted sum of squares

(Y — XB)'T, ' (Y — XB).

Differentiating partially with respect to each component of 8 and setting
the derivatives equal to zero, we find that

Bors = (X'T;' X)7'X'T, Y.
If the design matrix X is nonrandom, the GLS estimator is unbiased and
has covariance matrix

Cov(Bars) = (X'T,' X)~".

It can be shown that the GLS estimator is the best linear unbiased es-
timator of (3, i.e., for any k-dimensional vector cand for any unbiased
estimator 8 of B that is a linear function of the observations Y1, ..., Y,

V(IT(C/BGLS) <Var (CIB)-
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In this sense the GLS estimator is therefore superior to the OLS estimator.
However, it can be computed only if ¢ and 6 are known.

Let V(,6) denote the matrix 02T, and let T(¢,0) be any square
root of V™! (i.e., a matrix such that 7T = V™'). Then we can multiply
each side of Y = X3+ W, by T to obtain

TY =TXB+TW,

a regression equation with coefficient vector 8, data vector TY, design
matrix TX, and error vector TW. Since the latter has uncorrelated,
zero-mean components, each with variance o2, the best linear estimator
of B interms of T'Y (which is clearly the same as the best linear estimator
of B in terms of Y, i.e., BGLS) can be obtained by applying OLS estimaton
to the transformed regression equation TY. This gives

Bors = (X'T'TX) ' X'T'TY,

which is clearly the same as Bars. Cochrane and Orcutt (1949) [11]
pointed out that if {W;} is an AR(p) process satisfying

S(B)YW: = Z, {Zi} ~ WN(0,07),

then application of ¢(B) to each side of the regression equations Y; =
x;3 + Witransforms them into regression equations with uncorrelated,
zero-mean, constant-variance errors, so that ordinary least squares can
again be used to compute best linear unbiased estimates of the components
of B in terms of ¥;" = ¢(B)Y:, t = p+ 1,...,n. This approach eliminates
the need to compute the matrix 7' but suffers from the drawback that
Y™ does not contain all the information in Y. Cochrane and Orcutt’s
transformation can be improved, and at the same generalized to ARMA
errors, as follows.

Instead of applying the operator ¢(B) to each side of the regression
equations Y; = x}3+W;, we multiply each side of equation Y = X 3+Wby
the matrix T'(¢,0) that maps {W;} into the residuals of {W;} from the
ARMA model, ¢(B)W; = 6(B)Z;. To see that T is a square root of the
matrix V as defined in the previous paragraph, we simply recall that the
residuals are uncorrelated with zero mean and variance o2, so that

Cov(TW) =TT, T = 0’1,
where [ is the n x n identify matrix. Hence
T'T =0T, =V~
GLS estimation of S can therefore be carried out by multiplying each
side of Y = X8 + W by T and applying ordinary least squares to the
transformed regression model. It remains only to compute TY and 7 X.

6.6.2 ML Estimation
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If (as is usually the case) the parameters of the ARMA (p, q) model for the
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errors are unknown, they can be estimated together with the regression
coefficients by maximizing the Gaussian likelihood

L(B,$,0,0%) = (2r)""*(det T,) "% exp { - %(Y—Xﬂ)’F;l(Y—Xﬁ)},

where ', (¢, 0, 0?) is the covariance matrix of W = Y — X 3. Since {W;} is
an ARMA(p, q) process with parameters ¢, 0, 0?), the maximum likelihood
estimators (3, ¢, 6 are found by minimizing

((B,¢,0) =In(n"'S(B,6,0)) +n~'D> Inriy,
t=1

where
n

S(B,¢,0) =Y (Wi = Wo)?[re-1,
t=1

Wt is the best one-step predictor of Wy, and re_102 is its mean squared
error. The function £(3, ¢, 8) can be expressed in terms of the observations
{Y:} and the parameters 3, ¢, and 0 using the innovations algorithm (see
Section 3.3) and minimized numerically to give the maximum likelihood
estimators, B , <;3, and 6. The maximum likelihood estimator of ¢ is then
given, as in Section 5.2, by % = S(B, é, é)/n

An extention of an iterative scheme, proposed by Cochrane and Orcutt
(1949) for the case ¢ = 0, simplifies the minimization considerably [?]. It
is based on the observation that for fixed ¢ and 6, the value of 3 that
minimizes ¢(8, ¢,0) is BerLs (¢,0), which can be computed algebraically
from ,C'}G rs instead of by searching numerically for the minimizing value.
The scheme is as follows.

(i) Compute Bors and the estimated residuals Y; —t'Bors, t = 1,...,n.

(ii) Fit an ARMA(p, ¢) model by maximum Gaussian likelihood to the
estimated residuals.

(iii) For the fitted ARMA model compute the corresponding estimator
BcLs from BaLs.

(iv) Compute the residuals Y; — XQBGLS, t =1,...,n, and return to (ii),
stopping when the estimators have stablized.

If {W;} is a causal and invertible ARMA process, then under mild con-
ditions on the explanatory variables x:, the maximum likelihood estimates
are asymptotically independent of the estimated ARMA parameters.

The large-sample covariance matrix of the ARMA parameter estima-
tors, suitably normalized, has a complicated form that involves both the
regression variables x¢ and the covariance function of {W;}. It is therefore
convenient to estimate the covariance matrix as —H !, where H is teh
Hessian matrix of the observed log-likelihood evaluated at its maximum.

The OLS, GLS, and maximum likelihood estimators of the regression
coefficients all have the same aymptotic covariance matrix, so in this sense
the dependence does not play a major role. However, the asymptotic
covariance of both the OLS and GLS estimators can be very inaccurate if
the appropriate covariance matrix I'), is not used in the expressions

Cov(Bors) = (X'X) ' X'T, X (X'X)™ !,
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and .
Cov(Bors) = (X'T;' X))~

7 Multivariate Time Series
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Many time series arising in practice are best considered as components of
some vector-valued (multivariate) time series {X;} having not only serial
dependence within each component series { X¢; } but also interdependence
between the difference component series {X;;} and {X4;}, ¢ # j. Much of
the theory of univariate time series extends in a natural way to the mul-
tivariate case; however, new problems arise. in this chapter we introduce
the basic properties of multivariate series and consider the multivariate
extensions of some of the techniques developed earlier. In Section 7.1
we introduce two sets of bivariate time series data for which we develop
multivariate models later in the chapter. in Section 7.2 we discuss the
basic properties of stationary multivariate time series, namely, the mean
vector u = E(X¢) and the covariance matrices I'(h) = E(X;4+,X}) — ppt/,
h =0,£1,42, ..., with reference to some simple examples, including mul-
tivariate white noise. Section 7.3 deals with estimation of p and I'(:)
and the question of testing for serial independence on the basis of obser-
vations of Xi,...,X,. In Section 7.4 we introduce multivariate ARMA
processes and illustrate the problem of multivariate model identification
with an example of a multivariate AR(1) process that also has an MA(1)
representation. The identification problem can be avoided by confining
attention to multivariate autoregressive (or VAR) models. Forecasting
multivariate time series with known second-order properties is discussed
in Section 7.5, and in Section 7.6 we consider the modeling and forecasting
of multivariate time series using the multivariate Yule-Walker equations
and Whittle’s generalization of the Durbin-Levinson algorithm. Section
7.7 contains a brief introduction to the notion of cointegrated time series.

7.1 Examples
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In this section we introduce two examples of bivariate time series. A
bivariate time series is a series of two-dimensional vectors (X1, X¢2)" ob-
served at times ¢ (usually ¢ = 1,2, 3, ...). The two component series { X1}
and {X:2} could be studied independently as univariate time series, each
characterized, from a second-order point of view, by its own mean and
autocovariance function. Such an approach, however, fails to take into
account possible dependence between the two component series, and such
cross-dependence may be of great importance, for example in predicting
future values of the two component series.

We therefore consider the series of random vectors X; = (X1, th)’
and define the mean vector

=B = [50]
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and covariance matrices

cov(Xevn,1, Xu1)  cov(Xign,1, Xe2)

(¢ + hy 1) = Cov(Xipn, Xi) = LOU R B A

The bivariate series {X,} is said to be (weakly) stationary if the mo-
ments p; and I'(¢t + h, t) are both independent of ¢, in which case we use

the notation
=500 = [ge)

and

I'(h) = Cov(Xixn, Xt) = B;EZ; 3:2523] .

The diagonal elements are the autocovariance functions of the univariate
series {X:1} and {X:2} as defined in Chapter 2, while the off-diagonal
elements are the covariances between X;y;; and X, ¢ # j. Notice that

712(h) = v21(—=h).
A natural estimator of the mean vector p in terms of the observations
X4, ..., X, is the vector of sample means

_ 1
Xn = E;Xt7

and a natural estimator of I'(h) is

n—h _ _

-~ ’I’L71 Z (Xt+h_xn)(xt_xn)/7 fOTOSh,STL_l,
I'(h) = ot=1

I'(-h), for —n4+1<h<O.
The correlation p;;(h) between X¢4p ; and Xy ; is estimated by

pig(h) = 45 (h) (315 (0)45;(0) /2.

If i = j, then p;; reduces to the sample autocorrelation function of the ith
series. These estimators will be discussed in more detail in Section 7.2.

7.2 Second-Order Properties of Multivariate Time
Series

Go back to Table of Contents. Please click TOC

Consider m time series {X4;,t = 0,41,...,} i = 1,...,m, with E(X} < oo
for all ¢ and 4. If all the finite-dimensional distributions of the random
variables { X+; } were multivariate normal, then the distributional proper-
ties of { X} would be completely determined by the means

i = E(Xy)
and the covariances
Yig (t+ hyt) == E[(Xegni — pea) (Xej — pieg)]-
Even when the observations {Xti} do not have joint normal distributions,

the quantities u¢; and ;5 (¢t + h, t) spcify the second-order properties, the
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covariances providing us with a measure of the dependence, not only be-
tween observations in the same series, but also between the observations
in different series.

It is more convenient in dealing with m interrelated series to use vector
notation. Thus, we define

Xt
Xi = ,t:O7:|:17....
Xtm

The second-order properties of the multivariate time series {X:} are then
specified by the mean vectors

M1
pei=E(Xy) = | ¢
Hem
and covariance matrices
yi(t+h,t) ... yim(E+ h,t)
L(t+ h,t) = ,
Ym1(t+h,t) ... Ymm(t+ h,t)

where
Yij (t + hyt) == Cov(Xeqn,i, Xe5)-
Remark 7.1. The matrix I'(t 4+ h,t) can also be expressed as
L(t+ hyt) = E[(Xern — pren)(Xe — )],
where as usual, the expected value of a random matrix A is the matrix
whose components are the expected values of the components of A.
d

As in the univariate case, a particularly important role is played by
the class of multivariate stationary time series, defined as follows.

Definition 7.2. The m-variate series {X:} is (weakly) stationary if
(i) px(t) is independent of ¢, and
(ii) Tx(t + h,t) is independent of ¢ for each h.

For a stationary time series we shall use the notation

i
pi=EXy) = | ¢
Lim
and
[712(R) .. mam(h)
P(h) = E[(Xeon — )Xo = )] = | 1 o
Lym1(h) oo Ymm(h)
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We shall refer to v as the mean of the series and to I'(h) as the covariance
matrix at lag h. Notice that if {X;} is stationary with covariance matrix
function I'(+), then for each i, { X} is stationary with covariance function
~ii(+). The function v;;(-), ¢ # j, is called the cross-covariance function of
the two series {Xy;} and {X;;}. It should be noted that ~;;(-) is not in
general the same as ;i (+). The correlation matrix function R(-) is defined
by
p11(h) e Plm (h)
R(h) := )
Pm1 (h) ‘e pmm(h)

where pi;j(h) = ~ij(h)/[i(0)7;;(0)]*/2. The function R(-) is the covari-
ance matrix function of the normalized series obtained by subtracting p
from X; and then dividing each component by its standard deviation.
Proposition 7.3. Basic Properties of I'(-):

(1) T(h) =T'(=h),

(2) ()] < [is ()55 (0]V2, 4,5, = 1, .om,

(3) vii(+) is an autocovariance function, i = 1,...,m, and

(4) Y aiI'(j —k)ax >0 for alin € {1,2,...} and a1, ..., an € R™.

jk=1
Proof: The first property follows at once from the definition, the sec-

ond from the fact that correlations cannot be greater than one in absolute
value, and the third from the observations that ~;;(-) is the autocovari-

ance function of the stationary series {Xy;,t = 0,41, ..., }. Property 4 is
statement of the obvious fact that

E(ia&(xj - u))2 > 0.

Q.E.D.

Remark 7.4. The basic properties of the matrices I'(h) are shared also by
the coresponding matrices of correlations R(h) = [p:;(h)]ij=1, which have
the additional property

p”(O) = 17 VZ
The correlation p;;(0) is the correlation between X;; and X:;, which is
generally not equal to 1if ¢ # j. It is also possible that |yi;(h)| > |7:;(0)]
if i # j.
Definition 7.5. The m-variate series {Z;} is called white noise with
mean 0 and covariance matrix X, written

{Z:} ~WN(0,%),
if {Z+} is stationary with mean vector 0 and covariance matrix function

(S ifh=o,
[(h) = { 0, otherwise.
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Definition 7.6. The m-variate series {Z} is called iid noise with mean
0 and covariance matrix Y, written

{Z+} ~iid(0, %),

if the random vectors {Z:} are independent are identically distributed
with mean 0 and covariance matrix X.

Definition 7.7. The m-variate series {X;} is a linear process if it has
the representation

X, = Y CiZiy, {Z:} ~WN(0,5),

Jj=—o00

where {C;} is a sequence of m x m matrices whose components are abso-
lutely summable.

The linear process X; is stationary with mean 0 and covariance func-

tion
(oo}
D(h)= Y CjpSC), h=0,%1,...
j=—o00

An MA(o0) proceess is a linear process with C; = 0 for j < 0.
Thus {X:} is an MA(co) process if and only if there exists a white noise
sequence {Z;} and a sequence of matrices C; with absolutely summable
components such that

X =Y CiZi.
j=0

Multivariate ARMA processes will be discussed in Section 7.4, where
it will be shown in particular that any causal ARMA (p, q) process can be
expressed as an MA(oco) process, while any invertible ARMA (p, q) pro-
cess can be expressed as an AR(oo) process, i.e., a process satisfying
equations of the form

Xo+ Y A X =17,

j=1

in which the matrices A; have absolutely summable components.
Second-Order Properties in the Frequency Domain
Provided that the components of the covariance matrix function I'(-)

OO
have the property > |vij(h)| < 00, 4,7 = 1,...,m, then I" has a matrix-
h=—occ
valued spectral density function

oo

1 .
=5 e MT(h), —r < A< T,

h=—occ

f)
and I" can be expressed in terms of f as

I(h) = /j e FN)dA.
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The second-order properties of the stationary process {X;} can therefore
be described equivalently in terms of f(-) rather than I'(-). Similarly,
{X¢} can therefore be described equivalently in terms of f(-) rather than
I'(+), Similarly, {X;} has a spectral representation

Xt:/ eMAZ(N),
where {Z(A), —m < XA < 7} is process whose components are complex-
valued processes satisfying

AT R LA ST

and Z) denotes the complex conjugate of Z.

7.3 Estimation of the Mean and Covariance Func-
tion
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As in the univariate case, the estimation of the mean vector and covari-
ances of a stationary multivariate time series plays an important role in
describing and modeling the dependence structure of the component se-
ries. In this section we introduce estimators, for a stationary m-variate
time series {X:}, of the comonents u;, vi;(h), and p;;(h) of u, I'(h), and
R(h), respectively. We also exmaine the large-sample properties of these
estimators.

7.3.1 Estimation of

Go back to Table of Contents. Please click TOC
A natural unbiased estimator of the mean vector p based on the observa-
tions X1, ..., X,, is the vector of sample means

_ 1<
X, = E;Xt'

The resulting estimate of the mean of the jth time series is then the

univariate sample mean (1/n) > Xy;. If each of the univariate autocovari-
t=1

ance functions v (+), ¢ = 1,...,m, satisfies the conditions of Proposition
2.15 (see remark), then the consistency of the estimator X,, can be estab-
lished by applying the proposition to each of the component time series
{X:}. This immediately gives the following proposition.

Remark 7.8. Recall Proposition 2.15: If {X,} is a stationary time series
with mean p and autocovariance function ~(-), then as n — oo,

Var(X,) =E(X, —p) = 0if v(n) = 0,

nE(X, - ) o Y A if Y k)] < .

|h|<oo h=—oc0
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Proposition 7.9. If {X:} is a stationary multivariate time series with
mean p and covariance function I'(-), then as n — oo,

E(X; — p) (Xn — p) = 04 f vii(n) =0, 1 <i <m,

and

nE(Xn =) (Xn—p) = D > ) if D ()| < oo, 1<i<m.

i=1h=—o00 h=—oc0

Under more restrictive assumptions on the process {X} it can also be
shown that X,, is approximately normally distributed for large n. Deter-
mination of the covariance matrix of this distribution would allow us to
obtain confidence regions for u. However, this is quite complicated, and
the following simple approximation is useful in practice.

For each i we construct a confidence interval for p; based on the sample
mean X; of the univariate series X4, ..., Xti and combine these to form a
confidence region for p. If f;(w) is the spectral density of the ith process
{X} and if the sample size n is large, then we know, under the same
conditions as in Section 2.4, that \/n(X; — ;) is approximately normally
distributed with mean zero and variance

2 fi(0) = D yu(k).

k=—oc0
t can also be shown (see, e.g., Anderson, 1971) [3] that
: 1A 5
2rfi(0) ==Y (1- o))
hI<r

is consistent estimator of 2w f;(0), provided that r = r, is a sequence of
numbers depending on n in such a way that r, — oo and r,/n — 0 as
n — oo. Thus if X; denotes the sample mean of the ith process and ®,
is the a-quantile of the standard normal distribution, then the bounds

Xi+ @1 o/ (2nfi(0)/n)/?
are asymptotic (1 — «) confidence bounds for u;. Hence
P(w SR € @uap@rf0)/)2 =1, m

1-— ilp(“/q — X1| > <I>1,a/2(27rf¢(0)/n)1/2).

\%

where the right-handside converges to 1 — ma as n — oo. Consequently,
as n — oo, the set of m-dimensional vectors bounded by

{xi = Ko Dy a7 (0)/m) 2, i = 1, m}

has a confidence coefficient that converges to a value greater than or equal
to 1 — « (and substantially greater if m is large). Neverthelss, the region
defined above is easy to determine and is of reasonable size, provided that
m is not too large.
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7.3.2 Estimation of I'(h)
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As in the univariate case, a natural estimator of the covariance I'(h) =
E[(Xe4n — p)(Xe — p)'] is

3
I

h
—1 S % _ / _
f(h) _ n ; (Xign — Xn) (Xt — X0) for0<h<n-1,

=1
I(—h) for —n+1<h<0.

Writing 4;;(h) for the (i, j)-component of f(h), i,j =1,2,..., we estimate
the cross-correlations by

pii (h) = 4i; (R) (3::(0)4;5(0) /2.

If i = j, then p;; reduces to the sample autocorrelation function of the
ith series.

Theorem 7.10. Let {X;} be the bivariate time series whose components
are defined by

Xo = Y oxZikr, {Zu} ~IID(0,07),

k=—oc0
and

Xeo= Y BeZira, {Zuo} ~I1ID(0,03),
k=—o00
where the two sequences {Zi1} and {Zy2} are independent, Y, |ax| < oo,
and Y-, |Br| < oco.
Then for all integers h and k with h # k, the random variables nl/Qﬁlg(h)

and n1/2ﬁ12(k) are approximately bivariate normal with mean 0, variance

22 p1(g)p22(j), and covariance 3> p11(j)p22(j +k — h), for n large.
j=—o00 j=—00

[For a related result that does not require the independence of the two
series {Xu} and {Xi2} see Theorem 7.3.2 from text [9].]

Remark 7.11. Theorem 7.10 is useful in testing for correlation between
two time series. If one of the two processes in the theorem is white noise,
then it follows at once from the theorem that pi2(h) is approximately
normally distributed with mean 0 and variance 1/n, in which case it is
straightforward to test the hypothesis that p12(h) = 0. However, if neither
process is white noise, then a value of p12(h) that is large relative to n~/2
does not necessarily indicate that pi2(h) is different from zero.

O

7.3.3 Testing for Independence of Two Stationary Time
Series
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Since by Theorem 7.10 the large-sample distribution of p12(h) depends on
both p11(-) and p22(-), any test for independence of the two component
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series cannot be based solely on estimated values of pi2(h), h =0, £1, ...,
without taking into account the nature of the two component series.

This difficulty can be circumvented by “prewhitening” the two series
before computing the cross-correlations pi12(h), i.e., by transforming the
two series to white noise by application of suitable filters. If {X1} and
{X¢2} are invertible ARMA (p, ¢) process, this can be achived by the trans-
formations

e .
L = ZW;Z)Xt—j,h

7=0
where Zﬂ';i)zj‘ = ¢ (2)/09(2) and ¢V, 8 are the autoregressive and
7=0

moving-average polynomials of the ith series, i = 1, 2.

To test the hypothesis Ho that {X;1} and {X;2} are independent se-
ries, we observe that under Hy, the corresponding two prewhitened se-
ries {Z#1} and {X:2} are independent series, we observe that under Hy,
the corresponding two prewhitened series {Z:1} and {Z:2} are also inde-
pendent. Theorem 7.10 then implies that the sample cross-correlations
p12(h), pr2(k), h # k, of {Zn} and {Zi2} are for large n approximately
independent and normally distributed with means 0 and variances n~?.
An approximate test for independence can therefore be obtained by com-
paring the values of |p12(h)| with 1.96n'/2 exactly as in Section 5.3.2.
If we prewhiten only one of the two original series, say {X;1}, then un-
der Hp Theorem 7.10 implies that the sample cross-correlations pi2(h),
pi2(k), h # k, of {Zs1} and {X2} are for large n approximately normal
with means 0, variances n~! and covariance n ! pao (k — h), where paa(-)
is the autocorrelation function of {Xy2}. Hence, for any fixed h, p12(h)
also falls (under Ho) between the bounds +1.96n~/2 with a probability
of approximately 0.95.

7.3.4 Barlett’s Formula
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The following theorem gives a large-sample approximation to the covari-
ances of the sample cross-correlations pi2(h) and p12(k) of the bivariate
time series {X;} under the assumption that {X;} is Gaussian. However, it
is not assumed (as in Theorem 7.10) that {X;1} is independent of {X¢2}.

Theorem 7.12. Bartlett’s Formula:

If {X.} is a bivariate Gaussian time series with covariances satisfying
oo

Z |,yl](h)| < 00, Zv] =12, then

h=—o0

o]

lim nCov(pi2(h), p12(k)) = > [p11(j)p22(j +k—h)+p2(+k)pa(j—h

W en ()i + ) + pez(G)pas G — K)
—p12(3){p11(4)p12(j + h) + p22(4)
(

' J
1 2 . 2 . 1 2 .
+p12(h)p12(k)§ 5011 (4) + p12(d) + 5022(5)
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Corollary 7.13. If {X.} satisfies the conditions for Bartlett’s formula,
if either Xu} or {Xi2} is white noise, and if

pi2(h) =0, h & [a,b],
then
lim nVar(pi2(h)) =1, h ¢ [a,b].

n—oo

7.4 Multivariate ARMA Processes
Go back to Table of Contents. Please click TOC

Definition 7.14. {X;} is an ARMA(p, ¢) process if {X;} is stationary
and if for every ¢,

X =01 X1 — =Xy =Zy +01Z¢ 1 + - -+ OgZy—g,

where {Z:} ~ WN(0,%). ({X:}isan ARMA(p, q) process with mean
wif {X; — p} is an ARMA(p, q) process.)

The definition can be written in the more compact form
O(B)X; = O(B)Z:, {Z:} ~ WN(0,5),

where ®(Z) =1 — P12 — -+ — Dp2P and O(z) :== I + O12 + - - + Og21
are matrix-valued polynomials, I is the m x m identify matrix, and B
as usual denotes the backward shift operator. (Each component of the
matrices ®(z), O(z) is a polynomial with real coefficients and degree less
than or equal to p, q, respectively.)

Ezample 7.15. The multivariate AR(1) process.
Setting p = 1 and ¢ = 0 in definition gives the defining equations

X, =X, 1 + Zi, {Z:} ~ WN(0,%),

for the multivariate AR(1) series {X;}. We can express X; as

Xt = Z@jzt_j7
7=0

provided that all the eigenvalues of ® are less than 1 in absolute value,
i.e., provided that

det(I — 2®) # 0 Vz € C such that |z| < 1.

0

Definition 7.16. Causality:

An ARMA(p, q) process {X;} is causal, or a causal function of
{Z:}, if there exist matrices {U;} with absolutely summable components
such that

Xy = U;Zy, Vt.
j=0

119



Causality is equivalent to the condition
det ®(z) # 0 Vz € C such that |z| < 1.

The matrices ¥; are found recursively from the equations

U =0;+> &V 4, j=0,1,..,
k=1

where we define ©g =1, ©; =0 for j > q, &; =0 for j > p, and ¥; =0
for j < 0.

Definition 7.17. Invertibility:
An ARMA(p,q) process {X:} is invertible if there exist matrices
{II;} with absolutely summable components such that

Zy=) X, ; Vi
j=0

Invertibility is equivalent to the condition
det ©(z) # 0 Vz € C such that |z| < 1.

The matrices II; are found recursively from the equations

o0
Hj = _¢j - Zekﬂj7k7 .] = 07 17 cey
k=1
where we defined &9 = —I, &; = 0 for j > p, ©; = 0 for j > ¢, and
I, = 0 for j < 0.

7.4.1 The Covariance Matrix Function of a Causal ARMA
Process
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From'(h) = Y Cj4rXC}, we can express the covariance matrix I'(h) =
j=—o0
E(X:4+,X}) of the causal process Xy = > U,Z;—; as
j=0

Jj=

F(h) = Z\I/thji\I/;, h = O7 :|:1, ey
j=0

where the matrices ¥; are found from ¥; = ©; + > > &, ¥;_; and
k=1k=1
¥, :=0 for j <0.
The covariance matrices I'(h), h = 0,%1,..., can also be found by
solving the Yule-Walker equations

p
LG => &TG—r)= > 6,50, j=0,1,2..,
r=1

j<r<gq
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obtained by postmultiplying X; —®X;_1— - =P, Xy = Z;+0:1Z¢_1 +
<+ ©4Zi_q by X;_; and taking expectations. The first p + 1 of the
P _
equations I'(j) — > @, I'(j —r) = >, ©,X¥,_; can be solved for the
r=1 j<r<q

components of I'(0),...,['(p) using the fact that I'(—h) = T’(h). The
remaining equations then give I'(p + 1), I'(p + 2), ... recursively. An
explicit form of the solution of these can be written down by making use
of Kronecker products and the vec operator (see e.g., Liitkepohl, 1993)
23],

Remark 7.18. If z is the root of det ®(z) = 0 with smallest absolute
value, then it can be shown from the recursions ¥; = © + > &, ¥;_

k=1
that ¥; /7 — 0 as j — oo for all 7 such that |zo| ™! < r < 1. Hence, there
is a constant C' such that each component of ¥; is smaller in absolute
value by KR*. Provided that |zo| is not very close to 1, this means that
the series I'(h) = > ‘Ithrji\Il;' converges rapidly, and the error incurred
j=0
in each component by truncating the series after the term with j =k —1
is smaller in absolute value than 3 K72 /(1 —r?).
=k

O

7.5 Best Linear Predictors of Second-Order Ran-
dom Vectors

Go back to Table of Contents. Please click TOC Let {X; = (X1, -y Xtm)'}

be an m-variate time series with means E(X:) = py: and covariance func-
tion given by the mxm matrices

K (i,j) = B(X;X}) — pips}.

If Y = (Y1,...,Ys) is a random vector with finite second moments and
E(Y) = p, we define

P,(Y) = (P.Y1,..., P.Yn),

where P,Yj is the best linear predictor of the component Y; of Y in terms
of all of the components of the vectors X;, t = 1,...,n, and the constant
1. It follows immediately from the properties of the prediction operator
(Section 2.5) that

for some matrices Ai, ..., A,, and that
Y — PH(Y) L Xn+17i7 1= 17 ey Ty

where we say that two m-dimensional random vectors X and Y are or-
thogonal (written X 1 Y) if E(XY’) is a matrix of zeros. The vector
of best predictors P,() = (P,Yi,..., P,Yy)' is uniquely determined by
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P,(Y) and Y — Po(Y) L Xyn41—4, although it is possible that there may
be more than one possible choice for Ay, ..., A,.

As a special case of the above, if {X;} is a zero-mean time series, the
best linear predictor Xn+1 of X,,4+1 in terms of Xy, ..., X,, is obtained an
replacing Y by X, 41 in P,(Y). Thus

A[X L= 0, if n=0,
nt Po(Xni1), if n>1.

Hence, we can write

Xn+1 = CI’MX” + -+ (I)nnXl, n = 1,2, ceey

where, from Y — P,(Y) L X,4+1-4, the coefficients ®,,;, 7 = 1,...,n, are
such that

E(anl»lxiz-{»l—i) = E(Xn+len+1—i)a i = 17 ey Ty

ie.,

n
>0 Kn+1l-jn+l—i)=Kn+ln+l—i),i=1..n

j=1

In the case where {X;} is stationary with K (i, j) = I'(i—j), the prediction
equations simplify to the m-dimensional analogues of I'na, = v, (h) (see
Section 2.5), i.e.,

> @i —j) =T(), i=1,.n
j=1

Provided that the covariance matrix of the nm components of X4, ..., X,
is nonsingular for every n > 1, the coefficients {®,;} can be determined
recursively using a multivariate version of the Durbin-Levinson algorithm
given by Whittle (1963) [36]. Whittle’s recursions also dtermine the co-
variance matrices of the one-step prediction errors, namely, Vo = I'(0)
and, for n > 1,

Vn = ]E(Xn+l - Xn+l)(xn+l - Xn«l»l),
= T(0) = @ D(—1) — - — BT (—n).

7.6 Modeling and Forecasting with Multivariate
AR Processes
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If {X} is any zero-mean second-order multivariate time series, it is easy
to show from the results of Section 7.5 (Problem 7.4 of text [9]) that the
one-step prediction errors X; — Xj, j =1,...,n, have the property

E(X; — X;) (X — Xz) =0 for j #k.
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Moreover, the matrix M such that

X; - X, X1

Xz — X X2

X3 - Xg =M X3

X, —Xn Xn
is lower triangular with ones on the diagonal and therefore has determi-
nant equal to 1.

If the series {X;} is also Gaussian, then E(X; — X;)(Xx — Xz)' =0
implies that the prediction errors I; = X; — Xj, j = 1,..,n, are inde-
pendent with covariance matrices Vb, ..., Vn_1, respectively (as in V, =
E(Xn+1 = Xnt1)(Xnt1 = Xnt1) = (0) = @i l(=1) — -+ = @ppl(=n)).
Consequently, the joint density of the prediction errors is the product

n 71/2 n
Fr, e un) = (2w>*"’”/2(Hdethf1> exp {‘ %Zu&vjiﬁuf}
j=1

Jj=1

Since the determinant of the matrix M is equal to 1, the joint density of
the observations X4, ..., X,, at x1, ..., X,, is obtained on replacing ui, ..., u,
in the last expression by the values of X; — X]- corresponding to the
observations X1, ..., Xn.

If we suppose that {X;} is a zero-mean m-variate AR(p) process with
coeflicient matrices ® = {®4,...,®,} and white noise covariance matrix

Y., we can therefore express the likelihood of the observations Xy, ..., X,
as

n 71/2 n

. —nm 1 -

L(®,%) = (2n) /Q(Hdet vj_l) exp {f izugvj_llUj],
j=1 j=1

where U; = X; — X]’, j=1,..,n, and Xj and Vj; are found from erh

S ®,;T(i—j) =T(), and V,.

=1

7.6.1 Estimation for Autoregressive Processes Using Whit-
tle’s Algorithm

Go back to Table of Contents. Please click TOC
If {X;} is the (causal) multivariate AR(p) process defined by the difference
equations

Xt = <I>1Xt_1 + e —|— @pxt_p —|— Zt7 {Zt} ~ VV]V(O7 i),

then multiplying by X;_., j = 0, ...,p, and taking expectations gives the

equations

=j>

£ =T(0) - Y ®,0(~))
and

L(i) = ®;(i—j), 1=1,...,p.
j=1
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Given the matrices I'(0), ..., I'(p), equations I'(¢) can be used to determine
the coefficient matrics @1, ..., ®,. The white noise covariance matrix 3 can

_ P
then be found from ¥ =T'(0) — > ®,I'(—5). The solution of these equa-
j=1

— n

tions @1, ..., P, and ¥ is identical to the solution Y &,;I'(i — 5) = ['(3),
j=1

and V, for the prediction coefficient matrics ®p1, ..., P, and the corre-

sponding prediction error covariance matrix V,. Consequently, Whittle’s
algorithm can be used to carry out the algebra.ﬁ

The Yule-Walker estimators iﬁ, s Cﬁp, and ¥ for the model X, fitted
to the data Xy, ..., X,, are obtained by replacing I'(j) by f‘(j), ji=0,...,p,
and solving the resulting equations for ®1,...,®,, and ¥. The solution
can be found from programs.

7.6.2 Forecasting Multivariate Autoregressive Processes
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The technique developed in Section 7.5 allows us to compute the minimum
mean squared error one-step linear predictors Xn+1 for any multivariate
stationary time series from the mean p and autocovariance matrices I'(h)
by recursively determining the coefficients ®,;, ¢ = 1, ..., n, and evaluating

The situation is simplified when {X} is the causal AR(p) process de-
fined by Xy = &1 X¢—1 + -+ P X + Zy, since for n > p
Xn+1 =0 X+ + (Dpxn+17p-
To verify this, it suffices to observe that the right-hand side has the re-
quired form Pp(Y) = pp+ A1(Xn — ptn) + -+ -+ An (X1 — p1) and that the
prediction error

Xn+1 - ¢1Xn — q)pxn-l»l—p - zn+1

is orthogonal to X, ..., X,, in the sense of Y — P, (Y L X, 41—;. (In fact,
the prediction error is orthogonal to all X;, —oo < j < n, showing that if
n > p, then Xn+l is also the best linear predictor of X,,+1 in terms of all
components of X;, —oo < j7 < n.) The covariance matrix of the one-step
prediction error is clearly E(Zn+1Z},41) = =.

To compute the best h-step linear predictor P,X,i; based on all
the components of X, ..., X,, we apply the linear operator P, to X; =
¢ Xi_ 14+ + P,X;_p + Z; to obtain the recursions

Pan+h - (I)anXn+h71 +---+ chPan+h7p-

These equations are easily solved resurcively, first for P, X, +1, then for
PoXnt+2, PoXnys, ..., etc. also satisfy P,X,+r and are therefore the
same as the h-step predictors based on Xi, ..., X,,.

To compute the h-step error covariance matrices, recall from X; =
(=]
Z \Ifj thj that
=0

Xnth = Z\I’j Zpih—j,

=0
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where the coefficients matrics ¥; are found from the recursions from ¥; =

0; + > ®p¥;_j with ¢ = 0. From X, we find that for n > p,
k=1

ann+h = Z\I/jzn+h—j-

j=h

Subtracting P, X, 4+ from X, 45 gives the h-step prediction error

h—1
Xn+h — P Xpgn = Z\Iljz'nnkhf]ﬁ
=0
with covariance matrix
h—1
E[(Xntn = P tn Xoin) Xntn = PaXpsn) ] = D W), n > p.
=0

For the (not necessarily zero-mean) causal AR(p) process defined by

Xy =@+ 1 Xy 1+ 4+ BpXy_p + Zy, {Zs} ~ WN(OD),

equations Xn+1 =01 X+ 4+ PpXpt1-p and P Xpqp = Z\I/ Znih—j

remain valid, provided that po is added to each of their rlght hand sides.
The error covariance matrices are the same as in the case ¢o = 0.

The above calculations are all based on the assumption that the AR(p)
model for the series is known. However, in practice, the parameters
of the model are usually estimated from the data, and the uncertainty
in the predicted values of the series will be larger than indicated by

h-1
E[(Xntn — PaXngn)(Xngn — PonXngn)'] = 3 ¥; 50 because of param-
j=0

eter estimation errors (see Liitkepohl, 1993) [23].

7.7 Cointegration
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We have seen that nonstationary univariate time series can frequently be
made stationary by applying the differencing operator Vv = 1 — B respeat-
edly. If {V¢X;} is stationary for some positive integer d but {v¢*X;}
is nonstationary, we say that {X;} is integrated of order d, or some
concisely, {X:} ~ I(d). many macroeconomic time series are found to be
integrated of order 1.

If {X;} is a k-variate time series, we define {VX,} to be the series
whose jth component is obtained by applying the operator (1B)d to the
jth component of {X;}, j = 1,..., k. The idea of a cointegrated multivari-
ate time serries was introduced by Granger (1981) [15] and developed by
Engle and Granger (1987) [14]. Here we use the slightly different defini-
tion of Liitkepohl (1993) [23]. We say that the k-dimensional time series
{X.} is integrated or order d (or {X;} ~ I(d)) if d is a positive integer,
{v¥X;} is stationary, and {v9~'X,} is nonstationary. The I(d) process
{X:} is said to be cointegrated with cointegration vector « if « is
a k x 1 vector such that {a/X;} is of order less than d.
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8 Forecasting Techniques
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In this chapter we discuss three forecasting techniques that have less em-
phasis on the explicit construction of a model for the data. Each of the
three selects, from a limited class of algorithms, the one that is optimal
according to specified criteria.

The three techniques have been found in practice to be effective on
wide ranges of real data sets.

The ARAR algorithm described in Section 9.1 is an adaptation of the
ARARMA algorithm (Newton and Parzen, 1984; Parzen, 1982) [20] [27]
in which the idea is to apply automatically selected “memory-shortening”
transformations (if necessary) to the data and then to fit an ARMA model
to the transformed series. The ARAR algorithm we describe is a version
of this in which the ARMA fitting step is replaced by the fitting of a
subset AR model to the transformed data.

The Holt-Winters (HW) algorithm described in Section 9.2 uses a set
of simple recursions that generalizes the exponential smoothing recursions
of Section 1.5.1 to generate forecasts of series containing a locally linear
trend.

The Holt-Winters seasonal (HWS) algorithm extends the HW algo-
rithm to handle data in which there are both trend and seasonal variation
of known period. It is described in section 9.3.

8.1 The ARAR Algorithm
Go back to Table of Contents. Please click TOC

8.1.1 Memory Shortening
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Given a data set {Yz, t = 1,2,...,n}, the first step is to decide whether
the underlying process is “long-memory,” and if so to apply a memory-
shortening transformation before attempting to fit an autoregressive model.
There are two types allowed:

Y: =Y: — ©(7)Ye—r
and ~ . R
Yi=Yi —¢1Yio1 — p2Yi 0.

With the aid of the five-step algorithm described below, we classify
{Y:} and take one of the following three courses of action:

e L. Declare {Y;} to be long-memory and form {Y;} using Y; = Y; —

P(T)Yi-7).
e M. Declare {Y;} to be moderately long-memory and form {Y:} using
Yi=Y —t—¢1Yio1 — p2Yi_o.

e S. {Y¥:} to be short-memory.
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If the alternative L or M is chosen, then the transformed series {f@}
is again checked. If it is found to be long-memory or moderately long-
memory, then a further transformation is performed. The process contin-
ues until the transformed series is classified as short-memoery. At most
three memory-hsortening transformations are performed, but it is very
rare to require more than two. The algorithm for deciding among L, M,
and S can be as follows:

(1) For each 7 =1,2,...,15, we find the value (;3(7') of ¢ that minimizes
> [Vi— 6Yis]?
t=7+1

> v

t=7+1

ERR(¢,7) =

We then define

Err(t) = ERR(¢(T),T)
and choose the lag 7 to be the value of 7 that minimizes Err(7).
(2) If Err(7) < 8/n, go to L.
(3) If $(7#) > .93 and 7 > 2, go to L.
(4) If $(#) > .93 and 7 = 1 or 2, determine the values ¢ and ¢z of ¢1
and ¢2 that minimize Z:[Yt — $1Ye1 — (ngt,g]Q; then go to M.
i=

(5) If $(7) < .93, go to S.

8.1.2 The Holt-Winters Algorithm
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Let {S¢,t = k+1,...,n} denote the memory-shortened series derived from
{Y:} by the algorithm of the previous section and let S denote the sample

mean of Ski1, ..., Sn.
The next step in the modeling procedure is to fit an autoregressive

process to the mean-corrected series
Xe=8:-8t=k+1,...n.
The fitted model has the form
X —-t=¢Xe 1+, Xe1y, + G0, Xe—1, + 01, Xo1y + Zs,

where {Z;} ~ WN(0,0%), and for given lags l1, l2, and I3, the coeffi-
cients ¢; and the white noise variance o2 are found from the Yule-Walker

Equations
1 pllh—1) plla—1) plls—1)] [¢n bp(1)
plli — 1) 1 pllz—1) pls—h)| [én | _ [¢o(lr)
plla—1) p(la— 1) 1 pls —l2) | | b1 bp(l2)
plls —1) p(ls —1l)  p(ls —l2) 1 b1 bp(ls)
and

o = 5(0)[1 = 15(1) — d1, p(lr) — b1, A(l2) — b1 p(ls)],
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where 4(7) and pp(j), j = 0,1,2, ..., are the sample autocovariances and
autocorrelations of the series {X;}.
The program computes the coefficients ¢; for each set of lags such that

1<l <la<ls <m,

where m can be chosen to be either 13 or 26. If then selects the model
for which the Yule-Walker estimate o2 is minimal and prints out the lags,
coefficients, and white noise variance for the fitted model.

A slower procedure chooses the lags and coefficients (computed from
the Yule-Walker equations as above) that maximize the Gaussian likeli-
hood of the observations. For this option the maximum lag m is 13.

8.1.3 Forecasting
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If the memory-shortening filter found in the first step has coefficients
Yo(= 1), Y1,...,¢, (k > 0), then the memory-shortened series can be
expressed as

St =(B)Y: =Y +p1Yio1 + -+ Y Yig,
where ¢ (B) is the polynomial in the backward shift operator,
$(B) =1+ 1B+ -+ B".

Similarly, if the coefficients of the subset autoregression found in the sec-
ond step are ¢1, ¢i,, ¢1,, and ¢i;, then the subset AR model for the
mean-corrected series {X; = S; — S} is

#(B) Xy = Zy,
where {Z;} ~ WN(0,0?) and
$(B) =1~ 1B — ¢, B" — ¢1,B” — ¢1,B".
From S; and ¢(B)X: = Z; we obtain the equations
§(B)Y: = ¢(1)S + Zi,

where
&B)=9(B)p(B)=14+&B+ -+ £k+z3Bk+ls.

Assuming that the fitted model £(B)Y; = ¢(1)S + Z; is appropriate and
that the white noise term Z; is uncorrelated with {Yj, j < t} for each ¢, we
can determine the minimum mean squared error linear predictors P, Y,+n
of Y4 in terms of {1,Y,..., Y, }, for n > k + I3, from the recursions

k+l3
PoYnin ==Y &PaYainj+6(1)S, h> 1,

j=1
with the initial conditions

PnYn+h = Yn+ha fO’I“ h S 0.
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The mean squared error of the predictor P, Y, is found to be (see Prob-
lem 9.1 in text [9])

h—1
E[(YnJrh - PnYn+h)2] = 73'20'2,
j=1

where > 7;27 is the Taylor expansion of 1/£(z) in a neighborhood of
=0
z = 0. Equivalently the sequence {7;} can be found from the recursion

=1, Y m&;=0,n=12.

J=0

8.1.4 Application of the ARAR Algorithm
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To determine an ARAR model for a given data set {Y:}, choose the ap-
propriate options in the resulting dialog box. These include specification
of the number of forecasts required, whether or not you wish to include
the memory-shortening step, whether you require prediction bounds, and
which of the optimality criteria is to be used. Once you have made these
selections, the forecasts will be plotted with the original data. Then you
want to check the coefficients 1,1, ..., ¥, of the memory-shortening filter
¥(B), the lags and coefficients of the subset autoregression

X—t—01Xe1— 0, Xo1y — P1, X415, — G13 X415 = Zt,
and the coefficients &; of B? in the overall whitening filter
§B)=(1+v1B+---+ B )1~ 1B — ¢, B" — ¢, B" — ¢, B?).

The numerical values of the predictors, their root mean squared errors,
and the prediction bounds are also printed.

8.2 The Holt-Winters Algorithm
Go back to Table of Contents. Please click TOC

8.2.1 The Algorithm
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Given observations Y1,Y2,...,Y — n from the “trend plus noise” model
X: = my + Y;, the exponenail smoothing recursions m; = aX: + (1 —
a)rii—1 allowed us to compute estimates 7 of the trend at times t =
1,2,...,n.

If the data have a (nonconstant) trend, then a natural generalization
of the forecast function P,Y, 45 = ., that takes this into account is

PnYn+h = d'n, + i)h, h = 1,2, ceny
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where a, and l;n can be thought of as estimates of the “level” a, and
“slope” by of the trend function at time n. Holt (1957) [15] suggested a re-
cursive scheme for computing the quantities a, and b, in P,Y,+naGn + by h.

Denoting by Y,,+1 the one-step forecast P,Y,+1, we have from P,Y,+1
Yn+1 = dn + Z;n

Now, as in exponential smoothing, we suppose that the estimated level at
time n + 1 is a linear combination of the observed value at time n+ 1 and
the forecast value at time n + 1. Thus,

an+1 = aYn+1 + (1 - a)(dn + l;n)

We can then estimate the slope at time n + 1 as a linear combination of
Gn+1 — Gn, and the estimated slope b, at time n. Thus,

bnt1 = Ban+1 — an) + (1 — B)by.

In order to solve the recursions an41 and 5n+1 we need initial conditions.
A natural choise is to set
as = Yo
and
bo =Ys — Y.

Then G,+1 and Bn+1 can be solved successively for a, and Bi, i=3,..,mn,
and the predictors P, Y, 45 found from P,Y,+n.

The forecasts depend on the “smoothing parameters” « and 8. These
can either be prescribed arbitrarily (with values between 0 and 1) or
chosen in a more systematic way to minimize the sum of squares of the

one-step errors > (Y; — P;_1Y;)?, obtained when the algorithm is applied

to the already (;bServed data.

Before illustrating the use of the Holt-Winters forecasting procedure,
we discuss the connection between the recursions én 41 and b1 and the
steady-state solution of the Kalman filtering equations for a local linear
trend model. Suppose {Y;} follows the local linear structural model with
observation equation

Y = M+ W

and the state equation
M| |1 1| | M + Vi
Biti| |0 1] | By Ut|”
Now define a,, and i)n to be the filtered estimates of M,, and B,, respec-
tively, i.e.,
an = Mn|n = PnM'rn
by = By := Pu B

Using Problem 8.17 from text [9] and Kalman recursion (see remark), we
find that

(}n+1 — anj‘ bn + A;lﬂnG/(Yn _ dn _ l;n),
bn+1 bn
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where G = [1 0] Assuming that Q, = Q1 = [Q;]7 =, is the steady-
state solution of Q41 = FyQF, + Q; — ©,A; 'O} for this model, then

A = Qu1 + 02 for all n, so that {gnﬂ} simplifies to the equations
n+1
R N 2 Q11 N 2
n = an bn ~ Yn - Un ™ bn
An+1 = Qn +bn + oL+ Jg( a )
and QO
o1 = by + ——2— (Y — n — by).
+1 tant UL%( a )

Solving Gn+1 for (Y, — an — En) and substituting into Bn+1, we find that

Eln+1 = O[Yn+1 + (1 — Oz)(dn + Bn),

bn+1 - B(d'rH-l - dn) + (1 - 6)bn
with o = Q11/(Q1 + 02) and 8 = Qa1/Q11. These equations coincide
with the Holt-Winters recursions. Equations relating to « and S to the
variances o2, o2, and o2 can be found in Harvey (1990) [17].

Remark 8.1. From page 273 of text [9], we have Kalman Prediction:

For the state-sapce model, the one-step predictors X, :=P_ (X:) and
their error covariance matrices €; = E[(X; — X;)(X; — X;)'] are uniquely
determined by the initial conditions

X, P(X1]Yo), & =E[(X: — X1)(X: —X1)]
and the recursions, for t =1, ...,
Xt+1 = FtXt + etvt_l(Yt — GtXt)7

Qit1 = FQuF] + Qr — @Nflei,

where
Vi = GtQtG; + Rh

et - FtQth‘,a

and A; ' is any generalized inverse of A;.

Kalman Fitlering:

The filtered estimates Xt|t = Pi(X:) and their error covariance matri-
ces Qyp = E[(X; — Xy¢(Xy — X¢j¢)'] are determined by the relations

PX: =P X+ QtGQAt’l(Yt — GtXt)
and Qﬂt = Qt — QtGQAt_thQ;

8.3 The Holt-Winters Seasonal Algorithm
Go back to Table of Contents. Please click TOC
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8.3.1 The Holt-Winters Seasonal Algorithm
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If the series Y7, Ya, ..., Y, contains not only trend, but also seasonality with
period d (as in model Xy = my+ s¢+Y; from Section 1.5.2), then a further
generalization of the forecast function P,Y, +n = m, that takes this into
account is

PoYpin = an +bnh+ ényn, h=1,2,...,

where Gy, bn, and ¢, can be thought of as estimates of the “trend level”
an, “trend slope” b,, and “seasonal component” ¢, at time n. If k is the
smallest integer such that n 4+ h — kd < n, then we set

Cnth = Cnth—kd, h=1,2,...,

while the values of a;, b;, and &, t =d+2,...,n, are found from recursions
analogous to dnt+1 = a¥Yn41(1 — @)(Gn + bn) and bypy1 = B(any1 — an) +

(1 — B)bn, namely,

ant1 = a(Yny1 — Cng1-a) + (1 — @)(@n + bn),
bs1 = Blant1 — an) + (1 = B)bn,
and
ént1 =Y(Yat1 — @nt1) + (1 = ¥)Cnt1-d,
with initial conditions
Gd+1 = Yay1,

bas1 = (Yo — Y1) /d,

and R
G =Y; — (Yl =+ bd+1(’i — 1)), =1, ...,d+ 1.

Then Gn+1, bnt1, and én+1 above can be solved successively for a;, bi,
and ¢, ¢ =d+1,...,n, and the predictors P,Y,n found from PnYy4n =
&n + bnh + én<|»h-

8.3.2 Holt-Winters Seasonal and ARIMA Forecasting
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As in Section 9.2.2, the Holt-Winters seasonal recursions with seasonal
period d correspond to the large-sample forecast recursions of an ARIMA
process, in this case defined by

(1-B)(1-BYW: = Zi+ 4 Zicay1 +7(1 — &) (Zica — Zi—a—1)
—-2-—a—-aB)(Zt-1+ -+ Zi—a)
+(1-a)(Zi24 -+ Zia1),

where {Z;} ~ WN(0,0?). Holt-Winters seasonal forecasting with optimal
a, B, and v can therefore be viewed as fitting a member of this four-
parameter family of ARIMA models and using the corresponding large-
sample forecast recursions.
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8.4 Choosing a Forecasting Algorithm
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Real data are rarely if ever generated by a simple mathematical model
such as an ARIMA process. Forecasting methods that are predicated on
the assumption of such a model are therefore not necessarily the best,
even in the mean squared error sense. Nor is the measurement of error
in terms of mean squared error necessarily always the most appropriate
one in spide of its mathematical convenience. Even within the framework
of minimum mean squared-error forecasting, we may ask (for example)
whether we wish to minimize the one-step, two-step, or twelve-step mean
squared error.

The use of more heuristic algorithms such as those discussed in this
chapter is therefore well worth serious consideration in practical forecast-
ing problems. But how do we decide which method to use? A relatively
simple solution to this problem, given the availability of a substantial his-
torical record, is to choose among competing algorithms by comparing
the relevant errors when the algorithms are applied to the data already
observed (e.g., by comparing the mean absolute percentage errors of the
twel-step predictors of the historical data if twelve-step prediction is of
primary concern).

9 Further Topics
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In this final chapter we touch on a variety of topics of special interest. In
Section 10.1 we consider transfer function models, designed to exploit for
predictive purposes the relationship between two time series when one acts
as a leading indicator for the other. Section 10.2 deals with intervention
analysis, which allows for possible changes in the mechanism generating a
time series, causing it to have different properties over different time inter-
vals. in Section 10.3 we introduce the very fast growing area of nonlinear
time series analysis, and in Section 10.4 we briefly discuss continuous-time
ARMA processes, which besides being of itnerest in their own right, are
very useful also for modeling irregularly spaced data. In Section 10.5 we
discuss fractionally integrated ARMA processes, sometimes called “long-
memory” processes on account of the slow rate of convergence of their
autocorrelation functions to zero as the lag increases.

9.1 Transfer Function Models

Go back to Table of Contents. Please click TOC In this section we consider
the problem of estimating the transfer function of a linear filter when the
output includes added uncorrelated noise. Suppose that {X;1} and { X2}
are, respectively, the input and output of the trasnfer function model

X2 = ZTth—j,l + Ny,

j=0
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where T' = {7;,7 = 0,1,...,} is a causal time-invariant linear filter and

{N.} is a zero-mean stationary process, uncorrelated with the input pro-

cess {X¢1}. We further assume that {X:1} is a zero=-mean stationary

time series. Then the bivariate process {(th,th)'} is also stationary.

Multiplying each side of Xy = > 7;X:i—j1 + Nt by Xi—x1 and then
i=0

J
taking expectations gives the equation

721 (k) = ZTj’Yll(k - J)-

Equation 721 (k) simplifies a great deal if the input process happens
to be white noise. For example, if {X:} ~ WN(0,07), then we can

immediately identify ¢, from ~21(k) = > m711(k — j) as
7=0

Tk = Vgl(k)/O'%.

This observation suggests that “prewhitening” of the input process might
simplify the identification of an appropriate transfer function model and
at the same time provide simple preliminary estimates of the coefficients
tr.

If {X:1} can be represented as an invertible ARMA((p,q) process

¢(B)Xu1 = 0(B)Zt, {Zi} ~ WN(0,0%),

then application of the filter 7(B) = ¢(B)0~*(B) to {X:1} will produce
the whitened series {Z;}. Now applying the operator m(B) to each side of

X2 = >, 75 X¢—j,1 + N¢ and letting Y; = 7(B) X2, we obtain the relation
Jj=0

Y, = ZTth—j + N,

Jj=0

where

N{ = n(B)Nt,
and {N;} is a zero-mean stationary process, uncorrelated with {Z;}. The
same arguments that led to 7, = y21(k)/o} therefore yield the equation

7; = pyz(j)oy/oz,

where pyz is the cross-correlation function of {Y:} and {Z:}, ol =
Var(Z), and o = Var(Y:).

Given the observations {(Xi1, X:2)',t = 1,...,n}, the results of the
previous paragraph suggest the following procedure for estimating {7;}
and analyzing the noise {IV;} in the model X2 = > 75 X¢—j1 + N

j=0
(1) Fit an ARMA model to {X,1} and file the residuals (Z1,..., Zn). Let
¢ and 0 denote the maximum likelihood estimates of the autoregres-

sive and moving-average parameters and let 0% be the maximum
likelihood estimate of the {Z,;}.
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(2)

Apply the operator #(B) = ¢(B)0~*(B) to {X;2} to obtain the se-
ries (Y1,..., Yy). (After fitting the ARMA model as in Step 1 above,
highlight the window containing the graph of { X;} and replace {X;}
by {Y:}. The residuals are then automatically replaced by the resid-
uals of {¥;} under the model already fitted to {X:}.) Let &3 denote
the sample variance of }A’t

Compute the sample auto- and corss-correlation functions of {Z;}
and {Y;}. Comparison of py z(h) with the bounds 41.96n'/? gives
a preliminary indication of the lags h at which py z(h) is significantly
different from zero. A more refined check can be carried out by
using Bartlett’s formula in Section 7.3.4 for the asymptotic variance
of pyz(h). UNder the assumptions that {Z;} ~ WN(0,0%) and
{(Y:,Z:)'} is a stationary Gaussian process,

o'}

WVar(py 2(0) ~ 1= 52015 = 3 (ralh) + i (/2

k=—o0

+ > lpvz(h+k)pyz(h — k) = 2pv z(h)py z(k + h)pyry (k)]
k=—o00
In order to check the hypothesis Ho that pyz(h) = 0, h & [a,b],
where a and b are integers, we note from Corollary 7.13 (see remark,
also Corolarry 7.3.1 from text [9]) that under Hy,

Var(pyz(h)) ~n~" for h & [a,b].

We can therefore check the hypothesis Hy by comparing pyz, h &
[a, D], with the bounds £1.96n~'/2. Observe that py z(h) should be

zero for h > 0 if the model X2 = > 7;X¢—j,1 + Ny is valid.

=0
Remark 9.1. Recall Corollary 7.13: If {X,} satisfies the conditions
for Bartlett’s formula, if either {X;1} or {X;2} is white noise, and if

plQ(h) = 07 h &l [a’7 b]7

then
lim nVar(pi2(h)) =1, h & [a,b].

n—00

O

Preliminary estimates of 7, for the lags h at which pyz(h) is signif-
icantly different from zero are

Th = ﬁyz(h)@'y/é’z.

For other values of h the preliminary estimates are 7;, = 0. The
numerical value sof the cross-correlations py z(h) are found on the
graphs of the sample correlations. The values of 6z and 6y are
found similaryly. Let m > 0 be the largest value of j such that 7; is
nonzero and let b > 0 be the smallest such value. Then b is known
as the delay parameter of the filter {7;}. If m is very large and if the
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coefficients {7;} are approximately related by difference equations of
the form

Tj—viTj—1 — = VpTi—p =0, 7 > b+p,

A m .
then T'(B) = > 7; B’ can be represented approximately, using fewer
j=b
parameters, as

T(B) = wo(l — v B—.--— Upo)ile.
In particular, if 7; = 0, j < b, and 7; = wov] ", j > b, then
T(B) = wo(1 — v1B) ' B,

Box and Jenkins (1976) [6] recommend choosing T'(B) to be a ratio
of two polynomials. However, the degrees of the polynomial are
often difficult to estimate from {7;}. The primary objective at this
stage is to find a parametric function that provides an adequate
approximation to T’ (B) without introducing too large a number of
parameters. If T(B) is represented as T(B) = B*w(B)v !(B) =
BP(wo +wiB + - +wgBY)(1—v1B — - — v, B?) ™! with v(z) # 0
for |z| <1, then we define m = max(q + b, p).

The noise sequence { N, t =m+ 1,...,n} is estimated as
Ni = Xio — T(B)Xu1.

Preliminary identification of a sutiable model for the noise sequence
is carried out by fitting a causal invertible ARMA model

¢ (B)N, = 6N (BYW,, {Wi} ~ WN(0,0%),

to the estimated noise Nm+1, s N.

At this state we have the preliminary model
¢ (B)v(B)Xi2 = B"¢™ (B)w(B) X1 + 6™ (B)o(B)W,

where T'(B) = B*w(B)v™(B) as in step (4). For this model we can
compute Wt(w,v, AR G(N)), t > m* = max(p2 + p,b+ p2 + q), by
setting W: =0 for t < m*. The parameters w, v, ™), and ")
can then be reestimated (more efficiently) by minimizing the sum of
squares

t=m*-+1

To test for goodness of fit, the estimated residuals {W;, ¢ > m*} and
{Zt,t > m™} should be filed as a bivariate series and the auto- and
crosscorrelations compared with the bounds £1.96/y/n in order to
check the hypothesis that the two series are uncorrelated white noise
sequences. Alternative mdoels can be compared using the AICC
value that is printed with the estimated parameters in step (7).
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9.1.1 Prediction Based on a Transfer Function Model

Go back to Table of Contents. Please click TOC
When predicting X, +x,2 on the basis of the transfer function model de-

fined by 12 = Y. 75 X¢—j1 + Ny, ¢(B)Xt1 = 0(B)Z;, and ¢V (B)N, =
j=0

Q(N)(B)Wt, with observations of Xy and Xy, t = 1,...,n, our aim is to
find the linear combination of 1, Xi1,..., X1, X12, ..., Xn2 that predicts
Xp+th,2 with minimum mean squared error.

In order to provide a little more insight, we give here the predictors
ann+h and mean squared error based on infinitely many past obser-
vations X;; and X2, —oo < t < m. These predictors and their mean
squared errors will be close to those based on X;; and X2, 1 <t < n, if
n is sufficiently large.

The transfer function model can be rewritten as

Xt2 = T(B)th + ,B(B)Wt,

Xu = 0(B)6 (B)Z,
when B(B) = 6™ (B)/¢™)(B). Eliminating X, gives

Xio =Y a;Zi—j+y BiWiy,
Jj=0 Jj=0
where a(B) = T(B)0(B)/é(B).
Noting that each limit of linear combinations of {X;1, X2, —0c0 <t <
n} is a limit of linear combinations of {Z:, Wy, —0co < ¢t < n} and con-
versely and that {Z;} and {W;} are uncorrelated, we see at once from

Xio = E()cht,j + Eﬁ]‘Wt*j that
: —

Jj=0 Jj=

PoXnino = ZajZnJrhfj + ZﬁjWnJrh—]ﬁ
j=h j=h

Setting t = n+ h in X2 = Y a;Zi—; + Y. B;Wi—; and subtracting
=0 7=0

~ [ o0
P Xntn2= Y, &jZnin—j+ > BiWnin—; gives the mean squared error
j=h j=h

h—1 h—1

~ 2 2 2 2 2

E(Xn+h2 — PnXntn2) =0z E o + oy E Bj -
=0 j=0

To compute the predictors Ij’anJrh,Q we proceed as follows. Rewrite
th = T(B)th + /B(B)Wt as

A(B)X2 = B'U(B) X1 + V(B)W,,
where A, U, and V are polynomials of the form

AB)=1-AB— - — A,B",
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UB)=Uo+U1B+---+U,B",
V(B)=1+ViB+---+V,B".

Applying the operator P, to equation A(B) X2 = BbU(B)th +V(B)W;
with ¢t = n + h, we obtain

ISan+h,2 = ZAanXn-Hz—j,Q + ZUanXn+h—b—j,1 + Z‘/jWn+h—j7

j=1 j=0 j=h

where the last sum is zero if A > v.

Since {X:} is uncorrelated with {W;}, the predictors appearing in
the second sum in ﬁanJ,-h,Q are therefore obtained by predicting the
univariate series {th} as described in Section 3.3 using the model X;; =
0(B)p~ " (B)Z:.
~ The mogel Pan_‘_b,g can now be sovled recursively for the predictors
P Xnt1,2, PnXnt22, PaXnt3,2, ...

9.2 Intervention Analysis
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During the period for which a time series is observed, it is sometimes the
case that a change occurs that affects the level of the series. A change in
the tax laws may, for example, have a continuing effect on the daily closing
prices of shares on the stock market. In the same way construction of a
dam on a river may have a dramatic effect on the time series of streamflows
below the dam. In the following we shall assume that time 7" at which
the change (or “intervention”) occurs is known.

To account for such changes, Box and Tiao (1975) [7] introduced a
model for intervention analysis that has the same form as the trasnfer
function model

Y, = ZTth—j + N,
§=0
except that the input series { X} is not a random series but a deterministic
function of ¢. It is clear from Y; that > 7;X;_; is then the mean of Y;.
j=0
The function {X;} and the coefficients {7;} are therefore chosen in such a

way that the changing level of the observations of {Y;} is well represented
oo

by the sequence > 7;X;_;. For a series {Y;} with E(Y); =0 for ¢t < T

7=0
and E(Y:) — 0 as t — oo, a suitable input series is

(1 ift=T
X‘*It(T)*{o ift£T.

For a series {Y;} with E(Y;) =0 for t <7T and E(Y;) - a # 0 as t — oo,
a suitable input series is

Xt:Ht(T):ZIt(k):{ (1J %ii?
k=T
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(Other deterministic input functions {X;} can also be used, for example
when interventions occur at more than one time.) The function {X;}
having been selected by inspection of the data, the determination of the
coefficients {7;} in Y; then reduces to a regression problem in which the
errors {N¢} constitue an ARMA process.

9.3 Nonlinear Models
Go back to Table of Contents. Please click TOC

A time series of the form

Xe =Y W;Zi—j, {Zi} ~ IID(0,0%),

=0

where Z; is expressible as a mean square limit of linear combinations of
{Xs,00 < s < t}, has the property that the best mean square predictor
E(Xs,—00 < s < t) and the best linear predictor P, X, in terms of
{Xs,—00 < s < t} are identical. It can be shown that if iid is repaced
OO
by WN in X; = Y ;Z;_;, then the two predictors are identical if and
j=0
only if {Z;} is a martingale difference sequence relative to {X,}, i.e.,
if and only if E(Z;| X, —co < s <¢) =0 for all ¢.
The Wold decomposition (Section 2.6) ensures that every purely non-

oo
deterministic stationary process can be expressed in the form X, = > ;7
j=0

with {Z;} ~ WN(0,0%). The process {Z;} in the Wold decompoistion,
however, is generally not an iid sequence, and the best mean square pre-
dictor of X;1n may be qutie different from the best linear predictor. In
the case where {X,} is a purely nondeterministic Gaussian stationary
process, the sequence {Z:} in the Wold decomposition is Gaussian and
therefore iid. Every stationary purely nondeterministic Gaussian process
can therefore be generated by applying a causal linear filter to an iid Gaus-
sian sequence. We shall therefore refer to such a process as a Gaussian
linear process.

In this section we shall use the term linear process to mean a process

{X:} of the form X; = Y ¢;Z;_;. This is a more restrictive use of the
J=0

term than in Definition 2.10 (see remark, also Definition 2.2.1 from text

[9])-
Remark 9.2. Recall Definition 2.10:
The time series {X:} is a linear process if it has the representation

Xe= ) iZi,
j=—00

for all ¢, where {Z:} ~ WN(0,0?) and {t;} is a sequence of constants
with 37 [4;] < oo.

j=—o0
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9.3.1 Deviations from Linearity
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Many of the time series encountered in practice exhibit characteristics
not shown by linear processes, and so to obtain good model and predic-
tors it is necessary to look to model more general than those satisfying
X: = > ;Z:—; with iid noise. As indicated above, this will mean that

i=0

the m;nimum mean squared error predictors are not, in general, linear
functions of the past observations.

Gaussian linear processes have a number of properties that are often
found to be violated by observed time series. The former are reversible in
the sense that (Xi,, ..., Xt, )" has the same distribution as (X4, ..., Xt, )’
(Except in a few special cases, ARMA processes are reversible if and
only if they are Gaussian (Breidt and Davis, 1992). [8]) Deviations from
this property by observed time series are suggested by sample paths that
rise to their maxima and fall away at different rates. Bursts of outlying
values are frequently observed in practical time series and are seen also
in the sample paths of nonlinear (and infinite-variance) models. They are
rarely seen, however, in the sample paths of Gaussian linear processes.
Other characteristics suggesting deviation from a Gaussian linear model
are discussed by Tong (1990) [35].

9.3.2 Chaotic Deterministic Sequences

Go back to Table of Contents. Please click TOC

To distinguish between linear and nonlinear processes, we need to be able
to decide in particular when a white noise sequence is also iid. Sequences
generated by nonlinear deterministic difference equations can exhibit sam-
ple correlation functions that are very close to those of samples from white
noise sequence. However, the deterministic nature of the recursions im-
plies the strongest possible dependence between successive observations.

9.3.3 Distinguishing Between Whtie Noise and iid Sequences

Go back to Table of Contents. Please click TOC

If {X:} ~ WN(0,0?) and E|X¢|* < oo, a useful tool for deciding whether
or not {X;} is iid is the ACF px2(h) of the process {X7}. If {X;} is iid,
then px2(h) = 0 for all h # 0, whereas this is not necessarily the case
otherwise. This is the basis for the test of mcLeod and Li described in
section 1.6.

Now suppose that {X:} is a strictly stationary time series such that
E|X;|* < K < oo for some itneger k > 3. The kth-order cumulant
Cr(r1,...,rk—1) of {X¢} is then defined as the joint cumulant of the random
variables, X¢, X¢jry, ..., Xt4r,_,, i.€., as the coefficient of i*2129 ... 2k in
the Taylor expansion about (0, ..., 0) of

X(z1, .oy zk) == InElexp(iz1 Xt + 120 Xogry + -+ 4+ 126 Xtgr_ )]
(Since {X,} is strictly stationary, this quantity does not depend on ¢.) In

particular, the third-order cumulant function C3 of {X;} coincides with
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the third-order central moment function, i.e.,
Cg(’l", 8) = E[(Xt — /,L)(Xt+7« — ,U,)(Xt+s — [J)}, r,S S {O, :l:l, },

where p = E(Xy). If > > |Cs(r,s)| < oo, we define the third-order
polyspectral density (or bispectral density) of {X:} to be the Fourier
trasnform

1 ad = —irw] —isw
fa(wr,ws) = W Z Z Cs(r,s)e” ™1 2 —rm<wi,w2 <,

T=—008=—00

in which case
T U . .
03(7,,’ S) — / / ezrw1+zsw2f3(wl7wg)dwldw2.
—T —T

[More generally, if the kth order cumulants Cy (71, ...,7x—1), of {X;} are
absolutely summable, we define the kth order polyspectral density as the
Fourier transform of Cy. For details see Rosenblatt (1985) [29] and Priest-
ley (1988) [28].]

If {X,} is a Guassian linear process, it follows from Problem 10.3
in text [9] that the cumulant function Cs of {X:} is identically zero.
(The same is also true of all the cumulant functions Cj with k£ > 3.)
Consequently, f3(wi,w2) = 0 for all wi,ws € [, 7]. Appropriateness of
a Gaussian linear model for a given data set can therefore be checked by
using the data to test the null hypothesis f3 = 0. For details of such a
test, see Subba-Rao and Gabr (1984) [34].

If {X:} is a linear process of the form X; = Y ¢;Zi—;, {Z:} ~
3=0

IID(0,0%) with E(|Z:])® < oo, E(Z2) = 0, and 3 |w;| < oo, it can be
j=0

shown from x(z1, ..., 2zx) := InElexp(iz1 Xt + 922 Xer, + -+ 126Xty 1))

that the third-order cumulant function of {X;} is given by

Cs(r,s) =1 Z VithitrPhts

1=—00

(with 9; = 0 for j < 0), and hence that {X,} has bispectral density

fg(wl,wz) — #’L/l(ei(wﬁrwz))w(eiwl)1/)(67iw2)7

where 9(2) := >, 1;27. By Proposition 4.19 (see the remark below, also
7=0
see Proposition 4.3.1 in text [9]), the spectral density of {X,} is

Flw) = o-l(e™ )P

Hence,

P(wi,w2) := [ (w1, 02)I” = n’ .
Jw)(f(w2)(f (w1 +w2) 2706

Appropriateness of the linear process for modeling a given data set can

therefore be checked by using the data to test for constancy of ¢(w1,ws)

(see Subba-Rao and Gabr, 1984) [34].
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Remark 9.3. Recall the following proposition: Let {X;} be a stationary
time series with mean zero and spectral density fx (\). Suppose that ¥ =
{¢j, j =0,£1,...} is an absolutely summable TLF (i.e., > ¥;| < 00).

j=—o0

Then the time series -
= 3w
j=—0o0

is stationary with mean zero and spectral density
FrQ) =T P fx(N) = (e ™)W(e™) fx (M),

where U(e™ ) = > e >, (The function ¥(e™*) is called the trans-
Jj=—0o0

fer function of the filter, and the squared modulus |¥(e™%)|? is referred

to as the power transfer function of the filter.)

O

9.3.4 Three Useful Classes Nonlinear Models
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If a linear Gaussian model is not appropriate, there is a choice of several
families of nonlinear processes that have been found useful for model-
ing purposes. These include bilinear models, autoregressive models with
random coefficients, and threshold models.

The bilinear model of order (p, q,r, s) is defined by the equations

p q ™ s
Xi =2 + Zaixtﬂ‘ + ijZt—j + chijxtfiztfh
i—1 j=1

i=1j=1

where {Z;} ~ iid(0,0?). A sufficient condition for the existence of strictly
stationary solution of these equations is given by Liu and Brockwell (1988)
22].

A random coefficient autoregressive process {X:} of order p satisfies
an equation of the form

P
Xe=> (i +UNXei + 20,
i=1
where {Z;} ~ IID(0,0?), {U"} ~ IID(0,v%), {Z:} is independent of
{Ut}, and (;51, ...,¢p eR.

Threshold models can be regarded as piecewise linear models in which
the linear relationship varies with the values of the process. For example,
if R, 4 =1,...,k is a partition of R?, and {Z;} ~ IID(0,1), then the k
difference equations

P
X =092+ 3 ¢V X0j, (Xi1,y Xep) € RV, i =1, .k,

Jj=1

define a threshold AR(p) model. Model identification and parameter es-
timation for threshold models can be carried out in a manner similar to
that for linear models using amximum likelihood and the IAC criterion.
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9.3.5 Modeling Volatility
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For modeling changing volatility as discussed above under deviations from
linearity, Engle (1982) introduced the ARCH(p) process {X,} as a so-
lution of the equations

Zs = Vhier, {er} ~ IID N(0,1),

where h; is the (positive) function of {Z;, s < t}, defined by

p
hi = ao + Zaithfia
i=1
with ap > 0 and o; > 0, j = 1,...,p. The name ARCH signifies autore-
gressive conditional heteroscedasticity with h; the conditional variance of
Zy given {Zs,s < t}.
The simplest such process is the ARCH(1) process. In this case the
p

recursions of Z: = v/hte; and h: = ao + Y, give
i=1

2 2 2 2
Ziy = aoe; +o1Zi_q€;
2 2 2 2 29
= «pe; + arapeie;_ + a1 i oeie;_q

n
_ j 22 2 n+1,2 2 2 2
= aoy ojefe;_q...e;_;+alT i, _qejei_q...ei_,.
j=0

If |a1| < 1 and {Z;} is stationary and causal (i.e., Z; is a function of
{es,5 < t}), then the last term has expectation o"T'E(Z7) and conse-
quently (by the Borel-Cantelli lemma) converges to zero with probability
one as n — 0o. The first term converges with probability one, and hence

ZtQ = 040/(1 — 0&1).

Since

Zy=e, | Q) (1 + Za{@?& . .ef_j>,
j=1

it is clear that {Z,} is strictly stationary and hence, since E(Z?) < oo, also
stationary in the weak sense. We have now the solution of the ARCH(1)
equations:

Theorem 9.4. If |a1| < 1, the unique causal stationary solution of the

ARCH(1) equations is given by Z; = ey \/a) (1 + S ade? . ..efﬂ). It

Jj=1

has the properties

E(Zt) = E(E(Zt|65, s < t)) = 0,
Var(Z) = ao/(l—m),
E(Zt+th) = E(E(Zt+HZt|€5, s<t+ ]’L)) =0 fO’I' h > 0.
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Thus the ARCH(1) process with |a1]| < 1 is strictly stationary white
noise. However, it is not an iid sequence, since from Z; = +/hie; and

p
2
ht = a0+ Y- iZ;_y,
i=1

E(Z|Zi-1) = (a0 + a1 Zi—1)E(€}|Zi-1) = a0 + o1 Z7 1.

This also shows that {Z;} is not Gaussian, since strictly stationary white

) .
noise is necessarily iid. From Z; = e:, | o (1 + > aje? ... efﬁ), it is
Jj=1

clear that the distribution of Z; is symmetric, i.e., that Z; and —Z; have
the same distribution. From Z? = o Za{efef,l e ef_j it is easy to
§=0

calculate E(X{) (see Problem 10.4 in text [9]) and hence to show that
E(Z}) is finite if and only if 3o} < 1. More generally (see Engle, 1982
[13]), it can be shown that for every a; in the interval (0,1), E(Z%*) = oo
for some positive integer k. This indicates the “heavy-tailed” nature of the
margainl distribution of Z;. If E(Zf) < o0, the squared process Y; = Z2
has the samea ACF as the AR(1) process Wia1Wi—1 + e, a result that
extends also to ARCH(p) processes (see Problem 10.5 in text [9]).

The ARCH(p) process is conditionally Gaussian, in the sense that for
given values of {Zs,s = t—1,t—2, ...,t—p}, Z; is Gaussian with known dis-
tribution. This makes it easy to wrtie down the likelihood of Z,41, ..., Z,
conditional on {Z,...,Z,} and hence, by numerical maximization, to
compute conditional maximum likelihood estimates of the parameters.
For example, the conditional likelihood of observations {za, ..., 2z, } of the
ARCH(1) process given Z1 = z is

n

1

52
A0 RN T S
t=2 \/W 2(e0 + o127,

The GARCH(p, q) process (see Bollerslev, 1986 [5]) is a general-
ization of the ARCH(p) process in which the variance equation h; =

P
ao + Y a; ZE; is replaced by
i=1

1=

p q
ht = oo + Z%‘Z?—i + Zﬂjh?—p
i=1 j=1

with ap >0 and o, 53 > 0,5 =1,2,....
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